ANNUITIES SOFTWARE ASSIGNMENT — TABLE OF CONTENTS

ANNUITIES SOFTWARE ASSIGNMENT — TABLE OF CON T EN T S L1ttt is ittt e it ississsissserssisssrsssrsssrsssesiresieeaenas 1
ANNUITIES SOFE TV A RE AS S IGINIM EN T ..ttt itiiitiiiti ittt ittt sttt s it st e st s s s s its s it seetsassasts st te et sethse b ee b essssetsssbssehssebssbseassssssstsesbsebeessatenas 2
VVHAT IS AN ANNUITY 2.1ttt ttitteitieitteitesiteisesseasseeseesteeteessestsestsesteesbeeeeessestseasseebeebeeaseen b e et beeeseebe e beebeeeeebeeabeeabeeabeebeenseanbeebbeabeesbeebearsean 2
EXAMPLE L 1o ttiitiite ittt ettt ettt ettt ettt ettt ettt et e et e ebeeebe et eea b e ehb e e bt e bt e b e e bttt e eReeeheeebe et e oAbt eh e eh e e bt e be e be e bt eReeabe e bt e ebeenbeenbeartenbbeebeenreenreas 2
QUESTIONS .1 ttittetteettesttesttesteesteeeteesseasseesseebeeab e et e et s e ebeeebeeebeebeeseeeeseebseebe et e e et e es b e ehseebs e be e beetbeehs e e R e e he et e et een b e eh b e ab b e et b ebeebeenbeanseareeaneenrs 2
EXAMPLE 2 — BRANDON’S PROBLEM ..11iuttettiittiteittisstasseessassassesssssssessssisessesssessssasssasssnsssssesssesssessssssssossssssssssssssssssnsssnsesssessseseessessseas 3
SOIULION 1ttt ettt ettt ettt e ettt et e et et e et e bt e ebe e be et e et e eheeebe e be et e enteeh e e bt e bt e bee bt ettt e Reeeheeebe e bt e A bt eRbeah b e bt e b b e beebeetbeaneeareeareers 3
GEOMETRIC SERIES. ...t tttteitteitteiseeistastssseassesssaessasseassesssesssesseessesssestseasseesseeseeaseesseesseebsesbeebeetseenseebeeehe e b s et e enbeenbeabbeebeebeebeenseanseabeeabeenss 5
SUM OF A GEOMETRIC SERIES. ... utttttiittttetattteeietsseesistseesatsseetassseessssesesasssseesassseestasseeessssseeaassssessasseeesasseeeaassseessnsseeesssseesansseeesnnssessssseees 6
BACK TO BRANDON’S PROBLEM ...eeiitttieiittttieiittteesistseesassseesessssesasseeesasssseesassseesassseeaassssessssssesessseeaassseeeanssssesansesesasssssesansssessnsseesanssesasas 6
What if Brandon makes Deposits at the Beginning 0f €aCh MONTN? .....ivviiiiiiiiiiiiiiiie i see st esere e s ireeeereesibeesseeeasbeesneeas 6
EXAMPLE 3 — INTEREST RATE CALCULATOR SOF TV ARE ... it iuttttetitteeetaitteeeiattee et isteeeaastsseesassseesissseeaassseeeassssesansseeeasssseesansssessnsseesassseeasas 7
WHAT HAPPENS IF THE COMPOUNDING FREQUENCY DOES NOT EQUAL THE PAYMENT FREQUENCY?....uuuiiiiiitiieeiiiieeeiiirsesiieeeesisieeesnes 8
Calculating the Periodic Rate when Payment Frequency equals Compounding FreqQUENCY ......cc.eciiveiiieeiieeiiieiiieeeiieeiieeiiieeiseesans 9
Calculating the Periodic Rate when Payment Frequency does not equal Compounding FreqUENCY ........cvccvviveiieiieeiieeiesieinenn, 9

E KB DL 11ttt ettt e ettt ettt e et ettt et e bt e bt et e e e Rt e eReeehe e bt oAbt oAb e eh b e eh b e bt e be e beeRb e e Rt e eheeabe e bt enbeenb e et b eebteebeereerrean 9

How to Convert a General Annuity int0 @ SimMPIE ANNUILY .....viviiiiiiiiie ettt ettt seeseesreeere s e sseaseeereeabeenbeanseesseans 10
SOLVING ANY ANNUITY INWHICH EITHER P = 0 OR F = 0 11iutiitiiitiiiieiie it ittt ettt e teette et e steesteeeteeieeansesnsessesabeanseenseansesssesseesseesseaneas 10
DERIVATION OF ANNUITY FORMULAS ... tteitteittiiteiittiteittestteasesetsasseassssssesseesssessssssesssesssessseassenssesseasseessesbeesbeesbesseanseasseasseassenseensesssenes 11
AU AL GO TN L1ttt ittt ettt e e et e et e e e ettt e et e e et e e stbeeeateeetbeeeabe e et e e ehbeeehseeeabeeehbeeenbeeehbeeeabeeehbeeehbeeenneeenbeeenneesnbeeanbeeannesanes 13

P RA CTICE EXERCISES ....iiiiuuttttiiteiteiustettssssssiesststsssssssiasssssesssesssesssseeseeese e as e beee s e s e e easbeeee e s e oo oAb et e e s e e o4 e tab et e s s s e e e e as b bebseeeeeanbbebesasesssnsss 14




ANNUITIES SOFTWARE ASSIGNMENT

What is an Annuity?

An annuity is a financial instrument that involves making payments or deposits at regular intervals.
Annuities can be used for both saving and borrowing. If an annuity is used for saving, deposits are made at
regular intervals. If an annuity is used for borrowing, payments are made at regular intervals. Since this
description may be somewhat difficult to understand at first, it’s best to investigate a few simple examples.

Example 1

I have designed an Excel spreadsheet (Annuity Exploration.xls) to help you review/learn the following
concepts:

Simple Interest

Compound Interest

Annual Interest Rate

Periodic Interest Rate

Ordinary Simple Annuities

Ordinary General Annuities (including Mortgages)

The spreadsheet is available from 1:\Out\Ics3uO\Annuities and can also be downloaded from
www.misternolfi.com.

Open the spreadsheet

Study it carefully

Experiment with different values (e.g. change annual rate of interest, number of payments per year, etc)
Answer the following questions

Questions
1. What is the difference between an annual rate of interest and a periodic rate of interest?

2. In what ways does simple interest differ from compound interest? Which one allows an investment to grow
more quickly?

3. What is the difference between an ordinary simple annuity and an ordinary general annuity?

4. What is the effect of increasing the number of compounding periods per year? What is the effect of
decreasing the number of compounding periods per year?


http://www.misternolfi.com/�

Example 2 — Brandon’s Problem

Brandon, who is now sixteen, would like to be a poker champion some day. At the age of
twenty-one, he would like to make a name for himself in the world of poker by entering and
winning a big-time poker tournament in Las Vegas. The only problem is that he needs a lot of
cash to realize this dream. Besides paying for the $5000 tournament entry fee, Brandon also
needs to save an additional $10000 to cover travelling costs and living expenses. He considers
various investment possibilities as outlined below.

(a) First, Brandon considers buying a $10000 Canada Savings Bond that pays interest at a rate of 4% per annum
compounded annually. Would this allow him to end up with enough money by the age of twenty-one?

(b) Brandon then considers making monthly deposits to an annuity. To achieve his goal by the age of twenty-
one, how much would he need to deposit at the end of each month if the annuity pays interest at the rate of
6% per annum compounded monthly? Would the amount differ if the deposit were made at the beginning
of each month instead of the end of each month?

Solution

Because the given information is incomplete, we need to make a reasonable assumption before we attempt to
solve this problem. Although we are told that Brandon is now sixteen, we do not know his exact age. He could
have just turned sixteen, he may have turned sixteen a few months ago or he may be about to turn seventeen.

To avoid this confusion, let’s assume that he has just turned sixteen and that he would like to have the money by
his twenty-first birthday. This gives him exactly five years to save the money.

(a) By using the “Annuity Exploration” spreadsheet, we see that Brandon will fall far short of his goal!

Compound Interest 1 (Compounding Frequency must be the same as Payment Frequency)

Annual

Fresent # Payments Per # Compounding Amartization
g 1-00% Value $10,000.00 Year 1 Periods Per Year Period 5.00
Interest
i=4.000000% n==5
Interest Interest Total Interest
Payment # Payment el s Paid
$10,000.00
1 $400.00 $10,400.00 $400.00
2 $416.00 $10,816.00 $816.00
3 $432 64 $11,248.64 51,248 64
4 $449.95 $11,698.59 $1,698.59
5 $467 94 $12,166.53 $2,166.53

How would we solve this problem without the help of the “Annuity Exploration” spreadsheet? Before we
can investigate this issue, we need to learn some important terminology.

Value in this

Terminology S Explanation
P = Present Value $10,000.00 | Amount of money with which Brandon started
F = Future Value $12,166.53 | The value of the Canada Savings Bond after 5 years
n = Total Number of Compounding Periods 5 This is the tot_al number of compounding periods over the
course of the investment (or loan).
r = Annual Interest Rate 4% = 0.04 | Rate of interest payable per year
. - Rate of interest payable per compounding period. In this
= 00 = . .
I = Periodic Interest Rate 4%=0.04 example, i = r because the interest compounds annually.
p = Payments per Year (Payment Frequency) 1 | The number of payments/deposits made per year.
¢ = Compounding Periods per Year 1 The number of times per year that the interest compounds.
(Compounding Frequency) Often, p = ¢ but this does not need to be the case.

The table on the next page should help you understand how to calculate F without the help of a spreadsheet.



P;r;ﬁ;?]stt 4 F',g;?,;z;tt @;?g;:g: TotaIID;?éerest How Account Balance is Calculated
$10,000.00
1 $400.00 |  $10,400.00 $400.00 | $10,000 x 1.04
2 $416.00 | $10,816.00 $816.00 | $10,400 x 1.04 = ( $10,000 x 1.04) x 1.04 = $10,000 x 1.04
3 $432.64 | $11,248.64 $1,248.64 | $10,816 x 1.04 = ($10,000 x 1.04%) x 1.04 = $10,000 x 1.04°
4 $449.95 |  $11,698.59 $1,698.59 | $11,248.64 x 1.04 = ($10,000 x 1.04%) x 1.04 = $10,000 x 1.04*
5 $467.94 | $12,166.53 $2,166.53 | $11,698.59 x 1.04 = ($10,000 x 1.04%) x 1.04 = $10,000 x 1.04°

We can see that the account balance is calculated by multiplying the previous balance by 1.04. The final balance of
$12,166.53 (i.e. the future value) is calculated by multiplying the original amount of $10,000.00 (i.e. the present
value) by 1.04, five times. In other words,

$12,166.53 = $10,000.00 (1.04)(1.04)(1.04)(1.04)(1.04) = $10,000.00 (1.04)°

Using the above example as a guide, we can make the following observation. If P represents the present value, F
represents the future value, i represents the periodic rate and n represents the number of compounding periods, then

F=P@+i)"
This formula is known as the “compound interest formula” and is often written A=P(1+1i)".

Substituting into this formula we obtain

F=P@+i)"

=10000(1+.04)°

=10000(1.04)°

=12166.53

(b) To understand the this part of the example, it’s important to comprehend the terminology in the following table:
: Value in thi ‘
Terminology Example Explanation
P = Present Value $0.00 | Amount of money with which Brandon started.
_ The amount of money Brandon wants to have at
F = Future Value $15,000.00 the end of the five year period.
n = Total Number of Compoundina Periods 12x5 = 60 This is the total number of compounding periods
B P 9 - over the course of the investment (or loan).
r = Annual Interest Rate 6% = 0.06 | Rate of interest payable per year
. - r 0.06 . . .
i = Periodic Interest Rate T 0.005 Rate of interest payable per compounding period.
C

d = Deposit/Payment made at Regular Intervals Unknown The amount deposited/paid at regular intervals.
p = Payments per Year (Payment Frequency) 12 | The number of payments/deposits made per year.
¢ = Compounding Periods per Year 12 The number of times per year that the interest
(Compounding Frequency) compounds.




The following diagram, called a “time-line” illustrates this situation, which seems somewhat more complicated
than the scenario in part (a). In reality, however, this situation is almost exactly the same as that in (a). The
only difference is that in this case, the method of part (a) needs to be applied multiple times.

The amount deposited

each month is d dollars. Month
Each deposit of d

dollars earns interest,

which causes its value

to “grow” over time. 01 2 3 57 58 59 60 FUtutLe Value_ of
After m compounding h 60™ Deposit
periods (which happens d d d d d d

to be m months), the +d (1.005) Future Value of

value of a deposit of d e o o 59" D it

dollars grows to cpos

d(1.005)™ dollars (by +d(1.005)2

applying the compound FlggtLeDvalugtOf

interest formula). . €posi
Sum of future > +(1.005)"” Future Value of 1%
values of all d +d(1.005) + d (L.005)? + --- + d (1.005)®* Deposit

the deposits

So it appears that the crux of this problem is to figure out how to add up the future values of each deposit of d
dollars. Since we know that Brandon needs to have $15,000.00 by the time he is 21, the sum of the future
values of each deposit of d dollars will have to be $15,000.00. Knowing this will allow us to solve for d and
finally determine exactly how much money Brandon needs to pay to the annuity each month.

At this point, however, we need to digress for a short time and learn how to find the sum of the future values.
This requires learning about geometric series, which is the subject of the next section.

Geometric Series

A series is simply a sum of one or more humbers. Examples of series are shown below:

1+2+3+---+99+100 " . . . i .
These are examples of arithmetic series. In an arithmetic series the terms are evenly

1+11+21+---+91+101 “spaced out.” That is, the difference of any two consecutive terms is constant.

1+4+9+--+576+625=1"+2° +3° +-.- 4+ 24% + 25

30+21+3-5-1099-21100 There is no discernible pattern in this series.
6+18+54+162+ 486

=6+6(3)+6(9) +6(27) +6(81) This is an example of a geometric series. In a geometric series, the terms are not evenly

_a[0 1 2 3 4 “spaced out.” However, the ratio of any two consecutive terms is constant. To obtain
=6(37)+6(3)+6(3')+6(3) +6(3') the “next” term in this example, simply multiply the “previous” term by three.

In general, the letter a is usually used to represent the first term of a series. Therefore, in the above geometric series,
a==6. Inaddition, the letter r is usually used to represent the common ratio of a geometric series. In the example above,
r = 3 because any term in the series can be generated by multiplying the previous term by 3.

A geometric series with n terms, first term a and common ratio r is of the form

a+ar+ar’+---+ar"



Sum of a Geometric Series

Let S=a+ar+ar’+---+ar"" (call this equation (1)).

By multiplying both sides of equation (1) by r we obtain
rS=r(a+ar+ar’+---+ar"").
~rS=ar+ar’+ar®+---+ar"" +ar" (call this equation (2))

By subtracting equation (1) from equation (2) we obtain

ar+ar’+---+ar"*+ar"

rS-S=ar+ar’+---+ar" " +ar"—(a+ar+ar’ +---+ar"") atar+ar’+-..+ar"t

—ar+ar’+---+ar"‘+ar"—ar’—ar'—ar’—--.—ar"* ar"—a

=ar"+ar—ar+ar’—ar’+---+ar"'—ar"' -a When the expression in the second line is
subtracted from the expression in the first line,

all terms “cancel” except for ar" and a.

=ar"—a
S rS—-S=ar"-a

~S(r=)=a(r"-1) ) ) ) ) .1
The sum of a geometric series of the form a+ar +ar” +ar’ +---ar"™ is given by

SZM S_a(r”—l)_a(l—r”)
r-1 r-1 1-r
_a(l-

.S al=r}) (by multiplying both numerator and denominator of the right-hand side by —1).
r

Back to Brandon’s Problem

Recall that we left off with the sum of the future values d +d(1.005) + d (1.005)* +---+d(1.005)* . Now we have the
theoretical support to simplify this expression. In this geometric series, a=d, r = 1.005 and n = 60. Therefore,

d(1.005* -1) d(1.005* -1)
1.005-1 0.005
Also recall that Brandon needs a future value of $15,000 to realize his dream of becoming a poker champion. Therefore,

d(1.005% —1)

d +d(1.005) + d (1.005)% +---+ d (1.005)* =

=15000
0.005
d- 15000(0.005) . 214.99
1.005% —1

Therefore, Brandon must deposit $214.99 at the end of each month.
What if Brandon makes Deposits at the Beginning of each Month?

When deposits are made at the end of each month, thevery ¢ 1 5 3 57 58 59 60

last deposit earns no interest at all because it is made on the

last day of the life of the annuity. If deposits are made at d d d d d d d

the beginning of each month, however, then the final L +d (1.005)

deposit is made on the first day of the final month. This o o o

means that every deposit earns interest. )
L . . +d (1.005)

The timeline at the right shows how making payments at

the beginning of each month affects the sum of the future

values. We can see clearly that only one value changes,

that of a. The values of r and n remain the same. .

Summarizing, we see that a = d(1.005), r = 1.005 and

n = 60. » +d (1.005)*

» +d(1.005)%

d(1.005) + d (1.005)° + -+ d (1.005)® + d (1.005)%°



By substituting these values into the formula for the sum of a geometric series we obtain

d(1.005)(1.005* —1) _ d(1.005* —1)
1.005-1 0.005
Again, since Brandon needs a future value of $15,000 to realize his dream of becoming a poker champion,
d(1.005)(1.005% 1)
0.005

_15000(0.005)
1.005(1.005% —1)

d(1.005) + d (1.005)? + - -+ + d (1.005)® =

=15000

=213.92

Therefore, if Brandon makes deposits at the beginning of each month, he only needs to deposit $213.92.

Example 3 — Interest Rate Calculator Software

The software that you develop will allow the user to calculate values related to annuities as shown in the

diagram given below.

P = Present Value, F = Future Value, d = payment/deposit, n = Number of Payments, r = Annual Interest Rate,

i = Periodic Interest Rate
Note

To simplify the software that you need to develop, we shall assume that P and F cannot both be non-zero. That

is, we shall assume that if P > 0,then F=0and if F >0, then P = 0.

P F

d Annuities Software n d Annuities Software
r r

P F

n Annuities Software d n Annuities Software
r r

r

d Annuities Software P d Annuities Software
n n

P

d Annuities Software r d Annuities Software



What happens if the Compounding Frequency does not equal the Payment Frequency?

The following table summarizes what we have learned thus far. In all of the following, it is assumed that the number of
compounding periods per year (compounding frequency) equals the number of payments per year (payment

frequency).

Financial Concept

Important Terminology

Relationships

P, F and r are the same as for compound interest.

Simple Interest * t=Time in Years F=P@+rt)
Slow, linear growth of money.
P = Present Value
= Current Value of Money
F = Future Value
= Value of Money once all Interest is Paid
r = Annual Interest Rate
Compound Interest F=P@+i)"

n = Total Number of Compounding Periods

i = Periodic Interest Rate
= Rate of Interest per Compounding Period
r

n
Fast, exponential growth of money.

Sum of a Geometric Series

A geometric series has the form a+ar +ar® +---+ar

a = First Term of the Series
r = Common Ratio

n = Total Number of Terms

n-1

S

_ a(r"-1) _ad- r")

r-1 1-r

Annuities

P, F, rand i are the same as for compound interest.

d = Deposit/Payment made at Regular Intervals

Fast, exponential growth of money.

See pages 10 - 13

* The notes on simple interest are included for reference purposes only. Simple interest formulas are not required for annuity calculations.




Calculating the Periodic Rate when Payment Frequency equals Compounding Frequency

As shown in the following examples, calculating the periodic rate is quite easy when the number of compounding periods

per year equals the number of payments per year.

Annual Rate (r) Payments per Year (p) Compp%L;ryéglgj] (z)e e Periodic Rate (i)
. 12%
r=12%=0.12 p =12 (monthly) c=12 i= P =1%=0.01
. . 6%
r=6% =0.06 p = 2 (semi-annually) c=2 i=—=3%=0.03
. 3%
r=3%=0.03 p = 4 (quarterly) c=4 i =" 0.75% =0.0075
— — _ _ . 2.6%
r=2.6% =0.026 p =52 (weekly) c=52 == =0.05% = 0.0005

Calculating the Periodic Rate when Payment Frequency does not equal Compounding Frequency

When the payment frequency is not equal to the compounding frequency, a more detailed analysis is needed to calculate
the periodic rate. As shown in the table below, it’s not immediately obvious how to calculate the periodic rate!

Annual Rate (r) Payments per Year (p) | Compounding Periods per Year (c) Periodic Rate (i)
r=12%=0.12 p = 12 (monthly) c=2 i=?
r=6% =0.06 p = 2 (semi-annually) c=1 i=?
r=3%=0.03 p =4 (quarterly) c=3 i=?

r=2.6% =0.026 p =52 (weekly) c=4 i=?

Since it’s very difficult to understand what is meant by having a compounding frequency that is not equal to the payment
frequency (i.e. p=c), perhaps we should find a way to convert this problem into one in which the two values are equal

(i.e. p=c). The following example shows how this can be done.

Example

Suppose that an annuity has interest compounding three times per year but payments are made twice per year

(i.e. p=2,c=3). If we “adjust” the interest rate, we can convert this annuity into one that has the same future value but
which compounds at the same time as the payments are made (i.e. p=c = 2).

Future Value of d Dollars after 12 Months with Interest
Compounding Three Times per Year (Periodic Rate i, )
3 91011 01234567 80U

I

d(L+i,)’ d —— > d@1ri) —>d@+i)—> d@i)’

Future Value of d Dollars after 12 Months with Interest
Compounding Twice per Year (Periodic Rate i, )

01 2 3 4 5 6 7
B R

q > d(Lti)

Aslongas d(1+i,)* =d(L+1i,)*, then the original investment of d dollars will grow to the same future value after 12
months regardless of whether the interest compounds twice per year or three times per year.
d@+iy)* =d@+i,)’
@) =@+’
1 1
Slai) [ =[a+i)’ ]
3
Sl =(1+0)?
3
Sy =14+10)2 -1
Therefore, an annuity in which payments are made twice per year with interest compounding three times per year at
periodic rate i, is equivalent to an annuity in which payments are made twice per year with interest compounding twice

3
per year at periodic rate i, = (1+1i,)? —1.



How to Convert a General Annuity into a Simple Annuity

Simple Annuity: p must equal ¢
General Annuity: p does not need to equal ¢

Suppose that you are given a general annuity with p payments per year and ¢ compounding periods per year. We would
like to convert this to a simple annuity with p payments per year and p compounding periods per year. To do this, we

shall let i, =— represent the periodic rate that would be used if the interest were paid and compounded c times per year
c

and let i, represent the (unknown) rate to be paid if the interest were compounded and paid p times per year. Then
consider the following very simple equation:

Future Value of d Dollars after One Year with Interest

Compounding p times per Year (Periodic Rate i, )

Future Value of d Dollars after One Year with Interest
Compounding c times per Year (Periodic Rate i, )

S d@+iy)P =d@L+i)°
s (i) = (L))"

1

1

s[asi) o =[a+i) ]

C

Sl =(1+0)°

s, =04i)P -1

L=+ 5P -1
C

Summary

A general annuity with p payments per year, c compounding periods per year and annual rate r
is equivalent to
a simple annuity with p payments per year, p compounding periods per year and periodic rate

i = (1+£)5 _
c

Solving any Annuity in which either P=0or F=0

To simplify the problem of solving annuities, we shall assume that either P =0 or F= 0. If P =0, we can deduce that the
annuity is used for saving because we begin with no money but end up having money at some point in the future. If
F =0, we can deduce that the annuity is used for borrowing because we begin with some money but end up with no
money after we have repaid the debt.

1.

n = # payments = # compounding periods, d = deposit/payment amount, P = present value (principal), F = future value,

c

. . re, . )
i = periodic interest rate= (1+—)" —1, r = annual interest rate, p = #payments per year, ¢ = #compound periods per year.
C

Given Payment made at Beginning of Interval (Annuity Due) Payment made at End of Interval (Ordinary Annuity)
n i P Find d. (In this case, F=0.) Find d. (In this case, F = 0.)

n i F Find d. (In this case, P =0.) Find d. (In this case, P = 0.)

nd P Find i. (In this case, F=0.) Find i. (In this case, F=0.)

nd F Find i. (In this case, P =0.) Find i. (In this case, P =0.)

n, i, d Find P or find F. Find P or find F.

P,id Find n. (In this case, F =0.) Find n. (In this case, F = 0.)

F.i.d Find n. (In this case, P =0.) Find n. (In this case, P = 0.)




Derivation of Annuity Formulas

Payment made at Beginning of Interval (Annuity Due)

Payment made at End of Interval (Ordinary Annuity)

Present
Value

1 3 n-3n-2n-1 n
d d d d d d d
d

(@L+i) e

@a+i)y”

The present value P is given by the sum of the
following geometric series:
d d d

P=d+——+ s KLLE 5 "
1+i  (1+1) @+

—d+d@+i)t+d@+i) 2+ d@+i) Y

In this series,a=dand r = %: (1+i)". Therefore,
1+

o al-r)
1-r

d(l—[(m)‘l]"j

T (+)
—d (—1_(1_“) J(1+ i)
i
Solving for d we obtain,

- P(l—(lin)'” J(li.)

Solving for n we obtain,

In(l— Pi_ j
d@+i)
In(A+1)

n-3n-2 n-1 n
d d

ot
o1 N
ot w

P

@+i)"

The present value P is given by the sum of the
following geometric series:

d d d

=— +ot
@+i) @+i)

In this series, a = a4 (1+i)" and
1+1

r= %:(1+ i)_l. Using a process similar to that in
i+
the left column, we obtain

o[ )

Solving for d we obtain,

d:p[;__j.
1-(1+i)™

Solving for n we obtain,

M

In(L+i)

Table Continued on Next Page
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Payment made at Beginning of Interval (Annuity Due)

Payment made at End of Interval (Ordinary Annuity)

Future
Value

0 1 2 3 n-3n-2nl1 n

d d d d d d d

d+i)
d(@+i)?

> d@+i)"

The future value F is given by the sum of the
following geometric series:

F=d@+i)+d@+i)?+--+d(@+i)"

In this series,a=d(1 +i)and r =1 +i. Therefore,
F :d(wj(lﬂ) .
i

Solving for d we obtain,

d:F[(uii)"—lj(liij'

Solving for n we obtain,

In[ Fi_ +1J
o Ld(@+i)

~ In(l+i)

0 1 2 3 n-3n-2n-1 n
d d d d d d d
d@+i)

d(1+i)?

> d(L+i)"

The future value F is given by the sum of the
following geometric series:

F=d+d@+i)+d@+i)*+---+d@+i)""

In this series,a=dand r =1 +i. Therefore,

F:d((1+i_)”—1j'

Solving for d we obtain,

oer )
@+i"-1

Solving for n we obtain,

©In(+i)

Note: Unfortunately, it is not possible to solve for i algebraically. We need to use methods of approximation to

calculate i.




Annuity Algorithm

1. The user enters three of the five values P, F, r, d, n. (If P isentered, F=0. If Fisentered, P =0.)

2. The user must also enter the values of p and c.

3. If the user has entered the value of r (i.e. the annual rate), it must be converted to an equivalent periodic rate

using the formula i = (1+ L)E -1.
C

4. Based on the information entered by the user, one of the unknown values is calculated, as outlined in the

table below.
Given Payment made at Beginning of Interval Payment made at End of Interval
(Annuity Due) (Ordinary Annuity)
n, '_ P Calculate d using d = P ! — 1_ . Calculate d using d =P ;7 :
(F=0) 1-@+i)" J\1+i 1-@+i)"
n, '_ F Calculate d using d = F _I ! - |. Calculate d using d = F ; .
(P=0) @+i)" -1 )\ 1+i a+i) -1
Calculate an approximation for i using a sufficient Cilfc'u_l ate an a%proxflmatlop for |fuzlng a
number of iterations of the recursive formula sufficient number of iterations of the recursive
n,d, P formula
= i \in —d)i —
(F=0) m+l:im_d(l+|m) +-(an d)i, —d . ¥ d(@+iy) " +Pi, —d
d(l—n)(1+|m) +P-d m+l ~ 'm P—dn(1+im)_“‘1
L - . Calculate an approximation for i using a
r?jrlﬁgﬁtg fair,][;gﬁg:]);'?fa:;]%nrgga:S?jgngofrzﬂfgc'em sufficient number of iterations of the recursive
n,d F formula
- o+l P
=9 M:im—dél“mi 1 .(Ffd;'m dd. _i _d@+i,)"-Fi, —d
(n+ )( +|m) - = m+1 m dn(1+im)”'l—F .
. 1-@+i)™ . n
=d|—7 . 1-(1
Calculate P using P =d ( : j(lJr i) Calculate P using P =d (&] and/or
i
n, i, d and/or calculate F using
o . 1+i)" -1
@+i)" -1 : calculate F using F =d| &) =1
F=d (f @+i). g :
Pi Pi
P,i,d In(l_dl j In(l_dj
Y Calculate n using n = _\ dd+) Calculate nusing n=-——>=-+%.
In(L+i) In(L+1)
Fi Fi
i d In(dl - +1) In(d+l)
Y Calculate n using n = _\ddx) /) Calculate n using n= ———=.
In(1+1) In(Q+1)

5. The calculated value is displayed. (If the user asks for the annual rate to be calculated, an additional step is
necessary. The algorithm shown in the table will calculate the periodic rate i, not the annual rate r.
Therefore, before displaying the final result, the periodic rate must be converted to an annual rate using the

formula r =c[(1+ i)g -1].)




Practice Exercises

1. Carol invested $1000 at 6% per annum, compounded annually. Without using the compound interest
formula, calculate the future value of the investment after 7 years (use the given table).

Year Interest ($) Value of Investment ($)
0 $0.00 $1000.00
1
2
3
4
)
6
7

2. For each, state the values of P, n, and i.
(a) a $600 loan at 8%, compounded quarterly for 5 years

(b) a $2000 investment at 2.4%, compounded monthly for 2 years

3. Tara borrowed $2000 at 5.9%, compounded semi-annually for a 2-year term. She promises to repay principal
and interest at the end of the two year period. How much will Tara have to pay back altogether?

4. Determine whether the following are geometric series. If they are, calculate the sum.
(@2+4+6+8

(b)5+10+20+40
(c) 20 + 15 + 10

(d)4+2+1+%+Y
(e) 3+12+27+48

(f) 2000 + 2000(1.02) + 2000(1.02) + 2000(1.02)?



5. Allison deposits $100 at the end of each month into a savings account that pays interest at 3%, compounded
monthly. What will her savings be worth in 1 year?

6. Ryan makes deposits of $2000 semi-annually into an annuity due that pays 4% interest, compounded semi-
annually. How much will the annuity be worth after the 5-year term?

7. Andre bought a new sound system. He was offered a payment plan that consists of $200 payments made at
the end of every 3 months, for 2 years. The plan is really a loan that involves interest that is calculated at
8%, compounded quarterly. What is the actual cost of the sound system if he pays for it right away?

8. John had $7000 cash for a down payment on a car. He took out a loan at 8%, compounded monthly, to pay
for the rest. His monthly loan payments will be $500.00 for the next 3 years. What is the price of the car?
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