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Pages 9—-14 (Functions, Function Notation)

For example, consider the function machine that adds 4 to the input to produce the output.

xE::> aaas | :j>nﬂ

Consider the function machine that takes an input x and outputs x°.

X :> square the input 3 > X
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What is the output if the input is: 4 lé ,0 O -4 16 ?

Is it possible for a specific input to have more than one output? Explain. 7vu" (A

Exercise
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ONE AND ONLY ONE OUTPAT

What is the input if the output is 9? __3_ 0 R "3

Is it possible for a specific output to have more than one input in this case? Explain. “:f I35 [305 Sl /9 Zﬂ
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not vice versa y
The following ordered pairs show the mputs and outputs of a function machine. What is the operation?

(a) (10, 5), (3, =2), (-1, —6) operation: >( b B 7
(h) (10, 32), (-10, -28), (-3, -7), (1, 5), (0, 2) operation: ¥ 27“’

Mapping Diagram Perspective

In addition to function machines, functions can be represented using swupping diagrams, tubles of values, grapks and
cquations. You may not know it but you already have a great deal of experience with functions from previous'math
courses.

A mapping diagram uses arrows to map each element of the input to its corresponding output value. Remfember that a
function has only one output for each input.

Can a function have more than one input for a particular output? Explain. S&’G/

Domain and Range
The set of all possible input values of a function is referred to as the domain. That is, if D represents the domain of a
function £, then D={x:(x,y)e f}.

The set of all possible output values of a function is referred to as the rasge. That is, if R represents the domain of a
function f, then R={y:(x,y)e f}.



Exercise 1

In the table, the relations are shown using a mapping diagram. The domain (or inputs) on the left have arrows pointing to
the range (or output) on the right. Explain whether the relation is a function or not and justify your answer. The first one
is done for you.

Relation as a Mapping |
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A one-to-one mapping is explained above. Which relation above has

a many-to-one mapping? ( b)

a one-to-many mapping? (C)

a many-to-many mapping? (dl a /S o { {Pd
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Use the Internet to find definitions of the following terms: ma Fl/’ﬁ
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Numerical Perspective

— Tables of Values

Consider the following relations expressed in table form.
(2) Which relations are functions? Justify your answers.
(b) Draw a mapping diagram for each relation.
{¢) Write the set of ordered pairs for each relation.

Relation as a Table (tf E Is it a[um!mn’ L Ef
Values | Why or why not? |
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Geometric Perspective
Discrete Relations
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A discrete relation either has a finite number of ordered pairs O/ the ordered pairs can be rumh¢red using integers.
Graphs of discrete relations consist of either a f/7i7¢ or an /x:finize number of “disconnected” points, much like a “connect-
the-dots™ picture 5¢/ore the dots are connected.

Examine the following graphs of discrete rplnzmm and then complete the table I)() \()I ( ()\ \l ( I I Hl I)()I !
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Definition of “Discrete” (from www. dtctmnarv com)

1. _apart or detached from others: separate; distinct: six discrete parts.

Isita flmc tion?

Why or why not? |
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2. consisting of or characterized by distinct or individual parts; discontinuous.
e ——

3. Mathematics.

a. (of'atopology or topological space) having the property that every subset is an open set.
b. defined only for an isolated set of points: a discrete variable.

c. using only arithmetic and algebra; not involving calculus: discrete methods.
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Continuous Relations

Unlike the graphs on the previous page, the following graphs /o nof represent discrete relutions. They are called
continons relations because their graphs do not consist of disconnected points. (You need to study calculus to learn a
more precise definition of continuity. For now, it suffices to think of continuous relations as those whose graphs are
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Examine the graphs and decide whether they represent functions.
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Summary — Vertical Line Test
When you look at a graph, how can you decide whether it represents a function?
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Exercise
Draw two graphs of functions, one that is discrete and one that is continuous. \/
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Algebraic Perspective — Equations of Relations
The perspectives given above help us to understand the properties of relations and functions. However, when it comes
time to computing with relations and functions, then equations become an indispensable tool!

For each of the following (the first is done for you)
(21) determine whether it is a function.
(b) state an equation that describes the relation.

(v) complete a table of values and a mapping diagram for each relation. Note that the given relations are all continious,
which means that it is impossible to create a complete table of values or mapping diagram. (Why?)

(1) state the domain and range and the type of mapping.
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Examples of Discrete and Continuous Relations

(a) Discrete Function with a Finite Number of Ordered Pairs— Roll Two Dice and Observe the Sum

"

{

Consider rolling two dice and observing the sum. Clearly, there are only eleven Possible | 41

possible outcomes, the whole Outconies | Probability

values from 2 to 12 inclusive. Roll Two Dice and Observe Sum el

It’s also clear that some outcomes 0.2r 2 T

are more likely than others. If 0.18F i

L 3 —=0.05556

you have played board games that 016k . [ 36

involve dice rolling, you surely - 4 o3 008333

have noticed that rolls like “2” ., 0.14F ¢ i P

and “12” occur infrequently while = g 12[ 5 A o

“7” occurs much more often. The = i g * ; 7

reason for this is that there is only = pAar 6 %i0~13889

one way of obtaining “2,” for A 008F e * i

example, but there are /v 1ways of 006k 7 T

obtaining “7.” By working out - 2 > 5 .

all the possibilities, we obtain the 0.04f I W

probability of each outcome as 002} ¥ ! 9 A o1

shown in the table at the right. T e ST e %

The main point to remember here Ve aTeTH 8 s B iis 10 ‘ 3%&0'08333
 is that that we have a discrere Roll " o fjksEs

frnction. In this case, there are only a finite number of ordered pairs in this function. , [ 26

Furthermore, they are “disconnected” from each other, as the graph clearly shows. 12 1 2002778

his disconnectedness is a natural consequence of the physical nature of rolling a pair

of dice. It is possible to roll a “2” or a “3” but it is #7¢7 possibie to roll 3.141592654 or %

any number that is not a whole number between 2 and 12 inclusive!.

0 Discrete Fanction with an Infinite Number of Points— Probability of “n” Consecutive * II( ads™ in *“n” Coin Tosses
Once again, it makes no sense to “connect the dots” in this case. The ' Probability of
number of coin tosses #is7 bhe « positive wirole number. 1t is difficult to -’\‘"""’)"f of | Obain m’:‘, o
imagine how one could make 3.75, 4.99 or /5 coin tosses! Once again then, Tosses () | . cocutive Heads
we hgve a discrete 061 4 1 | 1 05=50%
function. The difference ; 2
2 E 2 045+ j 1
in this case is that there 2 | —=025=25%
are an infinite number of 041 3 -
possibilities. There is no 035} 3 %=0-125= 12.5%

limit to the number of
coin tosses that one can
make. Moreover, there is
no bound on the number

T
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L
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L=0.03125 =3.125%
32

Consecutive Heads p(n)
S

Probability of obtaining »

of consecutive heads that 015F The number of ordered
can be obtained. 01k ¢ . pairs is infinite in thi§
Although it is extremely 806 . e beCRONR(A. Jeait o0
) X - i . principle) any whole
unlikely to obtain a very e il R O T number of consecutive
large number of V2T AN e 8 T 10 . heads is possible.

consecutive heads, it is

. > Number of Coin Tosses (1)
#01 impossible!

We can take this example one step further and write an equation. Let p(n) represent the probability of obtaining »n
consecutive heads when a coin is tossed » times. Then,

p(n)= : "— : =2"", neN.
D3RO ¢
Note that “ ne N ™ means that # is an element of the set of narural numbers, that is, n is a positive whole number.



Pages 16—»24 (Mother Functions, Applications, Translations)

Equation of

2 4 6 8 10 12 14 16 18 20

T, Graph Domain and Range Explanation
DR The graph of y = x? is shifted
y2 up by 6 units because the
o) =x"+6 R={yeR:y>6) constant “6” is added to the
_ “y-value” X°.
4_
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g(x)=x"-2 108 5 4 2 jz 6810 constant “2” is subtracted
A R=R from the “y-value” x°.
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Real-World Perspective — Applying Functions to a Real-World Situation
A cannonball is fired vertically into the air with an initial speed of 49 m/s. Its height above the ground in metres, at a time
t seconds after it is fired, is given by the function h defined by h(t) =49t —4.9t>. Because this function is used to model a

physical situation, we must keep in mind that not all values of t make sense. For example, it is nonsensical to consider
negative values of t because the timing begins at t=0 when the cannonball is fired. Similarly, there is no point in
considering values of t greater than the time that it takes to fall back to the earth. This is summarized below.

fired, is given by the function h
defined by h(t) =49t —4.9t°.

Physical Situation Algebraic Support Graph Domain and Range
130
A cannonball is fired vertically into , 120}
the air with an initial speed of 49 h(t) =49t -4.9t 110}
m/s. Its height above the ground in | =-4.9t* — 49t i
metres, at a time t seconds after itis | _ _4 9.2 —10t) 80| D={xeR:0<x<10}

] T0F
=-4.9(t* —10t +5* —57) o}

=-4.9(t-5) +4.95)?| o[

R={yeR:0<y<1225

Note
You should interpret h(t) as “the
height of the ball at time t.”

=-49(t-5)*+1225 | 30}

Since the function h(t) =49t —4.9t> is used to model a physical situation, its domain and range are restricted.

Exercise
Complete the following table.

Physical Situation

Algebraic Support, Graphs, Domain and Range

A baseball is hit from a point
1 m above the ground, at an
angle of 37° to the ground and
with an initial velocity of 40
m/s.

The horizontal position of the
ball is given by the function
x(t) = (40cos37°)t and the
vertical position of the ball is
given by the function

y(t) = —4.9t? + (40sin37°)t +1.

How far did the ball travel?
What was the maximum height
reached by the ball? Note that
time is measured in seconds
and distance is measured in
metres.

Note

You should interpret x(t) as “the
x-co-ordinate of the ball at time
t” and y(t) as “the y-co-ordinate
of the ball at time t.”

y(t) = 4.9t + (40sin 37°)t +1

_ 4.9(t2 _ 40sin37 tj”
4.9

H o H o 2 : o 2
49 t2_4Osm37 t+[405m37 _(40sin37 1
4.9 9.8 9.8

Cooon2 Cooon2
:—4.9(t—405m37 j +4l9(405|n37 j +1
9.8 9.8

= —4.9(t-2.46)" +30.6

The x-co-ordinate of the Ball The y-co-ordinate of the Ball The maximum height
f:g j: reached by the ball is
e o / about 30.6 m
[ 140 35 (2.46, 30.6)
_ [ .
£ Lo E Ll
> =
80
L50
F40
F20
] 2 3 14 5

t(s) t(s)
The ball hits the ground (i.e. its y-co-ordinate is zero) at approximately 4.95 s.
Therefore, the horizontal distance travelled by the ball is about

X(4.95) = 40COS37°(4.95) =158 m.

Dmain of both functions (upper limit is approximate): {x € R:0< x < 4.95}
Range of x(t) (upper limit is approximate): {y e R:0<y <158}

Range of y(t) (upper limit is approximate): {y eR:1<y< 30.6}




TRANSFORMATIONS OF THE BASE FUNCTIONS

The Base Functions

Mathematicians study mathematical objects such as functions to learn about their properties. An important objective of
such research is to be able to describe the properties of the objects of study as coscisely as possible. By keeping the basic
set of principles as small as possible, this approach greatly simplifies the daunting task of understanding the behaviour of
mathematical structures.

Take, for example, the goal of understanding all quadratic functions. Instead of attempting to understand such functions
all in one fell swoop, mathematicians divide the process into two simpler steps as shown below.

I. First, understand the huse function f(x)=x’ completely.
2. Then, learn how to fransfornt the hase function f(x)=x’ into any other quadratic.

Complete the following table to ensure that you understand the base functions of a few common fusmilies of funciions.
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Functions | Function | Range i i i e i In.Ic'l'L‘UpI\
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Family of |
Functions |

Square
Root

Reciprocal

Absolute
Value

Buse

Function |
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Family of Base Domain
Functions Function and Range Table of Values Graph Intercepts
X f(x)
-3 -3
f(x)=|x
09=[x] -2.5 -3
(The notation -2 -2
Clareatest used in the -1.5 =2 ? o x-intercepts:
nteger textbook is i) 1 : ps:
Functions | .~ """ D=R _— {xeR:0<x<1}
(aka “Step” (x)=x . —05 -1 . .
Functions | The notation = 0 0 S i : _
and “Floor” | (x) | x| 05 0 - y-intercept: {0}
Functions). is al 1 1 P
is also 15 1 :
commonly 5 5
used.) 25 5
3 3
X f(x)
-2 7 10F
-1 7 3:
0 7 Al
f(x)=c, 1 7 ni
where ce R D=R 2 7 o[ X-intercepts: none
Constant 3 7
Functions | For example, R={c} 4 7 s b A2 2488 yintercept: {c}
suppose that 5 7 27
c=17. 6 7 i
7 7 61
8 7 B
9 7 ot
10 7




TRANSFORMATION #1 - TRANSLATIONS OF FUNCTIONS

What is a Translation?
e A veriical translation of a function is obtained by adding a constant value to each value of the dependent variable of
the given function. This results in the graph of the function “sliding” up or down, depending on whether the constant is

positive or negative.

e A horizontal fransiation of a function is obtained by udding a constant value to each value of the independent
variuble of the given function. This results in the graph of the function “sliding” left or right, depending on whether
the constant is positive or negative.

! | EJ‘Z‘E"!I”{?,1’!’,’!’@’!"!"’ Translations

Example Vertical Translations s
g(x)=(x~7) = f(x=T)

f(x)=x
Han /
|_A_LAA|||:A|/|1)=AA||A|14> _.4.
A0 B b A2 L1 4 6. 8110 C
V121 L NATTT
1 L
Lk 8 g 10 12
A 4t ;
/1 4L hx) = (3= fx 43 f)=ER

g(x)=x" =7 fiv)y-7

Understanding Translations of Functions
Complete the following table of values T ‘
X f)=x | gx)=x’+3= f(x)+3 h(x)= (x+5) -f(x+5) q(x)=(x+5) +3= f(x+5)+3

< | e e (“H5)”l , A

[ 1!
i \l
»

(S \J\v i

S

k= E
ey ' 3+ 3
)=\ ) 7‘//1,(7()%6) Y
i
5 "X -5 T X

c;(ﬂ) Al anF) }3 1;2%

5 um\?s +o ffse [?P’f qN)l
3 u\v\\*s MP




Analysis and Conclusions
Now carefully study the graphs and the tables on the two previous pages. Then complete the following table.

Base Function Translations of Base Function
= y =] X — s [ y = X) + K, E y = X— +K, € N, €
y=1(x) f(x—h), heR f k, keR f(x—h)+k, heR, keR
Ifh>0,the graphof f | 11> the 0raph oFf 1 ghigy of by units feft or right
shifts h units to the right. | SMTS K UNIts up. AND
Description of If k <0, the graph of f k units up or down
: If h <0, the graph of f X . . .
Translations shifts h units to the left. | Shifts k units to the (depending on the signs of h & k)
oy >rhy) O (X) > (x+h,y+K)
’ ’ (X, y) > (x,y+k)
y="1f(x+2) y="1(x)+20 y=1f(x-1)-10
y="1(x) The graph of f is shifted The graph of f is The graph of f is shifted 1 unit
2 units to the left. shifted 20 units up. right and 10 units down.

B0+ B0+ 60+ B0
40F a0} 40f 4]
20 20 20 20f
4 3 1 [ 1%2 3 45 6 4 3 2 _1}\, 43 21 [ 1 3 4[5 6 43 2 L
20} 20 20 201
40f 40 0f i
50 50 s0f i
80 80 80 of
1001 100 S100f Zaof
1201 J120f J20f 120}
40} 140 a0f 40
el J1gol 60l | 160t

Extremely Important Questions and Exercises..
So far we have considered both /zorizonzal and vertical translations of functlons Does it matter in which order these

translations are performed? -/ dael ne 4 ma T Verdica | concA Aorizeite |
) : 2 - /
Complete the following table. LanSlatibns arC i Al)e; o I.I/ 3 Qach < He;
Base Funciion Translation(s) of Base Function Requiired to obtain Function
There are two correct answers for this one. v A whe
i ()= base #gnchon 1S ms/m{“f/ /6 wnls
a) f(x)=x+16 /(;Y =X //L( %S( ANCT 77/‘
uP OR lp hm/%j Yo Fe /4 i
i y ; = 5’
XLSx+l = o 5«; f‘ﬁ’ - / 6
b) g(x)=x"-5x+6 W ) 7 . /4‘_:5_) =
l-xgx:x‘—x+ .7 — - 77 3 - ’
< (A / a /& ?/“US( Emﬂ;dm 1S 7[/7/1/'15/6{ foc
% “ual /A 4 // 71 (’/k/ al /S (»/C‘)Lv,'\
[/ £ : /
(¢) h(x)=vx—-6+5 7 ( X>: /Lq f/k/ /’US( g 721 7‘70.7 ,) : +rans Jated G
/ unl fu/ Vo0 % 4l /g é,/
| : N ke AT Acs foncton 1S Fransli b
h px)= -5 1K) <o A, ¥ . . £
e ik X un'ts 1PFY (_;/\u/ > unrls AOn

(€) a(x)=[x+6]-3 f(x)=[x] The base function is translated 6 units to the left and 3 units down.




3. Complete the following table.

Relation or | Discrete or

GraphiokRelaticn Function? | Continuous?

Graph of Translated Relation

Translate 3 units up and 2 to the left.

y y
10+ 1oL
8: 3:
6 I 6 .
4+ L
1 H ol 1 Nota Discrete ji
L Function i
105 6 4 2 [ 2 4 6 810 106 6,4 2 [ 2 4 6 810 ~%
2t 2t .
. .4: ,4:
_5: T —E:
_3: 8: b
ol 1 ol
Translate 10 units down.
y
) 10t
10+ al
sl ol
6f Al
f o . 4z o . ] 2:
ot Function Discrete T Y O
i 108 6 4 2 [ 2 4 6 8 10
IR I A R A B AR R RE 2f
2t ul
_4: . _E: 'Y
ol ] HLE ] }
B Aol
ot Given relation’s equation: y = f(X).
Translated relation’s equation: y = f (x) —10
Translate 2 units down and 1 to the left.
10t
10F gL
8: 5:
6L al
af 2| /
2r Function | Continuous S E e s AT
0 6 4 2 [ 2 4 6/ 0% 2
4l P
P g
Bf 0l
4ol Given relation’s equation: y = f(X).

Translated relation’s equation: y = f (x+1)—2



Graph of Relation Relathn or Dlsgrete or Graph of Translated Relation
Function? Continuous?
Translate 3 units down and 2 to the right.
y y
10+ 10k
8 8:
6T 61
4t 4t
2| Not a Continuous
L Function &
-1[] _8 -2 i 2 4 E B 1[] X -1IUI -IB 1 -IE 1 ] 1 I2 1 i 1 2I 1 1 1 é 1 é 1'[-] X
ol 2+
4t i
-5: _5:
B o i
Aol —10:
Translate 1 unit down and 4 to the right.
y y
NOt? Continuous
FunCtIOn L 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 X
X 10/ -8 6 4
Translate 2 units up and 1 to the right.
y
101
v L
10t i
B i
61 i
4t i
2t Function | Continuous 2 4 6] 8 10X
106 5 4\ [ 2 4 p 8 0% 0
2t i
6\ i
&l ol
- Given relation’s equation: y = f(x).

Translated relation’s equation:
y=f(x+1)+2




4. Without using a table of values, graph the following functions on the same grid. In addition, state the domain and

range of each function.

Functions Graphs
RIS
e fep
| 6p
1 el
YT 1R
y—% |||||||ii“__h|—.§'--||||#
2D -,22}_254551[]
----------------------- e S N
A
10+
y=+/x+5
y:\/m | 1 | | | KI-/_I?‘- | | | | | | | | | -
0 -8 B 4 P | 2 A—F T35 10
y=/x+7-4 =L
Y=+vX+7+4 _4:
i
8t
0L

Domain and Rage

D={xeR:x>-5}
R={yeR:y>0}



Functions Graphs Domain and Range
y=(x+3)"

i A ST IR

! Yok !

1 1

Y-

| \ ,

! II&' Ig—:;ReR' >3}
yo i +3 ll‘. ' ﬁjg —{yeR:y>
_ 2 ll. - II D=R
y=(x+3) A0 B R _ 4 ' 618 1 R={yeR:y20}

y = (X+5)* 10 i {2 -
IIIIII Il.-'l A R={yeR:y>-10}
=
". ! a
L
~ 0
y =(x+5)° -10
# L
1
=[x=6
.1
(L")
15 D=R
R= R:y>-6
y=[x-6 12 y =|x+5/-7 tysRiy=-6]
i D=R
y=|x—6| ol R={yeR:y>0}
=|x|—6
y=|x+5/-7 o D=R
3 R={yeR:y>-7}
15428 =b~-3 6191215
-
u




5. Without graphing, state the domain, range, intercepts (if any) and asymptotes (if any) of each given function.

Function Domain and Range Intercepts
D=R x-intercept: none
f(xX)=x*+5
R={yeR:y>5} y-intercept: 5
D={xeR:x>0} x-intercept: 100
g(x) =v/x ~10
R={yeR:y>-10} y-intercept: —10
D=R x-intercept: 315
h(x) =x*-15
R=R y-intercept: —15
D={xeR:x=-3} t-intercept: _44
_ 1 15
s(t)y=——-15 : .44
t+3 R={yeR:y=-15} s-intercept: —
D=R y-intercept: none
p(y) =]y -8 +15 :
R={yeR:y>15} p-intercept: 23

6. For each graph, state an equation that best describes it.

1
2

Asymptotes

none

none

none

t=-3 (vertical)

s(t) =15 (horizontal)

none

_______________
I oy
%] E=N [=2] [==] [==]

o
i
(%]
I
[a3 ]
o0
=

p(x)=|x—2/+3

g(x)=(x+2)°-3

N T T T T NN N A0 -8 L
| 2 4 6|8 1UX L
e O o o o S . S N I S N N N I A 4 e ———
A
| of
1 L
L
1ol
- , l
g(x)=(x+3)" -10 h(x)=——-
X+2
10 10}
8 sl
6 6f
af Al
L 2_
_1IUIIBIEI-‘IdIIQI_IEIIJI.IéIéI{UX _1|U||B|E|-;1||2|_|2||4|1|é|é|1|0
Al 2f
4+ RN
of ol
of ol
Aol -1[]:

9(x) = (x—4)* +1



Pages 3132 (Reflections)

1. Suppose that the point Q is the reflection of the point P in the line . Suppose

further that the line segment PQ intersects the line | at the point A. What can you
conclude about the lengths of the line segments PA and QA? Draw a diagram to

illustrate your answer.

2. Is the reflection of a function in the x-axis also a function? Explain.

The reflection in the x-axis of any function must also be a function. When reflecting in the x-axis, the pre-image point
(x, y) is mapped to the image (x, —y). Thus, each x-value still has only one corresponding y-value, which is equal to
the “negative” of the pre-image point’s y-value.

3. Is the reflection of a function in the y-axis also a function? Explain.

The reflection in the y-axis of any function must also be a function. When reflecting in the y-axis, the pre-image point
(%, y) is mapped to the image (—x, y). Thus, although all x-values change sign, each x-value still has only one
corresponding y-value

4. s the reflection of a function in the line y =x also a function? Explain.

If the function being reflected is one-to-one, then the reflection in the line y = x will also be a function. However,
this is not the case for many-to-one functions. For instance, when f (x) = x? is reflected in the line y = x, the

resulting relation y = +/x (or y* =x) is not a function.

5. Suppose that R represents a relation that is not a function. Can a reflection of R be a function? If so, give examples.
A reflection of a general relation need not be a function. However, in certain cases such a reflection can be a function.
For example, when y® =x is reflected in the line y =x, y=x* is obtained, which is a function.

Investigation
You may use a graphing calculator or graphing software such as Desmos to complete the following table.

3 &

3

Function Equation of | Equation of Equation of Graph of Graph of Graph of
—f fx) —f(=%) y=-f(x) y=f(% y=—f(-x)

p(x) =—f (-X) : : :
X :—f X h X)= f —X . : :

f(x):X g( )=—X( ) ( ):_f( ) :_(_X) 0.8 ,sA,zr2 2 4 6 8 10 08 7547272 2 4 6 8 10 40§ 7647272 2 4 6 810
=X : : i
h(x)= f(=%) | p(x)=—F(-x)
, | 90 =-(x) ) ; : : :

f (X) = X _ _X2 = (_X) = _(_X) 10 8 6 4 —2_2 2 4 6 810 108 6 4 2 I 2 4 6 810 10 8 6 4 —2_2 2 4 6 810
X) =—f (—x : : :
00— ) | PRI=fC 3) 3 ; 3
3 g(x) :_f (X) 3 :_(_X) 2 2 2

f (X) = X 3 = (_X) 3 06 6 4 2 2 4.6 810 -8 6 4 2 2 4 6 810 108 6 4 2 2 4 6 8 10
=—-X 3 — _(_X ) 2 I 2
=—X : : :
= X3 4 I I

S &

Continued on next page...




Function | Eauationof | Equation | Equation of Graph of Graph of Graph of
_f(X) of f(_X) —f(—X) y:—f(X) y= f(_x) y:—f(—X)

1 1 1

R e o D
ARSI
NE e o B

g(x)=-f(x) | h(x)=F(=x) | p()=—-f(-x)

f () =/x

- _ X — —X —_ ’—X -10 -8 6 4 -2, 2 4 6 810 108 6 4 -2 5 2 4 6 8 10 40 8 6 4 2 ; 214 6810
\/> \/_ j\ 4 4
B %
h(x)=f(=x) | P(X)=—f(-x) ] : :
1 9(x) =-1(x) 1 [1] a
= = — 2
f(x)== 1 —X —X

L
s

&

X — 10 -8 6 4 -2 6 8 10 108 6 4 2 6 8 10 10 876 3 2 4 6 8 10
X 1 1
=_= _- p
X X

b & b

2 &

NE o D

SN A

NE o D

h(x)=f(=x) | p(x)=-F(=x)

9(x)=—-f(x)
f(X):|X| =_‘X‘ :‘_X‘ :_‘_X‘ 008 6 4 7272 2 4 6 810 -0 8 6 4 7272 2 4 6 810 08 6 4 722 2 4 6 810
K| =K : : :
Given a function f,
o the graph of y=—f(x) is the reflection of the graph of y = f(x) in the x-axis. (X, ¥) = (X,—Yy)
o the graph of y = f (—x) is the reflection of the graph of y = f(x) in the y-axis. X, ¥) > (=x,y)

o the graph of y=—f(—x) is the reflection of the graph of y = f(x) in the x-axis followed by the reflection of
y=—1f(x) inthe y-axis. (OR, the graph of y=—1f(—x) is the reflection of the graph of y = f (x) in the y-axis
followed by the reflection of y = f (—x) in the x-axis.) (X, ¥) = (=x,—Y)

Important Terminology

e Suppose that a transformation is applied to a point P to obtain the point Q. Then, P is called the pre-image of Q
and Q is called the image of P.

o If Q is the image of P under some transformation and P = Q, then P is said to be invariant under the transformation.

o Translations and reflections are called rigid transformations because they do not distort the shape of the pre-image
graph. The image graph has exactly the same “shape” as the pre-image graph.




Pages 33—35 (Combining Reflections and Translations)
Perform the specified transformations on the graph of each given function.

Explain this transformation of f in words.

Horizontal
1. Translate right 1 unit.

Vertical
1. Reflect in the x-axis.
2. Translate up 2 units.

: . Graph of Transformed Function
Graph of Function y= f(x) Transformation of f P y=g(x)
g(x)=—Ff(x)-2 1or
12 Explain this transformation of f in words. EZ
| s 1 1. Reflect in the x-axis. al
T T T 2. Translate down 2 units. 2l
oL C
.......... O 108 6 4 2 | 2 4 6 810
10 -8 6|4 22: 2 4 6.8 10 ol
"4: L ] L ] -‘45 L ] L ]
~5: B
_3: 18+
4ok 1ol
g(x)=—Ff(x-D+2

) 9(x) = f(~(x+3)) -4
12: Explain this transformation of f in words. 12
6 Horizontal sf
4 / 1. Reflect in the y-axis. 4T
llllllllll 2 H 2. Translate right 3 units. \2
10N 6 4 2 [ 2 4 6 10 X _ 1086 4 2 | 2 4 6 81wW0X
7 Vertical 2f
4 1. Translate down 4 units. “r
61 et
—8; la[ \/
-10+ 10k
90 =—f(-(x-3)+6 ot
Explain this transformation of f in words. 1l
Horizontal: reflect in y-axis then shift 3 units 12f
right 1oL
Vertical: Reflect in x-axis then shift 6 units up sl
Possible equations of fand g. sl
f(x)=(x+3)? 10 af
g(x) =—(x—6)> +16 2
2-'/2'!1'6'!3 '1?1'2'1':1'113'1'3'2'0
4l




9() =—f(-(x-5)+8
Explain this transformation of f in words.
Horizontal: reflect in y-axis then shift 5 units
right
Vertical: Reflect in x-axis then shift 8 units up
Possible equations of fand g.

R SaMaSEA SSSmamsEay F(x)=——3 5 i
: -4: X+ 2 4: !
s I |
Bt 000 =—=+11 gt |
10+ X=17 21 12345678 91011121314 X
g(x)=f(-x-5)+3
= f(—(x+5))+3
Explain this transformation of f in words.
Horizontal: reflect in y-axis then shift 5 units left 1ol
Vertical: shift 3 units up L
10 Possible equations of fand g. C
8 f(x)=(x+2)°-3 i
5 i
. g(x)=f(-x-5)+3 i
=—(x+3)°
.................... "
Prirfrtt ' ity Alternative Solution
4 Instead of factoring —x—5, we can interpret it
6 directly. Simply reverse the operations in the
5 order opposite the order of operations.
-10 Horizontal: Translate 5 units right then reflect in

y-axis.
Vertical: same as above




Pages 36—»37 (Stretches and Compressions)

Investigation

1. Sketch f(x)=x, g(x) = f(2x) =(2x)* =4x* and
h(x) = f (£x) = (3 x)* =1 x®on the same grid.
Describe how the graphs of g and h are related to

the graph of f.

1512 -9 -6 -3

= Functions

3 6 9 12 15

2. Sketch f(x) =X, g(x)= f(2x) =+/2x and

h(x)=f(3x)= \/%_xon the same grid. Describe how the

graphs of g and h are related to the graph of f.

20
18

Y= | statPiets |

" ’— . |y1 (X)= |>("2
v[— W p2o= iz

g ’— W 3eo:= 1.5l
A
Independent Variable: [<

DE§EIECIAH| EDEvA||| e Help |

¥ ’— . |Y'| (x):= |\"(X)

v[— Wl p2ea:= i@

3 ’7 . |v3m = |v1 (0.5x)

r[— W=

Independent Yarisble: [X
Deselect#l| Copal | Cigse | Hen |

3. Sketch f(x)=x%, g(x)=2f(x)=2x* and
h(x) =1 f (x) =< x* on the same grid. Describe how
the graphs of g and h are related to the graph of f.

4. Sketch f(x)=+/x, g(x)=2f(x)=2+/x and
h(x) =2 f (x) =4+/x on the same grid. Describe how the
graphs of g and h are related to the graph of f.

30} 20F
21k 18
2t 16
21t 14|
18f 12[
15f 10
12f sl
r s
4 :
2 :
—1I5I I—1|2I I—IQI I—IEI I—;ﬁl Iél IEISI Iél I11’2I I1|5 - é - EIS - é I I‘II2I I‘II5I I‘IIEI IEI‘II :’2:4I IEI?I ISIUI I3I3I ISIE
Y= | statPiets | Y= | statPiots |
o — W o[ — W= [
W’—.|}’2(X):= [r10x) p’—.‘ﬂﬁx):: 10
I ]_ Wl [3e0:= [(72yTe) v ]_ W 3= [T72yTel
r[— WA= r— W %= |
Independent Variable: [ Independent Vaiiable: [X

DageleclAH| CogvAII| Close ‘ Help |

DE§E\EC[AII| EnEvAII| Tlese | Help |




5. Sketch f(x)=x* and g(x)=2f(3x) =18x". 6. Sketch f(x)=+/x and g(x)=3f(%x)=3,/2x . Describe

Describe how the graph of g is related to the graph how the graph of g is related to the graph of f.

of f.
sk 2ol
art 18|
A 16|
ok 14
18F 12[
15F 10|
12F al
- 6
al
o
452 9 6 3 3 6 9 12 15 "3 6 9 12 15 18 21 24 27 30 33 36
% Functions le
v= | stat Plots | v= | stetPlots |
— W= F o— W= [
3 ’— . |)’2(K) = |2Y'| (3x)] i3 ’— . ‘YZ(K) = ‘3)‘1 ((1/2)x)
ol ikl Sl il
— W W
Indeperdert Variables X Independent Wariatle: [X
DE§EIEC[AI\| Copy &1 Hﬁl Help | DE§E\EC[AII| EnEvAII| e | Help |
Summary

e To obtain the graph of y=g(x)=af (x),acR from the graph of y= f(x) stretch (or compress) vertically by a

factor of a. This means that the ordered pairs of the function g are obtained by taking each ordered pair belonging to
the function f and keeping the x-co-ordinate the same while multiplying the y-co-ordinate by a.
Symbolically, we can write this as (x,y) — (x,ay) (i.e. pre-image — image).

e To obtain the graph of y=g(x) = f (bx),b e R from the graph of y= f(x) stretch (or compress) horizontally by a

factor of %: b~ . This means that the ordered pairs of the function g are obtained by taking each ordered pair

belonging to the function f and keeping the y-co-ordinate the same while multiplying the x-co-ordinate by % =b™".
Symbolically, we can write this as (x,y) — (b™x,y) (i.e. pre-image — image).

e To obtain the graph of y=g(x) =af (bx),acR,beR from the graph of y = f (x) stretch (or compress) vertically by
a factor of a and stretch (or compress) horizontally by a factor of % =b™.

Symbolically, we can write this as (x,y) — (b™x,ay) (i.e. pre-image — image).




Page 44 — Important Exercise on Inverses of Functions
Complete the following table. The first two rows are done for you.
Hint: To find the inverse of each given function, apply the inverse operations in the reverse order.

. One- ' |nverse Function — State any Restrictions to
Function to-One Domain of f .
or Domain and Range Domain and1
; ; Many- of Range of f~
E%?;:;g: Il\\l/lgt%lzil Qg to- Function Notation Mapping Notation
One?
-to- -
f(x)=x° xisxd o f1(x)=3x X 3x
one (x) R-R R_R
f(x)=x° 2 many- | f(X) =~/X, provided X D={xeR:x=0} D={xeR:x>0}
B XX to-one S X=>+/X ~ _ ~ _
that X >0 R={yeR:y>0} R={yeR:y>0}
= -to- - - D=R D=R
f(x)=2x+1 s 2% +1 or:)en:)o f_l(X):X 1 s x—1
-to- D=R D=R
10=2¢-7  xi>20-7 0 £1(x) = o X7 i 3 X7
Lo _ . _ .
f(x)=1 XHE one-to- f 1(x):;, L D={xeR:x=0} D={xeR:x=0}
one ] .
X X provided that X # 0 X R={yeR:y=0} R={yeR:y=0}
- f1(x)=x+4, D=R D={xeR:x>=-4
F)=x"-4 | xp>x* -4 [Ef‘QXe _( ) Xt X +4 _
provided that X > —4 R={yeR:y>=-4} R=R
f(x)=x*+10x+1
2 2 g2
2 2 ey =X"+10x+5 =57 +1 D=R D= {xe®ixom2a)
F0=x"+10x+1 | x> x® +10x+1 | (o "on | = (X +5)° - 24 Xt /X+24 -5
R={yeR:y>=-24} R=R
fr(X)=+x+24 -5,
provided that X >—24




Page 46 — Extremely Important Follow-up Questions (Inverses of Functions)
1. If f(x)=x, we have discovered that f *(x)=3%/x. Evaluate f(f(x)) and f*(f(x)).

Solution
1

f(f_l(X))= f (3/;)=(3/§)3 =[X3J =xand f(f(x)= f‘l(x3)=3 X3 :(XS)E —

2. For any function f, evaluate f (f *(x)) and f
f*(f(x)). (Hint: It does not matter what f is.
All that matters is that f* is defined at x and at
f(x). Inaddition, keep in mind that an inverse
of a function undoes the function.) G S
Solution
Since fand f* undo each other, it follows that

1 (£(x))=f(f7(x))=x no matter what f is. / l(f(x)):f(f]():);' _____

7

You can convince yourself that this true by
studying the diagram at the right. Keep in mind 7

that fand f* are reflections of each other in '
the line y = x. It’s clear from the graph that
fA(f(x)="f (f’l(x)). It’s also clear that the points (X, f (x)) and (f (x), f(f (x))) are reflections of each other in

[ S

—
]

— -

[

g

~

—

[

e

the line y = x as are the points (x, f*l(x)) and (f (x), f ( f ‘1(x))) . Therefore, f~*(f(x))=f(f(x))=x. If youneed
further convincing, use a ruler to measure the distance from the origin to the point marked “x” on the x-axis. Then
measure the distance from the origin to the point marked “ f ’1( f (x)) = f ( f ’1(x)) ” on the y-axis. You should find that

the distances are exactly the same!

3. The slope of f(x)=mx+b ism. What is the slope of f?

Solution

The equation of f~* can be found in a variety of ways:
(&) The method of interchanging x and y and solving for y can be used if
f (x)=mx-+b is rewritten in the form y =mx+b.

(b) The flowchart method can be used (i.e. apply the inverse operations in
the reverse order).

(c) The most revealing method is to apply the transformation
(X, ) = (y,x) (reflection in the line y = x). As you can see from the
graph at the right, the images of the x-intercept and y-intercept of f
respectively are the y-intercept and x-intercept of f . From the

information in the graph it is easy to see that the slope of

&Y _ Y-y 20—(—3)2@23(1} 1

must be = —
AX X, — X% b-0 b m

b) m

. . b . .
Consequently, since the y-intercept of ™ is —— , its equation
m

must be fl(x)zix—%.



Pages 48—552 — Selected Answers to Problem Solving Activity

1. The word “function” is often used to express relationships that are not mathematical. Explain the meaning of the

following statements:
(a) Crime is a function of socioeconomic status.

Solution

When used in non-mathematical contexts, “a function of” still means “depends on.” Just as “f(X)” means “the value of
f depends on x,” this means that the crime rate of a region depends on the socioeconomic status of its residents.

Socioeconomic Status |::>

> Crime Rate

(d) 3x* -16x—35=0

Investigate the transformations that affect the number of roots of the following quadratic equations.

Graphical

Algebraic

Vertical Stretches

gol
5ol
40k
2ok

909 = (9

h(x)=> £ (x)
(166667 00 [ 70 - 4
54 - 810
N SSr(x) =—f (X)

40
s0f
50l

f(x) =3x* —16x—35

As you can see from the graph, the roots of f are
invariant under a vertical stretch by any factor
(including a reflection in the x-axis).

Horizontal Translations and Stretches

As shown in the following examples, horizontal
translations and stretches of a quadratic function will
generally change the roots but not the number of roots.

hO¥) =1 (x + 8)

If f(x)=3x>—-16x—35 then the roots of f(x)=0 are
q:—g and r,=7. Thatis, f(x)=(x-7)(x+%2).

Vertical Stretches
If we define g(x)=af (x) for any non-zero value ae R,

then g(x)=a(x—7)(x+%). Clearly, g(x)=0 has the
same roots as f(x)=0. Thus, the zeros of

f (X) =3x* —16x—35 are invariant under any vertical
stretch.

In general, as shown below, for any function f, the zeros
of g(x)=af (x) will be exactly the same as the zeros of f.

If risazeroof f,then f(r)=0. Inaddition,
g(r)=af (r)=a(0)=0. Therefore, r is also a zero of g.

This shows that the roots of any function are invariant
under a vertical stretch (or compression). Note that
vertical reflections are special vertical stretches in
which a ==1. Therefore, the number of roots is
unaffected by a vertical stretch.

Horizontal Translations and Stretches

Let f be any function and r be any root of f. Then f(r) =0,
which means that (r,0) lies on the graph of f. What
happens to this point under a horizontal translation or
stretch?

Stretch: (x,¥) > (ax,y) so (r,0) —(ar,0)
Translation: (X,¥) > (x+h,y) so (r,0) - (r+h,0)
Therefore, the image of any point lying on the x-axis will
be a point on the x-axis. This means that the number of
roots is unaffected by a horizontal stretch or
compression.

Continued on next page ...




A detailed algebraic analysis of the effect of vertical translations

Vertical Translations can get a little messy. For our purposes, it suffices to note the

As can be seen from the following examples,

. . following:
vertical translations can affect the number of roots.
Parabola Opens Upward Parabola Opens Downward
30 h(x) = f(x)+60 If the parabola has two roots, it | If the parabola has two roots, it

can be shifted up by an amount | can be shifted down by an

less than the absolute value of amount less than the absolute
169 the y-co-ordinate of its vertex value of the y-co-ordinate of its
g(x)=f(x)+— and still have two roots. vertex and still have two roots.

3

However, if it is shifted up by However, if it is shifted down
exactly this amount, the number | by exactly this amount, the
of roots changes to 1. number of roots changes to 1.

If shifted up by more than this If shifted down by more than
amount, the parabola will have | this amount, the parabola will
no real roots. have no real roots.

3. Although the method of completing the square is very powerful, it can involve a great deal of work. If your goal is to
find the maximum or minimum of a quadratic function, you can use a simpler method called partial factoring.

Explain how partially factoring f (x)=3x*—6x+5 into the form f (x) =3x(x—2) +5 helps you determine the
minimum of the function.

Rolation TR
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Find the maximum or minimum value of each quadratic function using three different algebraic methods. Check

your answers by using a graphical (geometric) method.
(@) h(t)=—4.9t° +4.9t+274.4

Answers

The three different methods are

e Completing the square

e Partial Factoring

e Finding the roots

(b) g(y)=6y*-5y—25

2205

(@) Maximum value is

625

b) Minimum value is — 922 (occursaty = >
(b) o ( y 12)

Regardless of the method used, you should obtain the following answers:
=275.625 (occurs att = %)

Given the quadratic function f(x)=(x—-3)*—-2 and g(x) = af (b(x—h)) +k , describe the effect of each of the

following. If you need assistance, you can use “slider controls” in Desmos.

@ a=0 (b) b=0 (c) a>1 (d)

() O<ax1 (f) -1<a<o0 (9 b>1 (h)

(i) O0<b<1 () -1l<b<oO (k) kisincreased ()

(m) hisincreased (n) his decreased (0) a=1,b=1,h=0,k=0 (p)
Solution

See https://www.desmos.com/calculator/osapdftnco

a<-1

b<-1

k is decreased
a=-1,b=-1,h=0,k=0

The profit, P(x), of a video company, in thousands of dollars, is given by P(x) =-5x* +550x —5000, where x is the
amount spent on advertising, in thousands of dollars. Determine the maximum profit that the company can make and

the amounts spent on advertising that will result in a profit of at least $4000000.
Solution

First you must recall that x is the independent variable and that P(x), the profit,
depends on x, the amount spent on advertising. When you sketch the graph of P,
which is a parabola that opens downward, you will note that the maximum value
occurs at the vertex. The maximum profit can be found by determining the y-co-
ordinate of the vertex. Answer: (i) max profit = $10,125,000 (ii) for profit of
at least $4,000,000, the amount spent on advertising must be >$20,000 and <$90,000.
This answer can be obtained by carefully sketching and inspecting the graph or by

solving the inequality —5x° +550x —5000 > 4000 .

Suppose that a quadratic function f(x) =ax® +bx+c has x-intercepts r, and r, .

" 11000
L 10000
" 9000
[ 5000
" 7000
L6000
L5000
4960
[ 3000
L 200

201,4000)

(90, 4000.

L 10

10 20 30 40 50 60 70 80 90 100

Describe transformations of f that produce quadratic functions with the same x-intercepts. That is, describe

transformations of f under which the points (r,,0) and (r,,0) are invariant.

Solution
See #2.

Determine the equation of the quadratic function that passes through (2, 5) if the roots of the corresponding quadratic

equation are 1—+/5 and 1++/5 .
Solution

Let f represent the required function. Then, for some non-zero real number a (the vertical stretch factor),

f(x):a(x—(l—\/g))(x—(1+\/§)):a((x—l)+J§)((x—l)—J§)
Since the point (2,5) lies on the parabola, f(2)=5. Therefore,
a((2—1)2—5):5
s.—4da=5
na=-2
4

Thus, f(x) :—%((x—l)2 —5) :—%(x—l)2 +% .

a((x—l)2 —5)


https://www.desmos.com/calculator/osapdftnco

9. Determine, through investigation, the equations of the lines that have a slope of 2 and that intersect the quadratic

function f(x)=x(6—Xx)

(a) once (b) twice

(c) never

Graphical

Algebraic

A5

To find the point(s) of intersection of f (x)=x(6—x) and
y =2x+b, we must solve the equation x(6—x)=2x+b:
X(6—X)=2x+Db
=X +6Xx=2x+b
X2 +4x-b=0
X2 —4x+b=0

Since we are only interested in determining the number of
points of intersection, it suffices to calculate the

discriminant of the quadratic equation x> —4x+b=0.

20
sl & /(%) = x(6-x) D = (-4)* —4(1)(b) =16 — 4b
| -30+ e one point of intersection — one real root > D =0
The equation y =2x+b, where be R, can be used +16-4b=0
to describe the family of all lines having a slope of 2. ~b=4
From the graph, it appears that the following is true: |  two points of intersection | e no points of intersection
« one point of intersection: b = 4 — two real roots > D >0 —no real roots > D <0
P 0= ~16-4b>0 ~16-4b<0
¢ two points of intersection: b < 4 - _Ab>-16 - _Ab<—-16
e no points of intersection: b > 4 . —4b <—_16 . —4b S -16
Remember that graphs do not qualify as mathematical -4 -4 -4 4
proof. Nonetheless, they are very valuable tools that ~b<4 ~b>4
give us a geometric viewpoint as well as a very good
idea of what answers to expect.
10. At a wild party, some inquisitive MCR3UO students performed an interesting experiment. They h

obtained two containers, one of which was filled to the brim with a popular party beverage while the 13k ~olooosar Loosoazet 1125

other was empty. The full container was placed on a table and the empty container was placed onthe '
floor right next to it. Then, a hole was poked near the bottom of the first container, which caused the ~ osf

11

08

party “liquid” to drain out of the first container and into the other. By carefully collecting and arl h, () = 0.03t
analyzing data, the students determined two functions that modelled how the heights of the liquids (in ~ {5f
metres) varied with time (in seconds): h,(t) = 0.00049t* —0.050478t +1.25 and h, (t) = 0.03t 047
(a) Which function applies to the container with the hole? Explain. ol
Solution 5 10 15 20 25 30 35 40 45 '

Since h; is a decreasing function, it must describe the height of the liquid in the container that is being drained.

(b) At what time were the heights of the liquids equal?
Solution

The heights of the liquids are the same when h, (t) = h, (t) .Therefore,

.0.00049t? — 0.050478t +1.25 = 0.03t

.0.00049t? —0.080478t +1.25=0

., 0080478+ ,/0.0804787 — 4(0.00049)(L.25)
T 2(0.00049)

“t=17.4 ort=146.8

Therefore, the heights of the liquids are the same at about 17.4s.

(c) Explain why the height of the liquid in one container varied linearly with time while the height in the other

container varied quadratically with time.



11. Video games depend heavily on transformations. The following table gives a few examples of simple transformations

12.

you might see while playing Super Mario Bros. Complete the table.

Before Transformation After Transformation

Nature of the
Transformation

Use in the Video Game

i

% Reflection in the vertical line

that divides Luigi’s body in

Change direction from left to
right

Reflection in the horizontal
line that divides green
creature’s body in half

Kill the character.
(Other answers are possible)

101 10

! o Combination of some

af of horizontal translation and

2r 2 some vertical translation. Move from one place to

WI[F*FLH2[Ae 80 | O S[E[HEL LT A [ET (Other answers are also another.

4l lf possible but this is the

han s simplest.)

B B+
—10: _10:

Complete the following table.

Before Transformation

After Transformation

Nature of the Transformation

Horizontal compression by a factor of %2.

Vertical compression by a factor of %.

Reflection in the y-axis.

Vertical stretch by a factor of 3/2.
Reflection in the x-axis.

Horizontal compression by a factor of 1/3.

Vertical compression by a factor of %.
Reflection in the x-axis.

Reflection in the y-axis.




13.

For each quadratic function, determine the number of zeros (x-intercepts) using the methods listed in the table.

Quadratic Discriminant Conclusion —
Function CEgn D=b*-4ac SESEECE S0 Number of Zeros
e Since there are 2
L a=1lb=-1c=-6 , x-intercepts, f has
: D ob? —4ac x> —x—6=0 two zeros.
: I Cx— _ e Since D >0, f has
f (X) = XZ —X _6 A0 B 6 4 - 2 24 6 810 = (_1)2 - 4(1)(_6) o (X 3)(X+ 2) O two zeros.
\‘; =1+24 SX=3=00r x+2=0 |, gjnce x> —x-6=0
5 -5 SXx=3o0or x=-2 has two solutions, f
= B has two zeros.
a=lb=-1c=6 _
-.D=b’—4ac Since D is not a perfect | © i_'i”n‘ieertchgfsagehis
6= -ts S| e st | s
=1-24 . e Since D<0, ghasno
‘ integers. 26105
’ =-23 '

10 8 6 4 2

2 4 6 8 10

a=12,b=-19,c=-5

e Since there are 2

inceDisn rf
: +D=b’ ~4ac Ss ﬁgre tiisOt Salgier}at?g t x-intercepts, P has
P()=12t" 19t -5 ‘ EEREE =(19) ~412)(-5) do?es ot factgr over the | WO Zeros.
| — 361+ 240 . e Since D >0, P has
: 6ol Integers. two zeros.
-12
-15
e Since thereis 1
a=9b=-6c=1 09722 —6z+1=0 x-intercept, f has one
AL R2 - (3z2-1)((3z-1)=0 root.
~.D=b"-4ac (371 =0 e Since D >0, f has
0(2) -9 ~62+1 = (-6)° -4(9)() -@2=y= two zeros.
_36-36 5.32-1=0 e Since
0 .'.z=l 9z° ~62+1=0 has
o e - 3 one solution, g has
one zero.
e Since there are 2
49%% —100 =0 x-intercepts, f has

f (x) = 49x° —100

a=49,b=0,c=-100
.D=b*-4ac
=(0)? — 4(49)(~100)
-19600

S (7x=10)(7x+10)=0
S 7x-=10=0 Or 7x+10=0

two zeros.

e Since D >0, f has
two zeros.

e Since
49%x* —100=0 has
two solutions, f has
two zeros.




14. Use the quadratic formula to explain how the discriminant allows us to predict the number of roots of a quadratic
equation.

Solution

b ++/b? —4ac

If ax? +bx+c =0, then by completing the square we can deduce that x = — >
a

(a) If b*—4ac <0, then \b? —4ac is not a real number because it evaluates to the square root of a negative number.
Therefore, if b?> —4ac <0, there are no real roots.

— . Thus, there is one real root, x = _—b .

(b) If b? —4ac =0, then x=_b:\/6=_bi\/6=_bi0=_b
a

2a 2a  2a 2a
—_ 2 —_—
(c) If b>—4ac >0, then vb? —4ac isa real number. Therefore, there are two real roots, x = —b+vb" —dac ‘s 4ac and
a

—b—+/b? —4ac
2a
15. How can the discriminant be used to predict whether a quadratic function can be factored? Explain.
Solution

If D=b?—4ac is a perfect square whole number (i.e. 1, 4, 9, 16, 25, 36, 49, ...) then \b? —4ac will be a whole
number. This means that both roots of the quadratic function will be rational (i.e. either an integer or a fraction). In
this case, the quadratic will factor over the integers.

e.g. If f(x)=6x*+11x—35, then D =b? —4ac =11? —4(6)(-35) =961=231%. Since D is a perfect square, f will

b+b?-4ac -11+961 -11+31

2a 2(6) 2(6)

X=

factor over the integers. If we solve the equation f(x)=0, we obtain x =—

Thus, x = “li+3l_20 5, =3l 42 7 Using the roots we can determine that the factored form is
26) 12 3 26) 12 2

f(x) =6x% +11x—35=(3x—5)(2x + 7).
1Y 1 (2) 4
Note that if D =b? —4ac is a perfect square rational number (e.g. (Ej =7 [gj =9 ,...), the above argument

can be repeated. Therefore, a quadratic function can be factored over the integers if and only if the discriminant is a
perfect square rational number.

16. The following table lists the approximate accelerations due to gravity near the surface of the Earth, moon and sun.

Earth Jupiter Saturn

9.87 m/s? 25.95 m/s? 11.08 m/s?

The data in the above table lead to the following equations for the height of an object dropped near the surface of each of the celestial bodies
given above. In each case, h(t) represents the height, in metres, of an object above the surface of the body t seconds after it is dropped from an

initial height hy .

Earth Jupiter Saturn

h(t) =—4.94t? +h; h(t) =—12.97t2 +hy h(t) =554t + h,

In questions (a) to (d), use an initial height of 100 m for the Earth, 200 m for Saturn and 300 m for Jupiter.

(&) On the same grid, sketch each function.

(b)  Explain how the “Jupiter function” can be transformed into the “Saturn function.”

(c) Consider the graphs for Jupiter and Saturn. Explain the physical meaning of the point(s) of intersection of the two graphs.

(d) state the domain and range of each function. Keep in mind that each function is used to model a physical situation, which means that the
allowable values of t are restricted.

Solution
See “Super Skills Review” for a similar problem.



17. Have you ever wondered why an object that is thrown up into the air always falls back to the ground? Essentially,
this happens because the kinetic energy of the object (energy of motion) is less than its potential energy (the energy
that the Earth’s gravitational field imparts to the object). As long as an object’s kinetic energy is less than its potential
energy, it will either fall back to the ground or remain bound in a closed orbit around the Earth. On the other hand, if
an object’s kinetic energy exceeds its potential energy, then it can break free from the Earth’s gravitational field and
escape into space.

2 2
The function E,, defined by the equation E, (v) = mv__ GMm = m(v— —%J , gives the difference between the
r

2 r 2

kinetic energy and potential energy of an object of mass m moving with velocity v in the gravitational field of a body
of mass M and radius r. In addition, G represents the universal gravitational constant and is equal to

6.67429x10™"* m®kg?s?
(a) Use the data in the table to determine E, for the Earth, Jupiter and Saturn for an object with a mass of 1 kg.

Planet Radius (m) Mass (kg) E,
Earth 6.38x10° 5.98x10% (V)= 5V ~6.23x10
Jupiter 7.15x107 1.90x107 E, (V) =3V ~L77x10°
Saturn 6.03x10 5.68x10% E, () =5V ~6.29x10
(b) Sketch the graph of E, for the Earth, Jupiter and Saturn (for an object of a mass of 1 kg).
Earth Jupiter Saturn
o ———
30000 BGOOO

Te+007-

(c) An object can escape a body’s gravitational field if its kinetic energy exceeds its potential energy. Using the
graphs from part (b), determine the escape velocity for each of the given planets.

Solution
For an object to escape the gravitational field of a body, its kinetic energy must be greater than or equal to its
potential energy. Therefore, we must find out when E, (v) >=0. By solving E, (v) =0 and observing the graphs,

we can determine the values of v that satisfy this condition.

%v2—6.23><107 =0 %V2—1.77><109 =0 %V2—6.29><108 =0
l 2 7 l 2 9 l 2 8
Ev =6.23x10 Ev =1.77x10 Ev =6.29x10
- V2 =1.246x10° v =3.54x10° - v =1.258x10°
5V =+/1.246x10° 5.V=4/3.54x10° 5.V =4/1.258x10°
-.v=11200 ~.v=59500 ~.v=35500
Earth: 11200 m/s = 11.2 km/s Jupiter: 59500 m/s = 59.5 km/s Saturn: 35500 m/s = 35.5 km/s

(d) Does the escape velocity of an object depend on its mass?
When solving g () - m["z G'V'j _0., the roots are independent of m. Therefore, escape velocity does not depend
4 2 r

on the mass of the object. Here, m plays the role of the vertical stretch factor, which as we know, does not affect
the roots.



18. Suppose that f(x) = x* —5x and that g(x)

=2f1(Ax-3)+1=2f *(2(x—9)) +1.

(a) The following table lists the transformations, in mapping notation, applied to f to obtain g. Give a verbal

description of each transformation.

Mapping Notation

Verbal Description

Vertical (X, y) > (x,2y+1)

Vertical stretch by a factor of 2 followed by a shift up 1 unit.

Horizontal = (X,y) > (3x+9,y)

Horizontal stretch by a factor of 3 followed by a shift right 9 units.

Other (% y) = (¥, %)

Reflection in the line y = x.

(b) As you already know, horizontal and vertical transformations are independent of each other, which means that the
results are the same regardless of the order in which they are applied. Does it matter at what point in the process
the transformation (x,y) — (y,x) is applied? Explain.

Explanation

The horizontal and vertical transformations are applied to f ' not f. Therefore the reflection in the line y = x,

(X,¥) = (y,X), should be performed fi

rst. After that, the others can be performed in any order. In other words,

we need to find the equation of f~*. By applying an appropriate method, it can be shown that

LX) =[x+ 22 42,
12

(c) Sketch the graph of g.

g(x)=2h(x)+1=2f '(l(xt))}rl

12

10

8

141

e

(d) State an equation of g.

Solution

f*(x)= x+§ +E
4 2

S g(x) = ZfI(%(x—g)}Ll

4 8 12 16 20 24 28




Summary of Problem Solving Strategies used in this Section

Problem

Strategies

Determine the number of zeros of
a quadratic function. (Thisis
equivalent to finding the number of
X-intercepts.)

1. Factor

2. Quadratic Formula

3. Complete the Square

Predict whether a quadratic
function can be factored.

The discriminant must be a perfect square

Find the maximum or minimum
value of a quadratic function.
(This is equivalent to finding the
vertex of the corresponding
parabola.)

1. Partial Factoring

2. Complete the Square

3. Evaluate the average of the roots, then use this “X-value” to find the “y-value.”

Find the equation of a quadratic
function that passes through a
given point and whose x-intercepts
are the same as the roots of a
corresponding quadratic equation.

Suppose that the roots of the quadratic function f are r; and r, and the point (m,n)

lies on the corresponding parabola. Therefore, for some non-zero real number a (the
vertical stretch factor) f(x)=a(x—r)(x—r,) and f(m)=n. Consequently,

a(m-r)(m-r,)=n. Then solve for a.

Intersection of a Linear Function
and a Quadratic Function

Quadratic Function: y=ax®+bx+c  Linear Function: y=mx+b

Solve the equation ax® +bx+c=mx+b

Note that the symbol b, is used to distinguish the coefficient of x in the quadratic
function from the y-intercept of the linear function.




Super Skills Review

1. Complete the following table for f(x)=(x+1)*. The first row is done for you.

Evaluate
£(0)=(0+1)" =1

=1+ = 0O

" Ordered Pair (x.f(x) |
(0, £7(0))=(0,1)

(I‘FI)) -1,0)

=102 4 |0F1)=0,4) |

| f(-2)=(—}+\)1: 1

1) - (;?n)g 9 |(2,52)°R4%) A "*Z)%)
f(-3) = (;f;) - % |[(B4I)- (3&) (H(%) c39)
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‘Graph — Mark the Ordered Pairs on the Graph
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2. Complete the following function machine diagrams for the function f(x)= Jx. Simplify if possible.
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3. Complete the following table. The first row is done for you.
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by a factor

of 2.

Pre- . Transformation in
image Transformation Mapping Notation Image
‘I Image I
. Pre-image I
L5) Stretch vertically (X y) = (%, 2Y) (L,10)




Pre- ; . Transformation in
image Transformation Mapping Notation_ Image Graph
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4
6
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factor of —2. - Q) 6 /
(A, 5
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2. Translate up 2 'I'N\je
units. 8
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4. Complete the following table. The first row is done for you.

Equation of . Equation of Image
Pre-image Function VTS Function I
Verbal _ L " |
Stretch horizontally by a Fry=x43x | ! |
factor of 3. | 12b
Function Notation g(x)=f(Ex A \sf ]
f(X) = X2 +3x 9(x)=1GX) = (1% +3(x) y | [/
=1x"+x 4 |
Mapping Notation L
(x,y) > (3xy) 112108 & - S
of L2] T =
g = A ;
Verbal J:
| Horizgdu AL R(‘-Ld‘ A \/-wus )(}) /_M
vm,‘,l Strefhby o | =24 3(-x) -1
Yocter o 9*
Function Notation =2 —3 x -\
f(x)=\3x-1 g(x)=2/(-x)
Mapping Notation
(xy)—> (-x, 3y ) I
20 16 -12 8 4 4 8 12 16 20
Verb. Lm %5 W = -2 L + 0
R ﬂ*‘“ﬁ - - g
' X -oxis then shi) el
byd'r“hu J;ME r) q T , S
Function Nolamm by 1. 3 a 5
=leris3 | g=—Ef3x-D DG da B |-
0 -8|-6 2 [ 1
=AM g :
Mapping Notation ‘T =1 ;
(%)) > (Ax-Ly-3 ) 8
Verbal j(;t) = 7"(&7( l))-}‘f o
Reflect in the x-axis, then 5
shift up 4 units. Compress = b’}(‘ ’)] + I] Ht ! ~ /
horizontally by a factor of 4 ' ‘: /
0.5, then shift right 1 unit. = '[_3 (» 'l) T ﬂ *‘f °
B / 2 2 2
f(x)=4x* +1 Function Notation n _% y Y
) g(x) = *]((Q(xv’)) #73e U+ O P o
|4 1
Mapping Notation J,uf " H\
(1/7)9(0.3')(47"7 ‘1'[1’) ;




5. Complete the following table. The first row is done for you.

Pre-image | Image | Horizontal Stretch or Compression that Vertical Stretch or Compression that
Function | Function ' produces the Image function produces the Image function
‘ Horizontal stretch by a factor of V3. | Vertical compression by a factor of 1/3.
1 .
f@=x  gx=4 g(x)=f(TxJ | g =4/(x)
| (1.5) > (fx.y) (57) > (53)
| Fonzotl Qugesmbys Bt | el Skl by & Facka of 3
f@=l | g=p 9(x) = FH(3x) | 9tn)= 13xl = 3lal = 3Fx)
; I (x,y)=> (5%, ) kxxﬂ“%(% 0,
; Hwt“’ur\TQ\ 710558 bv ,«Jbr\ ‘7 \/L,*}\(c\{ st ‘J( ot Lﬁ, ol 145
f(x)=x3 } g(x)=125x3 j \)k“)"’ |"\\§'\ﬂ ”(L)/\) -7 »’3’\); jk)() ,31.7 o—(\)
| | )= EX Y)Y | y)—=2(xR5y)
n R s b T o [Vl bl by R A
VOEN g(x)=J1‘G 90 = F(10x) j”’“) Jiox = Aliox 'g Ho)

6. What conclusnons can you draw from the table in question 5?
\\L Can (L”( J _(/uif nm k/‘t¥/ case (Consi ’; 7/‘ waS ﬂp /’/ 7{3/3/ “‘/(-(LL/
('/LL {/’)1(,4/(, '“[L(/ L{‘Om //’ US1 e ’c?L/ Ver flccc{ L(‘w/ /,w?(,,ﬂ/r/ stre 7/’C/u<x or
I adds +/m it q/p@u» f/ﬁ/ w/%;w/ shefehes can also be v m(,/

~ COMPression.

hor 1 200ta| Cg_ “' S (ons a} e Wi >4 s
7. The followmg table Ii e approx1 acce erations due to gravity near the surface of the Earth, moon and sun.
_ Earlh - _L ~ Moon i _ Sun
 987mis ‘ 1.62m/s”  2.74x10° /s’

Thc data in the above table lead to the followmg equatlons for the Hexght of an Ob_]CCt dropbed near the surface of cach
of the celestial bodies given above. In each case, h(f) represents the height, in metres, of an object above the surface

of the body 7 seconds after it is dropped from an initial height A, .

Earth | _ Moon |
h()=—4.948 +h, |

h(t)=—0817 +h,

In questions (a) to (d), use an mmal helght of 100 m for the Earth, 25 m for the moon and 1000 m for the sun.

(a) On the same grid, sketch each function.

(b) Explain how the “moon function” can be transformed into the “Earth function.”

(¢) Consider the graphs for the Earth and the sun. Explain the physical meaning of the point(s) of intersection of the
two graphs.

State the domain and range of each function. Keep in mind that each function is used to model a physical
situation, which means that the allowable values of # are highly restricted.

h(t) =-1 37><10212 + ho

(d)
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(e) Letarepresent acceleration due to gravity, v, represent imitial velocity, f represent time and h(r) represent height

above the “ground” at time r. Then, the functlolln be used to describe the height above the
“ground” of a person who jumps up from the surface of a body, at a time ¢ after the initial jump. A typical human

Can Jump v eltlcqll\ with an initial velocity of about#§m/s, which on the Earth would result in a Jump about 1 m
high. 7 -ould a typical human be able to jump on the moon? If the surface of the sun were solid, how
igli would a t\,mml hiiman e to ut sun?
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