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Introduction

INTERVAL NOTATION

You have already made use of set-builder notation to describe the domain and range of functions. While set-builder
notation is extremely precise, it can also be rather cumbersome, especially in situations in which it is necessary to use it
frequently. To remedy this problem, interval notation was created.

Interval Notation Symbols and their Meanings

Interval Definition

A real interval is a set of real numbers that has the property that any number that lies between two numbers in the set is
also included in the set. Informally, we can think of an interval as any continuous range of real numbers, that is, a set of
real numbers that does not contain any “gaps.” Formally, a real interval can be defined as follows:

Let acR and b e Rsuchthat a<b. In addition, let | represent any subset of R that contains both aand b. Then I is
called a real interval if X e | forevery x e R satisfying a<x<b.

Symbol Name Meanin
i L The plural of the
( Parenthesis The left endpoint IS NOT included in the interval. (left-open) word parenthesis is
) Parenthesis The right endpoint IS NOT included in the interval. (right-open) parentheses.
[ Bracket The left endpoint IS included in the interval. (left-closed) Not_e that parenthesis
is the formally
] Bracket The right endpoint IS included in the interval. (right-closed) correct term that
- . : refers to what we
o0 Inf|n|.ty The interval does not have an upper bound. (right-unbounded). informally call a
—00 Negative The interval does not have a lower bound. (left-unbounded). “round bracket.”
Infinity
Examples
Set-Builder Interval Classification of . .
Words Notation Notation Interval Graphical Representation
“x is greater than or equal
to 2 and less than or equal | {XeR:2<Xx<6}| [2,6] Closed T 0 1 T3 456 7 8
to 6”
“x is greater than 2 and . : = S
less than 6” {XGR'2<X<6} (2’6) Open 0 1 T 3 4 5 6 7 8 o
“X is greater than or equal c9 < Left-closed, & N
to 2 and less than 6” {X €R:2sx< 6} [2’ 6) Right-open R S
“X is greater than 2 and . < Left-open, N o
less than or equal to 6” {X €R:2<X< 6} (2’ 6] Right-closed R
“X is greater than or equal . Left-closed, Right- : g
to 2” {XER'XZZ} [2’00) unbounded N S
13 T bRl LEf[-O en, 1 N o
X is greater than 2 {X eR:ix> 2} (2, OO) Right-unb%unded e i)y
“x is less than or equal to Left-unbounded, .
6” {(xeR:x<6| (=, 6] Right-closed B I S
oy : » . Left-unbounded, .
X is less than 6 {X eR:ix< 6} (—OO, 6) Right-open e
“X is any real number” {X € R} =R (—OO, OO) Unbounded <+ EP 00000 S S Ay >
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Homework
1. Complete the following table.

Words

Interval

Set-Builder Notation Notation

Classification
of Interval

Graphical Representation

“x is greater than or equal to
-5 and less than or equal to
195

“x is greater than -5 and less
than 77

“X is greater than or equal to
—2 and less than —1”

“X is greater than —2 and less
than or equal to 6”

“x is greater than or equal to
_837

“x is greater than —3”

“x is less than or equal to
100”

“X is negative”

“X is positive”

“X is nonnegative”

“X is non-positive”

2. Would the set of even numbers be considered a real interval? Explain.

3. Explain why it is appropriate to call the interval [2, 6) half-open or half-closed?
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4. The empty set or null set, denoted { } or &, is simply the unique set that contains no elements. (At first glance, the

concept of the empty set might seem puzzlingly purposeless. Likening the empty set to an empty container usually
helps to relieve this feeling of bewilderment.)

Which of the following intervals is equivalent to the empty set?

Equivalent to

Interval the Empty Set?

(33)

(33]

If equivalent, explain why. If not, state the set to which the interval is equivalent.

33
1)

5. Does it make sense to write intervals such as [—oo, 3] or (3, oo]? Explain.

6. Thesymbols U and () are set operations that are called the union and intersection operators respectively. If A and B
are sets, then AUB ={x:xeAorxeB} and ANB={x:xeAandxeB}. Informally, AUB (the union of A
and B) is the set that is formed by combining the elements of A and B while A()B (the intersection of A and B) is

the set that is formed by including only those elements that are common to both A and B. Use the above information
to complete the following table. The first row is done for you.

. . : Subset of R
SulzgEer I Desl,\?rlbe.d using Set-Builder Described using Graphical Representation
otation .
Interval Notation
{xeR:x<0orx>1} (—o0,0)U(1, )

<4 -3 -2 -1 0 12 3 4

{xeR:x<0orx>1}

{xeR:x<-5 or5<x<10}

{xeR:-3<x<2orx>b5}

{xeR:-3<x<20and15< x <35}

Copyright ©, Nick E. Nolfi MCR3U9 Unit 3 — Polynomial and Rational Functions PRF-5



INTRODUCTION TO POLYNOMIAL FUNCTIONS

Polynomials that you Already Know and Love

Class of
Polynomial General Equation Example Graph Features
Function
10
y=4 ;
\ y
Constant 2 .
: slope = rate of change of y with respect to x
Polynomial f(x)=C, CeR | gt P -0 e P
Functions 2
_4 L
&l
af
gL
y e m = slope
Pl = steepness of line
_ i = vertical stretch factor
Linear I = rate of change of y with respect to x
Polynomial f(x)=mx+b i
Functions b6 4521 [\ 23455 b = y-intercept
5l b .
af —— = x-intercept
5k m
_5,
a = vertical stretch factor
a >0 —parabola opens upward
, a <0 —parabola opens downward
y =X -5x
Flg=acsbre 1: —hb —dac _ x-intercept(s) = zeros = roots
Quadratic (Standard Form) o 2a
Polynomial i If b*> —4ac >0, there are two x-intercepts
Functions f(x)=a(x=h)" +k If b?> —4ac =0, there is one x-intercept
(Vertex Form) A 6 1 If b? —4ac <0, there are no x-intercepts
c = y-intercept
Y
co-ordinates of vertex: —E,m
2a 4a
Examples

These are polynomial
expressions.

3 - Sx + 3

—dx + 5x7 — 3t + 2

2.3 4.5
X 3"+ 4

p
\/ExB—\’Tsx?+2x—%

3x -5

-7

ax

(2x = 3)(x+ 1)?

Copyright ©, Nick E. Nolfi

MCR3U9 Unit 3 — Polynomial and Rational Functions

These are not polynomial
expressions.

Vi + 5x3
1
2x+5

6x3 + 5x% — 3x + 2 + 4x7!

3% + 5% — 1
2%+ x— 3

4+ 5

sin (x — 30)
4},-2

Xy + 3x

33 + 4x23

PRF-6



General Form of a Polynomial Function

e Letn be any whole number anda,, a,, a,,...a, ,, a, be real numbers such that a, #0. Then, the function
f(x)=a,x"+a, X" " +---+a,X+4a, is called a polynomial of degree n.

e The degree n of the polynomial is equal to the exponent of the highest power x".

e The numbers a,, a;, a,,...,a, ;, &, are called the numerical coefficients or the coefficients of the polynomial.

e The coefficient a, of the highest power x" is called the leading coefficient of the polynomial.

Extreme (Turning) Points Local Maximum
In general, an extreme point or a turning point of AY AY
a function is any point at which the function A
changes direction. absolute
e If apoint on a graph has a y-co-ordinate that .
is greater than or equal to the y-co-ordinate of maximum
any other point on the graph, it is called an X X
absolute or global maximum point. = -
e Ifapoint on a graph has a y-co-ordinate that /.
is less than or equal to the y-co-ordinate of Local Minimum
any other point on the graph, it is called an
absolute or global minimum point.
e Collectively, maximum and minimum points v Vv absolute
are called extreme points. minimum

e By contrast, local extreme points are maximum or minimum points in a restricted region of a function.

e The global maximum and minimum points of the Earth’s crust are, respectively, the peak of Mount Everest
(approximately 8848 m above sea level) and the deepest part of the Mariana Trench in the Pacific Ocean
(approximately 11033 m below sea level).

Elevation Histogram of the Earth's Crust

elewvation
in meters

8,000

5,000

i own permarert s :
{ & mining town with a population of aound 7,000

4,000

2,000 Local Minimum Elevation Global Minimum Elevation

Sea Lewvel

-2,000

-4,000

-6,000

-8,000

-10,000

(each tick-rmark represents 10% of the surface of the Earth)

Copyright ©, Nick E. Nolfi MCR3U9 Unit 3 — Polynomial and Rational Functions
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Increasing and Decreasing Functions

e The function f is said to be (strictly) increasing if for all choices of x, and x, such that x, < x,, f(x)< f(x,).
» That s, fis said to be (strictly) increasing if y= f (x) increases as X increases.
» If you imagine walking along the graph of an increasing function, you would always be walking uphill as you

move from left to right.

e The function f is said to be (strictly) decreasing if for all choices of x, and x, such that x, <x,, f(x)> f(x,).
» Thatis, f is said to be (strictly) decreasing if y = f (x) decreases as x increases.
» If you imagine walking along the graph of a decreasing function, you would always be walking downhill as you

move from left to right.

Any tangent line
has positive slope
because the rate
of change of an

increasing Va / ’
function mustm P
positive. " \’LA',’/

y = fix)

A Strictly Increasing Function
As x increases, so does y = f'(x).

Concavity and Points of Inflection (Optional Topic)

e~ " Concave Down shape (“frowny”)
— slope decreases
— rate of change decreases

e ~— Concave Up shape (“smiley”)
— slope increases
— rate of change increases

Any tangent line

v = flx) has negative
N L slope because the
SN rate of change of
D a decreasing
\\ function must be
¥ :‘\.\ negative.
\_"'2 . .-}\
H ..\\
: A > X
ol X X YN

X

A Strictly Decreasing Function
As x increases, y = f(x) decreases.

Positive slopes MNegative slopes

Concave Down \M'\
/ Slopes Decreasing ‘\\

I |
// ‘I‘
Positive slopes f_‘J "\,\ Megative slopes

/ Concave Up \\
P Slopes Increasing x

e A point of inflection is a point at which concavity changes. T~
Copyright ©, Nick E. Nolfi MCR3U9 Unit 3 — Polynomial and Rational Functions PRF-8




BEHAVIOUR OF POLYNOMIAL FUNCTIONS

Even or Leading End Behaviours # of # of Intervals Intervals | Intervals where Intervals
Equation and Graph Degree Odd Coefficient | X — —oo X —> 400 Turpmg Pomts.of of of f is Concave where f is
Degree? Points Inflection | Decrease Increase Down Concave Up
207
154
10
5117
_ 2 even +1 y—>+0 |y —>+0 1 0 (—0,-2) | (-2,) none (—o0,0)
RRVEENLY,
\\ —5/',*'
NG - 7»/
‘_]0.‘
fx)=x2+4x -5
7 7
2 even -2 y—>-—o | y—o>-—x 1 0 ——,0 —00,—— (—o0,0) none
RE RN R 4 4
-15f
f(x)=-2x*-7x+15
A y A
1" |
o |
6 N approximate | approximate approximate
9 i values given | values given | approximate values vaIUﬁzrgelven
47 4 even +3 y —> 400 y —> 400 3 2 here here given here
o (=0,-0.9) | (-0.9,0.4) (0,09) (~0,0)
T T T T T T (04712) (12’00) (09,@)
-6 -4 -200 2 4 6
-]
flx)=3x4—4x3 - 4x2+5x +5
MHF4UO Unit 3 — Polynomial and Rational Functions PRF-9
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Even or End Behaviours # of # of Intervals Intervals Intervals where Intervals

; Leading - i : ;
Equation and Graph Degree Odd Coefficient | X — —oo o Tur_nlng Pomts_of of of f is Concave where f is
Degree? Points Inflection | Decrease Increase Down Concave Up

W%

N
B
o

| <104

Vv \’

flx)==x*=2x3 + x%+ 2x

Y4

30
204
\“ “‘ ]O“ |
BEVA X

—é —‘11 ‘—ZI"\/VO
| =104

-20

-304

v

flx)=2x>+7x* = 3x>—18x2 +5

Copyright ©, Nick E. Nolfi MHF4UO Unit 3 — Polynomial and Rational Functions PRF-10




Equation and Graph

Degree

Even or
Odd
Degree?

Leading
Coefficient

End Behaviours

X—>—00 | X—>+w

# of
Turning
Points

# of
Points of
Inflection

Intervals
of
Decrease

Intervals
of
Increase

Intervals where
f is Concave
Down

Intervals
where f is
Concave Up

\y/\

Y >

Tw-
15
N

v

4

f(x) = 5¢5 + 5x* — 2x3 + 4x2 - 3x

Ny

N7 T T

61412
~10
-20-

-30-
N

flx)=—2x3+4x2=3x =1

Copyright ©, Nick

E. Nolfi

MHF4UO Unit 3 — Polynomial and Rational Functions

PRF-11




Intervals

where f is
Concave Up

Intervals where
Down

f is Concave

Intervals of
Increase

Intervals
of
Decrease

# of
Points of
Inflection

# of
Turning
Points

X —> +o0

End Behaviours

X —> —00

Leading
Coefficient

Even or
Odd
Degree?

Degree

=

x4+ 23 -3 =1

54

1
10
5

Equation and Graph
flx)

Key Idea

* A polynomial in one variable is an expression of the form
anx" + a,_x" N+ .. +ap?® +ax + ag, whereag, ay, ..., a,are
real numbers and n is a whole number. The expression contains only one
variable, with the powers arranged in descending order. For example,
2%+ 5,3x2 + 2x — 1, and 5x* + 3x3 — 6x% + 5x — 8.

Need to Know

* |n any polynomial expression, the exponents on the variable must be whole
numbers.

* A polynomial function is any function that contains a polynomial expression
in one variable. The degree of the function is the highest exponent in
the expression. For example, f(x) = 6x* — 3x? + 4x — 9 has a degree of 3.

* The nth finite differences of a polynomial function of degree n are constant.

* The domain of a polynomial function is the set of real numbers, {x =R}.

* The range of a polynomial function may be all real numbers, or it may have a
lower bound or an upper bound (but not both).

* The graphs of pelynomial functions do not have horizontal or vertical
asymptotes.

* The graphs of polynomial functions of degree zero are horizontal lines. The
shape of other graphs depends on the degree of the function. Five typical
shapes are shown for various degrees:

Syt

Linear  Quadratic Cubic Quartic Quintic
(n=1) (n=2) (n=23) (n=4) (n=75)

PRF-12
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Determining the Behaviour of Polynomial Functions

In Summary

Key ldeas

= Polynomial functions of the same degree have similar characterstics.

+ The degree and the leading coefficient in the equation of a polynomial function indicate the end behaviours
of the graph.

+ The degree of a palynomial function provides infarmation about the shape, turning points, and zeéras of the graph
Meed to Know

I\\ J\?r
End Behaviours
» An gdd-degree polynomial function has opposite end behaviours. M"'} .
- If the leading coefficient is negative, then the function extends from the second N ,1}_: =
quadrant to the fourth quadrant; that is, sas x + —= y s = and as x 5 =,y —=, \T
.,
b E

x
« If the leading coefficient is positive, then the function extends from the third — @'L’
quadrant to the first quadrant; that is, asx — — = y—+ —= and as x —» ==, y—r =,

* An even-degree polynomial function has the same end behaviowrs.
= If the leading coefficient is negative, then the function exterds from the third
quadrant to the fourth quadrant; thatis, asx a5 2=,y ==,

= W the leading coefficient & positive, then the function extends from the second
quadrant to the first quadrant; that is, as ¥ — + =, y— =

Turning Polints
+ A polnomal function of degree o has atmost n— 1 wmngpons.
* Aneven degree polynomial has an odd numberof tuming pomts. An odd degree polynomial has an even number of fumng ponts.

Number of Zeros

+ A polynomial function of degree n may have up to n distinct zeros.
+ A polynomial function of odd degree must have at least one zero,
+ A palynomial function of even degree may have no zenms

symmetry

+ Some polynomial functions are symmetrical in the y-axis. These are even functions,
where fi—x) = fix).

= Some polynomial functions have rotational symmetry about the origin. These
are odd functions, where f{ —x) = —Ff(x).

* Most polynomial functions have no symmetrical properties. These are functions that

are neither even nor add, with no relatianship between #{ —x) and f{x)_ Py ————
T Faration ] i R i B
Number of Points of Inflection e il M
* A polynomial function of degree 1 has at most 1 -2 points of inflection. 1 ':f’ [ :i’ | ietear
« A polynomial of odd degree = 3 must have at least one point of inflechon. | ) __.""""’ =5 TR
+ The number of points of inflection of a polynomial funclion can exceed the number of \of /82 gt A
tuming points. (eg. f{x)= %" has no tuming points and one peint of inflection) i Fjaaan :"1 e .".
* |f the degree of the polynamial is odd, it must have an odd number of points of inflection. - 'J_f. 14 : : |
# |f the degres of the polynomial is even, it must have an even number of points of inflection. ! ' S ! .

Copyright ©, Nick E. Nolfi MHF4UO Unit 3 — Polynomial and Rational Functions PRF-13



Example

Equation General EidlBeliaviolns # of Zeros # of Turning # of Points of Inflection Ggioﬁtﬁ]
f(x)=-3x"+4x° -8x" +7x -5 Comments X — —0 X —> +0 Possible Points Possible Possible e e
Since the degree Yy —> +00 y —>—0 The degree is | The degree of fis | For a polynomial Since the
Degree 5 of this polynomial When x is a very When x is a very odd, which odd, which function, the number of | degree of f
is odd: it has large negative large positive number means th_at the means_that ithas | points of inflectionisat | isodd, it
opposite end number such as 5 polynomial opposite end most two less than the cannot
behaviours. 5 such as 1000, -3 X function must | behaviours. degree of the have any
Even or Odd odd The leading —1000, -3x" hasan | has an extremely have at least | Hence, itmust | polynomial. In absolute
Degree? coefficient is extremely large large negative value | gne zero, have an even addition, the number of | extreme
negative, which positive value and has | and has a greater Since the number of points of inflection is points.
means that the a greater effecton the | effect on the value of | gegree is 5, turning points. | odd if the degree is odd
_ graph must value of the function | the functionthanthe | there can be no | As aresult, fcan | and even if the degree is
Leading 3 extend from than the other terms. | other terms. morethan5 | have 0, 2 or 4 even. Hence, there are
S IEETE quadrant 11 to Therefore, as Therefore, as zeros. turning points. | either 1 or 3 points of
quadrant V. X—>—00, Y —> 400, X—>+0, Y —>—00, inflection.
Summary

¢ f has opposite end behaviours:

Possible graphs of f (x)

f has 1 to 5 zeroes

AS X —> -0, f(X)—)oo (lim f(x)=w).

fhas 0, 2 or 4 turning points but cannot have any absolute (global) turning points
f has 1 or 3 points of inflection (the number of points of inflection must be odd if the degree is odd and even if the degree is even)

Since f(x)=-3x"+4x>—8x*+7x-5, then f(0)=-5, which means that the y-intercept must be —5.

X—0

As x>, f(x)—>—o0 (limf(x)=—o0).

/N

One Zero
Zero Turning Points
One Point of Inflection

Four Zeros
Four Turning Points
Three Points of Inflection

Three Zeros
Two Turning Points
Three Points of Inflection

Two Zeros
Two Turning Points
One Point of Inflection

VARV,

Five Zeros

Four Turning Points
Three Points of Inflection

Copyright ©, Nick E. Nolfi
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Symmetry — Even and Odd Functions

Certain functions can be classified according to symmetry that they exhibit. Two important categories of symmetries are
shown in the diagrams below.

Even Functions Odd Functions

()= 1 (x) (=% 1 10)

f(x)=x2 (x—2)2 (x+ 2.5)2 -5 f(x)= x(x—2)2 (x+2.5)2
An EVEN Polynomial Function An ODD Polynomial Function
For all even functions f, For all odd functions f, f (-x)=—f ()
f(-x)=f(x) and and f has rotational symmetry
f is symmetric in the y-axis. about the origin.

MNeither Even nor Odd

Ewven Functions Odd Functions Functions
(symmetry in the v-axis) (rotational symmetry around (neither of these symmetries)
the origin)

¥
154 247 flx) = —x2 + 2x
X

-2 A 4 6

g

Important Questions
1. Complete the following table. (Don’t forget to investigate the graph of each function!)

- Odd or . . Odd or .
Function Even? Explanation Function Even? Explanation

f(x)=2" =% £(x)

f(x)=2" Neither 1 f(x)=tanx
f(—x):;;«t—ZX =—f(x)

f (x)=3x"*-10 f (x)=cscx

f (x)=sinx f (x)=secx

f (x)=cosx f (x)=cotx

2. s it possible for a function to have symmetry in the x-axis? Explain.

3. Besides symmetry in the y-axis and rotational symmetry about the origin, are there any other symmetries that a
function can have?

Copyright ©, Nick E. Nolfi MHF4UO Unit 3 — Polynomial and Rational Functions PRF-15



4. Complete the following tables.

Equation General Comments End Behaviours # of Zeros # of Tuming # of Points of Absolute
4,2 (Including any - . . Inflection Max, Min or
= X—> — X —> + . .
g(x)=2x"+x*+2 Symmetry) — —0 — +00 Possible Points Possible Possible Neither?
Degree
Even or Odd
Degree?
Leading
Coefficient
Possible graphs of g(x)
Copyright ©, Nick E. Nolfi MHF4UO Unit 3 — Polynomial and Rational Functions PRF-16




THE ADVANTAGES OF WRITING POLYNOMIAL EXPRESSIONS IN FACTORED FORM

Factoring — The “F” Word of Math

To the disappointment of many students, a great deal of time is spent developing factoring skills in high school
mathematics. While factoring in and of itself is often tedious and sometimes may even appear to be pointless, its
importance in understanding polynomial functions cannot be underestimated. For instance, consider the polynomial

function f(x)=x"—4x’—7x*+22x+24. The table given below illustrates how much more convenient and informative

the factored form of the equation can be.

Information that can be obtained easily when the
Polynomial Equation is written in Standard Form

Information that can be obtained easily when the
Polynomial Equation is written in Factored Form

f(x)=x*—4x> -7x* +22x+ 24

following.

e They-interceptis f(0)=24.

From this form of the equation, we can only determine the

e The highest power is x*. Therefore, the end
behaviours are the same (as X -4, y —> o).

f(x)=(x+1)(x+2)(x=3)(x—4)

From this form of the equation, we can easily determine

much more.

e The highest power is x(x)(x)(x)=x". Therefore, the
end behaviours are the same (as X —>+o0, y —> ).

e They-interceptis f(0)=1(2)(-3)(—4)=24.

e The zeros of the function are -1, -2, 3, 4

e There must be 3 turning points

Example 1

Sketch a possible graph of f(x)=—(x+ 2)(x—1)(x—3)2

Solution

flo)y = —(0+ 2)(0— 1)(0— 3)* 4—[___Ca|culate the wintercept.

—(2)(=1)(=3)°
=18
0= —(x+ 2)(x— 1)(x— 3)°
x=—2,x=l,orx=73
Use values of x that fall berween the x-intercepts

as test values to determine the location of the
function above or below the x-axis.

r[ler_-tre-rmim:_- the x-intercepts
by letting f(x) = 0. Use
the factors to sclve the

L resulting equation for x.

( Since the function lies
below the x-axis on both
sides of x = 3, the graph
must just touch the x-axis

and not cross over at this
point. The order of 2 on
the factor (x — 3)%
confirms the parabolic

. shape near x = 3.

Because the degree is
even and the leading
coefficient is negative, the

S T T
. =
f-3)=—144  f1)=32  fl2)=—4 f(4)=-18
Determine the end behaviours of the function.
AAY
.'I 1(0,18)
| II':
20 [9po0),
) R
| |
! YL
l |
|
! | b

flx)= =[x+ 2)fx - 1)(x - 3)2

This is a possible graph of f{x) estimating the
locations of the turning points.

Copyright ©, Nick E. Nolfi
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quadrant to the fourth
quadrant; thatis, as
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Order (Multiplicity) of Zeros
Let r represent a zero of a polynomial
function f(x). The order or multiplicity of

r is equal to the “number of times” that r
appears as a root of the polynomial equation
f(x)=0. This can be stated more

precisely as follows:

Let f(x) represent a polynomial function

and let r represent one of its zeros. We say
that the zero r has order or multiplicity k if k
is the largest possible value such that

(x—r)k is a factor of f(x). (i.e. (x—r)k
is a factor of f(x) but (x—r)" isnota
factor of f(x) for m>k )

Example
f(x)= xz(x—5)4(x—1)3(x+4)5(x+ 2)

Zero Order (Multiplicity)
—4 5
-2 1
0 2
1 3
5 4

PRF-17




Example 2

Write the equation of a cubic function with x-intercepts —2, 3 and =, and y-intercept 6.
Solution

Let f represent the cubic polynomial function. Note that the x-intercepts of f are the same as the zeros of f. Therefore, the
equation of f must take the form f (x)=a(x+2)(x—3)(5x—2) where aeR. Then,

e

[ Use the zeros of the
function to create factors
for the correct family of

flx) =al(x+ 2)(x — 3)(5x — 2) =—— | polynomials. Since this

function has three zeros
and it is cubic, the order

-.kcf each factor must be 1.

a(0 + 2)(0 — 3)(5(0) — 2) | Use the y-intercept to
((2)(—3)(—2) calculate the value of a.

—_.———
12a

Substitute x = 0 and
¥ = G into the equation,

a= k_and solve for a.

b | —

e

1 _ Write the equation in
flx) = E(x t2)(x = 3)(5x — 2) factored form.

Therefore, the equation of f in factored form is f (x)= %(x +2)(x-3)(5x-2).

Exercise 1 A 4 4
Write an equation of the graph shown at the right. In addition, state its domain and range. || 154 ||
Solution |04 (2. 4) |'I
| A HV
| F LR
I|I ..5_ '-{" III
I',_ :.,- I-'I ¥
‘{ T Iklj {] T - T :}
-4 -2 2 4
—5-
W
Exercise 2
Sketch the graph of f (x)=x"+2x".
Solution
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Key Idea
¢ The zeros of the polynomial function y = f(x) are the same as the roots of the related polynomial equation,
f(x) = 0.

Need to Know

* To determine the equation of a polynomial function in factored form, follow
these steps:
+ Substitute the zeros (X, X3, ..., X,) into the general equation of the
appropriate family of polynomial functions of the form
V=alx —x)(x — X))o (x — x,).
« Substitute the coordinates of an additional point for x and y, and

1
=L ix+2)x+)x-4)x-5
solve for a to determine the equation. =70 b= 2)x = 1o = 4)(x = 3)

e |If any of the factors of a polynomial function are linear, then the Y
corresponding x-intercept is a point where the curve passes through )h 6
the x-axis. The graph has a linear shape near this x-intercept. \5/ 4

-4 ¥/ 2 3/

y =160+ 3P -2)

 |If any of the factors of a polynomial function are squared, then the 4
corresponding x-intercepts are turning points of the curve and {3 6
the x-axis is tangent to the curve at these points. The graph has KJ—} 44
a parabolic shape near these x-intercepts. b
X
f’—\ﬁ\o_ﬁ ;
-1 3y —
y==+3PK-1)
5
¥
¢ | If any of the factors of a polynomial function are cubed, then the 6
corresponding x-intercepts are points where the x-axis is tangent 4
to the curve and also passes through the x-axis. The graph has
a cubic shape near these x-intercepts. 21 N
2 4 6

Repeated Zeros
A factor (x — a)*, k > 1, yields a repeated zero x = a of multiplicity k.

1. When k is odd, the graph crosses the x-axis at x = a.

2. When k is even, the graph fouches the x-axis (but does not cross the x-axis)
atx = a.

Homework
Precalculus (Ron Larson)
pp. 133 — 137: #1-7, 35-50, 55-74, 89-92, 99, 100, 105-111, 1186,

Copyright ©, Nick E. Nolfi MHF4UO Unit 3 — Polynomial and Rational Functions
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USING TRANSFORMATIONS TO SKETCH THE GRAPHS OF CUBIC AND QUARTIC FUNCTIONS

Review

Recall that we can sketch the graph of y=g (x) =af (b(x - h)) +k by applying stretches/compressions and translations to

the graph of y = f (x).

y=g(x)=af (b(x—h))+k

X—>-h—-xb— b(x—h)—)

f —)f(b(x—h))—)xa—>+k—>af(b x—h))+k

g

Algebraic Form Transformations expressed in Words

Base Function for all Horizontal

Mapping
Notation

Polynominals of Degree n | 4 sretchicompress by a factor of 1/b=b depending on whether
F(x)=x O<b<1or b>1. Ifbis negative, there is also a reflection in the y-axis. (x,y)

General Equation of g 2.Shift h units right if h>0 or h units leftif h<O0. d
g(x)=af (b(x=h))+k | vertical Ly hay+k
1.Stretch/compress by a factor of a depending on whether a>1 or b ’

=a(b(x—h)) +k

O<a<l. Ifais negative, there is also a reflection in the x-axis.

=ab"(x- h)n +k 2.Shift k units up/down depending on whether k is positive or negative.

Example 1

3
Sketch the graph of g(x)= —4(%x +1j +2 by applying transformations to the graph of f (x)=x".

Solution

3

Method 1
First, write the equation of g to conform with the

general form g(x)=af (b(x—h))+ k:

g(x)=— (%x+l}3 +2=—4(%(x+3)j3+2

Then decide what the transformations should be.
By now, you should be able to glance at the
equation and immediately write the
transformation using mapping notation:

(x,y)—>(3x—-3,-4y+2)

Method 2

First, simplify the equation fully:

g(x)=— [%x+1j3 +2
:—4(%(x+3)j3 +2
=—4@)3(x+3)3 +2

=—i x+3) +2
27

hen write the transformation
using mapping notation:

(x, y)—>(x—3,—2;47y+2j

Although this answer is not the
same as that obtained using
method 1, it is equivalent to it
when applied to the base

function f(x)=x’

Pre-image Points on Graph of f (x)=x° Image Points on Graph of g(x)= —4((1/3)x+1)3 +2

(xy) Method 1: (3x—3,-4y+2) | Method 2: (x—3,(-4/27)y+2)

(0,0) (-3,2) (-3,2)

(L1) (0.-2) (-23)

(-1-1) (-6,6) (—4.%)

(2,8) (3,-30) (_1,%)

(-2,-8) (-9,34) (-5,%)

(3,27) (6,~106) (0,-2)

(-3,-27) (~12,110) (-6,6)
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Base Graph: y=x°

Image under the Transformation given Above

Note the Pre-image Points

60
50
40
30

Image Points obtained using Method 1

=
=
| I O I I N - N O I

Image Points obtained using Method 2

60
50

Example 2

Match each function with the most suitable graph. Explain your reasoning.

: 1 . ,
a) y=2(x—3)°+1 b y:—g(x-l- 1)) =10 y=02(x—4)* =3 d y=—-15(x+3)" + 4

A N 0
1
4
24 '| ||}
| | x
] :3\ :/ f’
_4_
Solution

B

Y 7 ¢

i

2 /

[ X

T3 f ;

_2_

41 |

- |

Y

Y

!

Because they are equations of polynomials of odd degree, a) and b) must describe functions with opposite end behaviours.
Therefore, they can only match with graphs B and C. Since equation a) describes a cubic polynomial that has a vertical

shift of one unit upward with respect to the base function y = x?, it can only be matched with graph B. Similarly,

equation c) can only be matched with graph C. Since graph A has same end behaviours and as X —+w, y — o0, it can
only match with equation ¢). Finally, by a process of elimination, graph D must match with equation d).

a) > B, b) — C,

c) > A,

d—D

Homework
Precalculus (Ron Larson)

pp. 133 — 137: #9-18, 51-54, 75-88, 97, 98, 101-104, 112-114, 115abcdef

Copyright ©, Nick E. Nolfi

MHF4UO Unit 3 — Polynomial and Rational Functions

PRF-21




SOLVING POLYNOMIAL EQUATIONS OF DEGREE 3 OR HIGHER

Introduction

Polynomial Function

Degree

Corresponding Polynomial

# Zeros of Function
(=# of Roots of

General Solution of Polynomial Equation in Terms of Coefficients

Equation Equation)
_ _ __ %
f(x)=ax+a, 1 ax+a,=0 exactly 1 X = 2
_a + , 2 _
f(x)=a,x* +ax+a, 2 a,x* +ax+a,=0 0,1lor?2 x= 1N 42,3,
2a,
The roots of a,x* +a,x* +ax+a, =0 can be expressed in terms of the
f(x)= ax +a, Xt +ax+a, 3 X +a )’ +ax+a, =0 1,20r3 coefflc?lents a;, a,, _ai and_ a,. However, dom_g SO mvglves
complicated algebraic manipulations. See Cubic Function for more
information.
The roots of a,x* +a,x* +a,x* +a,x+a, =0 can be expressed in terms
F(x)=ax +a, +ayC +ax+a, 4 ax'+ax+ax’ +ax+a=0 | 0,1,2 3or4d of the coefficients a,, a,, a,, a and a,. However, doing so involves
complicated algebraic manipulations. See Quartic Equation for more
information.
For polynomial equations of degree 5 or higher, it is impossible in
general to find the roots using a finite number of additions,
subtractions, multiplications divisions and root extractions (i.e.
f(X)=ax® +a,x* +a X + 2, +ax+a, 5 ax® +a,xt +a,X + a2, +ax+a, =0 1,2,3,40r5 | radicals). Of course, certain quintic and higher-degree polynomial

equations are solvable using these operations (e.g. x> —1=0) but there
is no way to do this for arbitrary polynomial equations of degree five
or higher. For more information, see Abel-Ruffini Theorem.
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Long Division and the Remainder Theorem — A Limited Approach to Solving Polynomial Equations

As summarized above, linear and quadratic polynomial equations are the only ones for which it is always easy to find
exact solutions! Any cubic or quartic polynomial equation can also be solved exactly but the process is somewhat long
and tedious. Exact solutions for polynomial equations of degree five or higher can be found only in certain special cases.
In general, it is impossible to solve polynomial equations of degree five or higher using a finite number of additions,
subtractions, multiplications divisions and root extractions (i.e. radicals).

e Only a small class of equations can be solved by using algebraic methods. Therefore, methods of approximation are
used. Such methods must be executed by a computer because they involve copious calculations.

e [or our purposes, we shall solve certain polynomial equations of degree three or higher by guessing one of the roots.
This method is based on a theorem known as the Remainder Theorem.

The Remainder Theorem
Suppose that p is a polynomial function of degree n and that a<R. Then, p can be expressed uniquely in the form

p(x)=(x-a)a(x)+R,
where q is a polynomial of degree n—1 and ReRR. The value R is called the remainder.

It follows immediately that p(a) =R, that is, the remainder can be calculated simply by substituting a into the
polynomial. That is, when p(x) is divided by x—a, the remainder is p(a).

The remainder theorem gives us a quick way to calculate the remainder obtained when a polynomial is divided by a linear
binomial. It states that a polynomial can be divided by a linear binomial to obtain a quotient q(x) , which is a polynomial
of degree n— 1, and a remainder R, which is a real number.

Examples
X* +2X+5 . , - -
X_2)X3+OX2 xal . p(X) =X +x+1=(x=2)(x*+2x+5)+11 | The remainder theorem gives us a
¢ — %2 _ method to solve certain polynomial
> Notice that equations of degree 3 or higher. As we
;)((2 +Zx p(z) = (2_ 2)(22 + 2(2) +5) +11 can see from the examples at the left,
B _0(22 +2(2)+5)+11 x —a divides into a polynomial p(x)
5x—10 - whenever the remainder R is zero. By
11 =11 the remainder theorem, p(a)=R.

Therefore, x—a divides into a

x> +2X+5 i =
R 2+ + p(x)=x3+x—10=(x—2)(x2+2X+5) polynomial p(x) V\{hene\_/er_ p(a)=0.
X~ >>)<(3 tgi‘(z +x-10 Another way of stating this is that

o 4 x Notice that x—a dividesinto p(x) if aisaroot

2x% — 4x p(2) =(2—2)(22 + 2(2)+5) of the polynomial equation p(x)=0.
5x—-10 = 0(22 +2(2) +5) The example below shows how we can

5x-10 0 exploit this to solve a cubic equation.

0 =

How to find a Value “a” such that p(a)=0

To apply the remainder theorem, we need to find a value a such that p(a) =0. How do we go about finding such a
value? A simple observation can help us narrow down the possibilities. Let p(x) =bx® +cx* +dx+e.

If p(a)=0, then by the remainder theorem, p(x)=(x—-a)(mx’ +nx+s)=mx’ +(n—am)x* —anx—as.

Comparing the two different forms of p(x) , we can conclude that b=m, c=n—-am, d =—an and e=-as
Since e =-as, we can conclude that a must divide into e.

If p(x)=bx’+cx*+dx+e and p(a)=0, then a must divide into e.
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A Corollary of the Remainder Theorem — The Factor Theorem

The Factor Theorem
Let p represent any polynomial function. Then, x—a is a factor of p(x) if and only if p(a)=0.

Not
Tl?eephrase “if and only if” in the above statement expresses the logical equivalence of the statements “X—a is a factor of
p(x)” and “p(a)=0." Thatis, the use of “if and only if” means that both of the following statements are true.
e If x—a isafactor of p(x),then p(a)=0. (This statement is true.)
e |If p(a)=0,then x—a isafactor of p(x). (The converse of the above statement is also true.)
In general, consider the following statements:

e IfPistrue then Q istrue. (This is called a conditional statement.)
e If Qistrue then P is true. (This statement is called the converse of the above conditional statement.)

If both of the above statements are true, then we can write
e Pistrueifandonly if Qistrue. (This statement is called a biconditional statement or a logical equivalence.)
Note that not all statements are biconditional. Consider the following:

1. If I do all my homework each and every day, then Mr. Nolfi is extremely happy with my effort. (The statement)
2. If Mr. Nolfi is extremely happy with my effort, then I do all my homework each and every day. (The converse.)

3. Ifitis raining, then the roads are wet. (The statement.)
4. If the roads are wet, then it is raining. (The converse.)

Statements 1 and 3 are true in all possible cases and hence, we call them “true.” However, the converses of the statements
are false in some cases, and so, we call them false. It is possible that Mr. Nolfi is extremely happy with a student’s efforts
even if the student did not complete all of his/her homework. Similarly, the roads can be wet even if it is not raining.

Example of using the Factor Theorem to Solve a Cubic Equation

Solve 2r® +45r? —2052=0

Solution 1

Let f(r)=2r°+45r*-2052.

Using the result on the previous page, we know that if f (a) =0, then a must divide into 2052. Therefore, it is only
necessary to try factors of 2052 when searching for values of a such that f (a)=0.

a f(a s The Graph of
(Factors of 2052) (a) il Lol f(r)=2r° +45r? - 2052

f (—-1)=-2009 —-(-1))= 1) i f f f 2000¢

i (-1) (r=(-1))=(r+1) is not a factor of f (r) e
f(1)=-2005 | (r-1) is nota factor of f(r) 1200
f(—2)=-1888 | (r—(-2))=(r+2) is not a factor of f(r) ﬁgﬁ

2 | o aeee || e JEEEERIEEE
f(2)=-1856 | (r-2) isnotafactor of f(r) 2423181512 9,6 3 & g

s f(-3)=-1701 | (r—(-3))=(r+3) is nota factor of f (r)

B f(3)=-1593 | (r-3) isnota factor of f(r)
f (—4)=-1460 | (r—(-4))=(r+4) is not a factor of f(r)

+4 :
f(4)=-1204 | (r-4) isnotafactor of f(r) :
f(-6)=-864 | (r—(-6))=(r+6) isnota factor of f(r) Since the degree of fis odd, f

+6 must have opposite end
f (6) =0 (r - 6) is a factor of f (r) behaviours.
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As shown above, by trial and error we find that f (6)=0. Therefore, r —6 divides into f (r) with remainder zero. This

means that r—6 is a factor of f(r).
2r2 +57r +342

By long division, we find that f (r)=(r —6)(2r* +57r +342). r—6)2r3+45r2+0r—2052
3_19p2
2r® +45r2 —2052=0 ar —12r
2 57r° +0r
~.(r-6)(2r’ +57r+342)=0 o712 3a9r
o r—6=0 or 2r® +57r+342=0 gg—gggg
57+ P ———
nr=6or r=_21EV513 0
4
Solution 2

We know that r —6 is a factor of f (r) . Therefore, there exist real numbers a, b and ¢ such that

(r—6)(ar® +br+c)=2r°+45r +0r — 2052

s.ar® +br? +cr —6ar® —6br —6c = 2r® + 45r” 4 0r — 2052

.ar’+(b—6a)r?+(c—6b)r—6c=2r°+45r” + Or — 2052

s.a=2, b—6a=45 c-6b=0, —6c=-2052

sa=2,b-12=45 c-6b=0, c=342

na=2,b=57¢c=342

- 2r° + 451 = 2052 = (r —6)(2r® +57r +342)

Homework
Precalculus (Ron Larson)

Ignore any references to synthetic division; use long division instead. Students interested in learning synthetic division
may read about it on page 141 of the textbook. For more information, consult Synthetic Division.

pp. 144 — 146: #5-10, 11-25 (odd-numbered questions), 47-65 (odd-numbered questions), 81-92, 95, 96
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FACTORING POLYNOMIALS

Review — Common Factoring and Factoring Quadratic Polynomials
An expression is factored if it is written as a product.

Factor Simple

Common Factoring Factor Complex Trinomial | Difference of Squares

Trinomial
Example Example Example Example
-42m3n? +13mn?p —39m*nq n? -20n+91 10x* —x—21 98x% —50y?
=-13mn?(4m? — p +3m>nq) =(n-7)(n-13) = (10x* —=15x) + (14x—21) | =2(49x* —25y?)
Rough Work =5X(2x=3)+7(2x-3) = 2((7)()2 _(5y)2)
(-7)(-13) =91 =(2x=3)(5x+7) =2(7x-5Yy)(7x +5Y)
—7+(-13)=-20 Rough Work
(10)(-21)= —210, (-15)(14)= —210
-15+14=-1
Factoring Polynomials of Degree Three or Higher
Factor each of the following polynomials.
x* —6x% +2x% —12x 4x* +6x° —6x° —4x Let f(x)=4x>+6x*—-6x—4.
=(x" —6x°)+(2x* ~12x) = X(4x° +6x* —6x - 4) Then,

—4(13 2\ _ _A-
=x*(x—6)+2x(x—6) = x(x~1)(4x* +10x + 4) f(1)=4(2)+6(1)-6(1)-4=0
=(x=6)(x* +2x) —2x(x~1)(2x® +5x+2)  Therefore, by the factor theorem,

x—1 is a factor of f(x).
=x(x-6)(x* +2) =2x(x-1)(2x+1)(x +2) ()
This method is called factoring by grouping. It can be g 4X22+10X+ 4
used in certain special cases but does not work very X —1>4X3 +6x° —6x -4
well in general. Ax -4
. . 10x* — 6x
In general, the factor theorem is more useful in 10x? —10x
factoring polynomials of degree three or higher. T x4
4x -4
0
x® —64 Let f(x)=x"—-64. X3 + 27 Let f(x)=x>+27. Then,
=(x-4)(x* +4x+16)  Then, =(x+3)(x*-3x+9) f(-8)=(-3)° +27=0
This is an example of f(4)=4-64=0 This is an example ofhOWa  Terefore, by the factor
how a difference of Therefore, by the factor sum of cubes is factored. -
. ) . 8 theorem, x+ 3 is a factor of
cubes is factored. theorem, x—4 is a factor Notice that the quadratic factor ¢
Notice that the quadratic  of f (x). cannot be factored further. (x).
factor cannot be factored ) 2_34.9
further. x> +4x+16 b —4ac 3 F =Xt
AT 2 _ :(_3)2_4(1)(9) X+3>X3+0X2+0x+27
b? _ 4ac X >x3+(£)1x2+0x 64 X” 43X
X* —4x —9— T auZ
= 42 — 4(1)(16) — 9-36 —3x% +0x
4x° +0x =_27 —3x% —-9x
=16 —64 4x* —16x —_—
— <0 9x + 27
—_48 16x—64 9x + 27
0
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Factoring Sums and Differences of Cubes

The last two examples on the previous page suggest a general method for factoring sums and differences of cubes.

Difference of Cubes

Sum of Cubes

Let f(x)=x°—y>, wherey represents some constant.

Since f(y)=y’-y®=0, by the factor theorem, x—y
must be a factor of f (x).

X2+ yx+y°

o T
yx® +0x
yx: = yx

yx—y?

yx—y°

0

Therefore, f(x)=x"—y*=(x—-y)(x*+yx+y?)

Let, f(x)=x°+y°, where y represents some constant.

Since f(-y)= (—y)3 +y° =0, by the factor theorem,
x—(—y)=x+y must be a factor of f(x).

X2 —yx+y’
x+y>;<§1—§)/)>§§+0x+ y®
2
B
y2X+y3
yzx+ y3
0

Therefore, f(x)=x"+y°=(x+y)(x" - yx+y’)

cubes cubes
Summary /\
3'_*3 (v _ 2 2 3 Va_ 2 _ 2
X Ty =(x y)(x +xy+y) X Ry _(x+y)(x xy+y)
: \
difference
Examples b
Factor each of the following:
(a) 8x*+27 (b) 64a®-8p°
:(Zx)3 +3° =8(8<’:13 —ba)

= (2x+3)((2x)" ~3(2x)+ )
=(2x+3)(4x2 —6x+9)

(c) 7m*—448m
=7m(m3 —64)

=7m(m3 —43)
=7m(m—4)(m’ +4m+16)

Important Question

~8((2a)’ -1’
(2a-b)((2a)’ +(2a)(b) +b?)

-8
=8(2a-h)(4a” +2ab+b’)

(d) 125x° +512

=(5x) +8°
~(5x'+8)((5x') ~8(5x°)+&)

= (5x° +8)(125x" — 40x° + 64)

Calculate the discriminant (b —4ac) of the quadratic polynomials in x obtained in the factorizations of x* —y* and
x> +y*. What do you notice? What conclusions can you draw?
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Homework

4. State the remainder when x + 2 is divided into each pu]}rnurn.ial.

0. 2?4+ 7«409 d ' — 23 — 11+ 10— 2
b) 6x° 4+ 19x° + 1lx — 11 e x + 37— l0x+ 6
9 x' =5kt 44 £ 4x' + 120 — 1327 — 330 + 18

&. Determine whether 2% — 5 s a factor of each polynomia].
a) 2 — 5 — 2%+ 5 Q 2t — 7x? — 1327 + 63x — 45
b) 32 + 2" — 3x — 2 d) 6+ — Tt —x+ 1
6. Factor cach polynomial using the factor theorem.
a) x0 — 3x* — 10x + 24 d) dx' + 7% — 80x" — 21x + 270
b) 4x? + 12x* — x — 15 € x — 5x' — 7x' + 29x% + 30x
o &'+ 8t 4 4x? — 48« 0 x4+ 20 — 23x — 24x + 144
7. Facror fully.
a) f(x) =x+ 9%+ 8x— 60 A f(x) ="+ 37 — 387 + 24x + 64
b) f(x) =x*—7x—6 o flx)=x'—x+x—1
c) f(x)=x‘—5x2+4 ﬂf(x}=x5—xi+2xﬂ—2xz+x—l
8. IISC rh:: Elctﬂrcd Form -.‘.-Ff[x) o Skﬂrﬁh tI'IC gﬂph 0Fcad‘| ﬁlnclinn in qucsti-.‘.ln ‘?'.
9. The polynomial 12x* + kx? — x — 6 has 2x — 1 as one of its factors. Derermine
thl: Vﬂ.llll’.‘ OF.é'.

10. When ax’ — x* + 2x + bis divided by x — 1, the remainder is 10. When it is

B divided by x — 2, the remainder is 51. Find 2 and 4.

11. Determine a general rule to help decide whether x — zand x + @ are factors of

B o — zfandx" + a"

12. The function f(x) = ax® — x* + bx — 24 has three factors. Two of these factors
arc x — 2 and x + "i. Dctcrminc tl'll: vralucs ﬂf-d anrl b, E.I'II'I. rhf.‘l'l r:lctcrminl: l‘]'lr:
ad‘lcr factor.

13. Consider the ﬁmclionf(x) = x? + 4x* + bx — 4. The remainder from
f(x] - (x + 2) is twice the remainder l:romf[x) - (x — 2] . Determine
the value of k.

14. Show that x — & is a factor of x* — &%

15. F".'Jcplain why the facror theorem works.

C]

Extending

16. Usc the factor theorem to prove that x' — x — 2is a factor of
x? — 6x* + 3x + 10,

17. Prove that x + aisafactoruf(x + sz]5 + (x + c}5 + I:a — r)ﬁ.

Answers
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4. Facror

O . - 343 d) 125" — 512 g 512 + 1
b) 216x° — 1 e Gdx’ — 1331 h 13317 + 1728
g x + 1000 f) 3437 + 27 i 512 — 1331%°

5. Factnr Eﬂ.CI'I cxpﬂ::ssiﬂn.

1 8
Y SRR TY: 9 (’; )+ G = 2)
b) —432:° — 128x" d) Ex* ~ 512

6. Jarred claims that the ::}Ll.‘.ll'mil‘.'itl

D (atb)(a—abi 51)1:!3{4 b)(a’ + ab + &%) is equivalent to 1.
Do you agree or disagree with Jarred? Justify your decision.

7. 1729 1sa very intcrcstin.g number. It is the smallest whole number
that can be c:xpn:sst:d as a sum of two cubes In two ways: 17+ 123
and 9% + 10%. Use the factorization for the sum of cubes o verify
I'J.'.I.Et th.E'SE SUIms are cqual.

8. Prove thar (x + f](x" — xl_}rz + _}r"] (=" — xﬁyﬁ + _}r”] + 2x'g_}5'

O cquals («* + 3?)? using the factorization for the sum of cubes.

g. SCI]T]C sl:udcn[s mighr :-u'guc thﬂt if}"ﬂu k_TlDW hDW o fac[cr a S1Im

E Ul—CI.IIJCS, lhcn }"Ul.l dU ot IlCCd Lo l‘.(IlUW ]'].UW (8] [EICT.U[' H diHCI'CIICC
of cubes. Explain why you agree or disagree.

Extending

10. The number 1729, in question 7, is called a raxicab number.

a) Use the Internet to find out why 1729 is called a taxicab number.
b) Are there other taxicab numbers? If so, what are they?

Answers
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SOLVING POLYNOMIAL INEQUALITIES

Introductory Problem

Preetika has a monthly budget of $1800. Each month she must pay $950 for rent, $375 for transportation, $250 for food
and $100 in miscellaneous expenses. Assuming that there are no other expenses, determine the number of times per
month that Preetika can go to the movies. (Assume an average price of admission of $10.00 per movie.)

Solution

Although you might be tempted to solve this problem by using an equation, technically it would be incorrect. To see this,

consider the following restatement of the problem:

total monthly expenses must be less than or equal to $1750.00

..$950 + $375 + $250 + $100 + cost of movies < $1750

~.$1675 + cost of movies < $1750

Now if we let x represent the number of times that Preetika goes to the movies in one

month, then we can represent this problem using the following inequality:
1675+10x <1750
We can solve this inequality as follows:
1675+10x <1750
. 10x<1750-1675
- 10x <75

10x 75
S—<—
10 10
X715

The solution set of the inequality is {x e R :x<7.5}, or in interval notation, (—,7.5].

The solution informs us that Preetika can stay within her monthly budget if she goes to
the movies 7.5 or fewer times per month. Obviously, the number of times that Preetika

goes to the movies must be a whole number. Therefore, Preetika can afford to go to
the movies no more than 7 times per month.

Investigation

Consider the following series of inequalities. In which cases is the reasoning invalid? 1T 2
Can you draw any conclusions?
2<5 w=3<-1 w2>1 2>1
5. 24+46<5+6 S=3+4<-1+4 S.2-6>1-6 S 24+43>1+3
..8<11 21«3 So—4>-5 ..5>4
~.8(2)<11(2) 1. 3 ~.3(-4)>3(-5) ~.—3(5)>-3(4)
~16<22 5 5 . —12>-15 —15>-12

? ? ?
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f?

1800

y =1750

1500
1350
1200
1050
900
740
600
450
300

150

(7.5, 1750.)

y=1675+10x

-1

|

12345678910

Represent the solution on a
number line.

A solid dot is placed on 7.5 since
this number is included in the
solution set.

o

3 4 5 6 7 8 9

-3<-1
S=3+2<-1+2
s-1<1

-1 1
S—<—
-5 -5
1 1

So=<—=
5 5

?
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Working with Equations and Inequalities — Similarities and Differences

1. Whether solving an equation or an inequality, whatever operation is performed to one side must also be performed to
the other side. Equivalently, whatever function is applied to one side must also be applied to the other side.

2. Whether solving an equation or an inequality, the general approach is to apply inverse functions (operations) to both
sides in the order OPPOSITE the standard order of operations.

3. When the same function is applied to both sides of an equation, equality is always preserved.

4. When the same function is applied to both sides of an inequality, the inequality is NOT always preserved.
» Whenever a strictly increasing function is applied to both sides, the inequality is preserved.
» However, when other functions are applied to both sides, the inequality may not be preserved.

» In particular, if both sides of an inequality are multiplied or divided by a negative number, the inequality must be
reversed. This happens because multiplying or dividing an increasing or decreasing sequence of numbers by a
negative value produces a new sequence in which the order of the numbers is inverted.

Summary

e If x=y,then f(x)=f(y) for all functions f and all real numbers x and y.

e If x=y, thenitis not necessarily the case that f (x)= f(y). For some functions f and some real numbers x and y, it
is the case that f (x)= f(y). This kind of inequality is only preserved if f is strictly increasing or decreasing.

e If x<y, x<y, x>yor x>y, then it is not necessarily the case that f (x)< f(y), f(x)<f(y), f(x)>f(y)or
f(x)>f (y) respectively. These kinds of inequalities are only preserved if f is strictly increasing.

Understanding why an Inequality sometimes needs to be Reversed

Consider the values in the following table. Note that in the first three columns, the values are in ascending order.
Another way of interpreting this is that the operations of adding and subtracting preserved the order of the values. In the
fourth column, however, the values are in descending order. The operation of multiplying by —2 caused the order of the

values to be reversed. A slightly more extreme example is given in the fifth column. When the function y = 1 +2is
X

applied, the numbers are in descending order up to a point, then briefly ascend only to descend once again.

X y=x+4 | y=x-5 | y=-2x | y=24+2 1: Tothe left is a
X graphical view of
-6 2 11 A 12 A 116 ° the table. Certain
: operations
—4 0 -9 8 74 oA A A (functions)
) 2 -7 4 | 3/2 AVB A2 AR 2 SR preserve order,
2 6 3 ) v 5/2 al some reverse
I order and others
4 8 -1 8 9/4 /Z I produce mixed
vV 6 v 10 v -12 13/6 1ol results.
Valid Deductions involving Inequalities Invalid Deductions involving Inequalities
" 6<—4 v 6<—4 v-2<2 . —6<6 e
s6+4<—4+4 | —6-5<-4-5 | ~279<2-5 e <-2(6) ' 7
~=2<0 ~—11<-9 —1<-3 ~12<-12
2<4 6<6 6>-4 w4>2 42
s o e “UYas12 42> 2
5=2(-2)>2(-2) | .-2(-6)>-2(6) | ..—2(6)<-2(—4) 141257242 By 52
SA>-4 ~12>-12 ~.-12<8
4>5/2 ~1/16>1/4
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Examples

Solve each of the following inequalities. Note that a good way to visualize the solution is to use a number line.

1. -3x+1>-8 2. 35-2x>20 3. 30<3(2x+4)—-2(x+1)<46
Solution Solution Solution
—3x+1>-8 35-2x>20 30<3(2x+4)—-2(x+1)<46
S=3X+1-1>-8-1 .35-2x-35>20-35 - 30<6X+12—2x—2<46
S=3x>-9 So=2x>-15 .
3 9 Remember to reverse 5 15 ©-30=4x+10<46
LI 0 | theinequality when LT +.30-10<4x+10-10< 4610
-3 -3 multiplying or dividing -2 2 - 20<4x <36
. by a negative number.
SX<3 Yy a neg XSE .@<ﬂ<§
The solution set of the inequality is 2 4747 4
{xeR:x<3},orininterval notation, The solution set of the 5<x<9

(—00,3).

8-7-6-5-4-3-2-1 0123 45

10t

y=-3x+1 ol
sl

R e e T
21
A
ir3n

y=-8 I \

4. x*-5x+6>0

XGR:xs—5

12},

The solution set of the inequality
is {xeR:5<x<9}, orin interval

notation, [5,9].

inequality is {

or in interval notation,

15
_w, —_—
|

( ' ettt
01 2 3 4567 829
&l | | | | | Il | |
= 1 1 1 1 1 1 1 I
1 2 3 45 6 7 89
40+ F
y=35-2x | 48
L y =46 441
32 40+
23: 355
sal y =30 32f
y=20 aal

28
y=3(2x+4) 242
20f

If the product (x—2)(x-3)

is positive, then either both
factors are positive OR both
factors are negative.

Solution
X —5x+6>0

~(x=2)(x=3)>0

S.X=2>0and x—3>0o0r x—2<0 and
Xx—3<0

SX>2and x>3 or x<2 and x<3

SX>30r x<2

The solution set of the inequality is
{xeR:x<2orx>3},orin interval notation,

(—oo,2)U(3,oo).

Copyright ©, Nick E. Nolfi

MHF4UO Unit 3 — Polynomial and Rational Functions

RO CORN T S I ]
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-11 1 2 3 4 5 6

Shown above is the graph of y =x*—5x+6. Notice that the

parabola dips below the x-axis between x = 2 and x = 3 and that
it is above the x-axis wherever x <2 or x > 3. Remember that
wherever a graph is above the x-axis, all y-values of points on
that part of the graph are positive. Similarly, wherever a graph is
below the x-axis, all y-values of points on that part of the graph
are negative.
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5 2x3+3x*-17x+12>0

Solution
2x3 +3x% —17x+12>0

- (x=1)(2x* +5x-12) >0
~(x=1)(2x-3)(x+4)>0
~(x=1)(x+4)(2x-3)>0

As can be seen from the factorization of

f (x)=2x°+3x* —17x+12, its zeros are -4, 1 and 3 .

From the graph of f(x) shown at the right, it’s obvious that
f(x)>0 (i.e. the graph is above the x-axis) if x is between

—4 and 1 or if x is greater than g . Thus, the solution set of

the inequality is {x eR:—4<x<lorx> g} , which can also

be written as (4,1)U (g , ooj using interval notation.

To verify this solution set, consider the table shown below.

Let f(x)=2x>+3x*-17x+12. Since, f(1)=0 by
the factor theorem, x—1 must be a factor of f (x).

2x? +5x —12
2x3 +3x% —17x+12
2x3 —2x?

5x% —17x

5x? —5X
-12x +12
-12x+12

0

x—1>

wed | —dex<l | 1<x<3 | xs3 The zeros of a polynomial
2 2 divide the real number line
into a group of intervals that
(x-1) - - + + are sometimes called test
intervals.
(x+4) - + + + )
Formally, a test interval of a
3 polynomial function p is
(X_Ej - - - * any interval of the form
Their i . i . (a,b), such that p(a)=0,
Product p(b)=0 and for all

We can also use a number line to determine the sign of f (x) over each interval.

xe(a,b), p(x)=0.

Over a test interval, a

f(-5)<0 £(0)>0 f@w £(2)>0 polynomial must either be
- 0 4 0 - 0 +  f(x) entirely positive or entirely
< I I ; >y negative.
4 1 32
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6. The height of one section of a rollercoaster can be modelled by the polynomial function

h(x) = _ X
40000000

metres, measured at the position x metres along the ground from the start. At what points

2 (x—30)2(x—55)2, where h(x) is the height above the ground in

204 /'
\

E
%
will the rollercoaster car be more than 9 metres above the ground? 2 10-

/ \ / r\\
Solution ;Jl | \. / I\»u

1 (x-30) (x-55) >9. 10 20 30 40 50
40000000 Position (m)

Expanding and simplifying produces a sixth-degree polynomial inequality. Thanks to Abel, Galois and Ruffini, we

This problem is equivalent to solving the inequality

know that polynomial equations of degree five or higher cannot in general be solved by a finite number of additions,

subtractions, multiplications, divisions and root extractions. Thus, it is best to use a graphical approach in this case.

By using graphing software or a graphing calculator, sketch the graphs of wal
y = Lt X* (x— 30)2 (x —55)2 and y=9. Then find the points of 2
40000000 fg B
intersection. Once the points of intersection are found, it’s easy to see the 16}
approximate solution set of the inequality. The roller coaster is more than 9 m E
1, 2 2 . 10 (21963.9)  /@h 1174, 9)
above the ground wherever the graph of y = 70000000 (x—30)"(x—55)" lies g Fl2056 9) Y
6 -
above the graph of y=9. af
2 -
Therefore, the rollercoaster will be more than 9 m above the ground 5 10 15 20 25 30 35 40 45 50 55

approximately between 4.7 m and 21.7 m from the starting point and approximately between 40 m and 48.1 m from the

starting point.

Homework

Precalculus (Ron Larson)

REMINDER

The “back of the book™ is NOT the only resource available to you for the purpose of verifying your solutions. You can

also use Desmos (or any other graphing software) as well as reminding yourself always to ask the time-tested question “Is
My answer reasonable?”

pp. 187 — 189: 1, 13-37 (odd-numbered questions), 53-56, 67-70, 73-75, 77-80, 83-90
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INVESTIGATING RATIONAL FUNCTIONS

What is a Rational Function?

Just as a rational number is the ratio of two integers, a rational function is the ratio of two polynomial functions.

¢ Rational Numbers have the form r =% where aeZ, beZ, b+0 (aand b are integers, b must be nonzero)

e Rational Functions have the form q(x)zlx) where f(x) and g(x) are polynomial functions such that g(x)==0.

9(x)

Graphs of the Simplest Rational Functions — Reciprocals of Polynomial Functions
Use a graphing calculator or graphing software to complete the following table.

Legend
VA: Vertical Asymptote(s)

HA: Horizontal Asymptote(s)

IN: Intervals on which the Function is Negative
ID: Intervals on which the Function is Decreasing
ICD: Intervals on which the Function is Concave Down

IP: Intervals on which the Function is Positive

I1: Intervals on which the Function is Increasing
ICU: Intervals on which the Function is Concave Up

PON: Points at which the Function is 1 or -1

Graph of Function

Characteristics of

Graph of the Reciprocal of the

Characteristics of the
Reciprocal of the

Function Function = .
unction
f(x)=x Zeros: 1 (at x=0) 11 Zeros: none
9(x)= X VA:  x=0
VA: none f(x) x DoX=
E: HA:  none HA: y=0
af IP:  (0,) IP: (0.)
3_
2ot IN:  (—»,0) IN: - (=0,0)
EEEEENZEEEEE " (o0,00) I none
6 -5 4 -3 -2 -1_1_ 12 3 4 45 6 . ’ ID (_OO’O),(O’OO)
2t ID: none
'j: ICU: none ICU:  (0,0)
5| ICD: none ICD:  (~0,0)
gL
PON: (-1-1), (11) PON: (-1-1), (L1)
Zeros: 1 1 Zeros:
2 _ —
F(x)=(x-1) VA: 9(x)= F(x) (x-1) VA:
10} HA: 1o HA:
9t . 9t )
ol IP: sl IP:
T IN: i IN:
6l &l
51 1 5r Il
41 At
3r ID: 3t ID:
2 2L
1 ICU: 1+ ICU:
-'5-254'4-'3-'2-'1_1_5;'2521:%6 ICD: -'5-254'1-'3-'2-'1_1_%;'zéiéé 1CD:
PON: PON:
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Graph of Function

Characteristics of
Function

Graph of its Reciprocal

Characteristics of the
Reciprocal of the

Function
Zeros: Zeros:
f(x)=x -4 0(X)= =
VA: f(x) x*-4 VA:
61 HA: 6r HA:
51 51
4t IP: 4r IP:
3+ 3+
2t IN: 2t IN:
1 1+
 EEEEEPREEERR: I  EEEEEPREREERE: II:
2l ID: 2l ID:
-3_ . -3_ .
L ICU: al ICU:
-5_ . -5_ .
N ICD: M ICD:
PON: PON:
Zeros: Zeros:
f(x)=2x-3 g(x)=—t =1
VA: f(x) 2x-3 VA:
A HA: 6 HA:
5F s
4f IP: 4r IP:
3k 3t
2t IN: 2+ IN:
1 1+
 EEEEEVREERER: I  EEEEEPEEEREN II:
2t ID: 2l ID:
3+ . 3f .
ol ICU: Ml ICU:
5L -5
6L ICD: Al ICD:
PON: PON:
Zeros: Zeros:
()= (x-2)(x+3) 9() ==
VA: () (x=2)(x+3) | va:
6r HA: 6] HA:
1 5L
4l IP: 4+ IP:
3t 3r
5l IN: 2t IN:
1L T
AN Ol A v EEEEENREEEEE N
6 -F 4 -3 -2 4 1 2 3 4 5§ T "'_1_
Ar ID: 2l ID:
2L 5l
= ICU: 4l ICU:
4 51
£l ICD: N ICD:
5" PON: PON:
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Legend

The following abbreviations are used in addition those used on page 35:

Y :y-intercept “x—1"" means “as X approaches 1 from the left”

Complete the following table.

Graphs of Rational Functions of the Form f(x)= :X +b
X

+d

D: Domain

R: Range
“X —1"” means “as x approaches 1 from the right”

(Quotients of Linear Polynomials)

X: x-intercept(s)

Graph and Characteristics of Rational Function

Graph and Characteristics of Rational Function

f(x):x_+1 Zeros: 1 (at x=-1) f(x)zi Zeros:
x-1 x—3
, VA: x=1 VA:
]
. 6
_[ ‘E HA y=1 5| HA:
| IP: (—o0,-1), (L) ;‘: IP:
I
| IN: (-1,1) il IN:
* | I: none  EEEEENREEEER ]
Lo
B ID: (—o0,1), (L) i: ID:
I
R ICU: (1,0) i ICU:
|
t ICD: (—o0,1) 6t ICD:
As x>, f(x)>1 D: {xeR:x<1) As x>, f(x)> D:
As x> -, f(x)>1 As x> -, f(x)> R:
R: {yeR:y=1}
As x >1, f(x)—>—o %1 As x—>37, f(x)> X
As x>1°, f(x)>wo v -1 As x—>3", f(x)—> Y:
(x)= X—-2 Zeros: f(x)= X—3 Zeros
3x+4 VA 2X—6 VA
s fL
5 HA: 5t HA:
4t 4l
3t IP: 3t IP:
2r 2l
1+ IN: T IN:
F5 4321123456 F5 4321123456
s I - 1l:
2 21
3t ID: 31 ID:
-4+ A
5T ICU: 5T ICU:
5L -6
As x>, f(x)— ICD: As x>, f(x)> ICD:
As x> -, f(x)> D: As x—>—oo, f(x)—> D:
R: R:
As x—>-%, f(x)> As x—>3, f(x)>
X: X:
As x— 4" f(x)> v As x—>3", f(x)> v

Copyright ©, Nick E. Nolfi

MHF4UO Unit 3 — Polynomial and Rational Functions

PRF-37




Graphs of other Rational Functions

Graph and Characteristics of Rational Function

Graph and Characteristics of Rational Function

9x Zeros: X+1 Zeros:
f(0)=r"s 0= s
VA: VA:
10+ 10+
sl HA: al HA:
5: 5:
af IP: Al IP:
.......... Tl N BRI |\
08 6 4 2 L 2 4 6 810 A0 B 6 4 -2 [ 2 4 6 8510
2t al
af I L I
ol A
-8: ID -8: ID
o IcU: ol IcU:
ICD: ICD:
As x>, f(x)—> As x>, f(x)—>
D: D:
As x> -, f(x)> R As x> -, f(x)> R
As x>1, f(x)—> X As x—3, f(x)> X:
As x—>1", f(x)—> Y: As x—>3", f(x)> Y:
f(x)= X -1 Zeros: f(x)= 0.5¢ +1 Zeros: none
x-1 x—1
ol VA: | VA: x=1
sl I .
T HA: ) i HA: none
al ! Oblique (Slant) Asymptote (OA):
of IP: ! y=0.5x+0.5
IIIIIIIIII T | —=== ="
A0 B B 4 2_2: 274 6 8 10 IN: ESsam: _:A:_---‘ 1 Ip: (1100)
4t B :
i " | IN: (—o0,-1)
BE |
Aol ID: . i 1: (—OO,—O.73), (273,00)
' ID: (-0.73,1), (1,2.73
cu ; (-0731), (1273)
AS X —> 0, f()()—) AS X > 0, f(X)—) 0.5x+0.5 ICU: (1,00)
ICD:
ICD: (—o0,1)
As x—>—o, f(x)—> D: As x—> -, f(x)—> 0.5x+0.5
D: {xeR:x=1}
R:
As x 17, f(x)-> As X1, f(x)—>—w Ri{yeR:y<-0.730ry>273}
X:
X: None
As Y: As x>1", f(x) > Y:-1

x—>1, f(x)—>
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Graph and Characteristics of Rational Function

Graph and Characteristics of Rational Function

2x° Zeros: Zeros: 1 (x=-1.26)
f(x): 2 .
X -1 VA: VA: x=1
1wl . HA: none
8 OA: Curvilinear Asymptote
s Ip: (CA): y=0.5%*+0.5x+0.5
Z IN: IP: (—oo,—1.26), (1.806,00)
1'0"a'.'s'h"z'z_'é'ai'é'é'{n I IN: (-1.26,1)
af D: II: (1.806,0)
o IcU: ID: (~o0,1), (1,1.806)
o 1CD: | ICU: (~0,~0.44), (0,0)
As x> o, f(x)—> D: As x>, f(x)—>w ICD: (-0.44,0)
As x> -, f(x)> R: As x> -, f(x)—>o D: {xeR:x=1}
R: R
As x>1°, f(x)—> Y: As x—>17, f(x) > Y:i-1
8 Zeros: S _ox— Zeros:
f(x)=X +1 f(x):x 2x-3
x+1 VA x+1 VA:
i HA: = CA:
6f IP; 18f IP:
4r 12f
2r IN: 6F IN:
06 642 2463810 SiEEassatisiitets I
A ; st ;
“r D: 2 ID:
'6: '18:
8f ICU: -24F ICU:
ol 30k
ICD: ICD:
As x>, f(x)—> As x>, f(x)>
D: D:
As x—>—o, f(x)—> R: As x> -, f(x)—> R:
As x>1, f(x)—> X: As x—>-1", f(x)> X:
Y: Y:

As x>1", f(x)—>

As x—>-1", f(x)—>

Legend

VA: Vertical Asymptote(s)
IN: Intervals on which the Function is Negative
ID: Intervals on which the Function is Decreasing

ICD: Intervals on which the Function is Concave Down
X: x-intercept(s)

D: Domain

R: Range

CA: Curvilinear Asymptote

HA: Horizontal Asymptote(s)

Y: y-intercept

IP: Intervals on which the Function is Positive

I1: Intervals on which the Function is Increasing
ICU: Intervals on which the Function is Concave Up
PON: Points at which the Function is 1 or -1

OA: Oblique Asymptote
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Summary — General Characteristics of Rational Functions

Reciprocals of Polynomials

Rational Functions of the Form
£ (x) _ax+ b
cxX+d

General Rational Functions

Let f represent a polynomial function of
degree one or greater.

eWherever y = f(x) has a zero,

1 .
y =—— has a vertical asymptote.

f(x)

e The x-axis (i.e. the line y=0) is always

a horizontal asymptote of y = L .

F(x)

eWherever y = f(x) increases,

decreases (and vice versa)

1
f(x)

eSince y=f(x) and y= have the

L
()
same sign, if y = f (x) lies above the x-

. 1
axis so does y=——
f(x)

¢ A point whose y-co-ordinate is +1 is
invariant. That is, such a point lies on

(and vice versa).

both y = f(x) and y=L

f(x)

e y=f(x) has either a vertical

d
asymptote or a hole at x = e

¢ A hole will occur if ax+b and
cx+d have a common factor
that “divides out” in such a way
that only a constant remains.
More precisely, a “hole” occurs

at x=—% if ax+b=k(cx+d)

for some non-zero real number k.
In this case,

f(X):k(CX—“Ld)

=k,
cx+d
where keR and x¢_9,
c

*As X —> 0, f(x)—>%.

Therefore, y=f(x) hasa

. a
horizontal asymptote at x = e

Let f and g represent polynomial
functions and define the rational

f(x)

9(x)

e Wherever g(x)=0, q(x) either has
a vertical asymptote or a hole.

o If g(x) >k as x>0 (keR),

function g as q(x) =

then q(x) has a horizontal
asymptote at y =k . Note that this
can occur only if the degree of f (x)
is less than or equal to the degree of

g(x).
o If the degree of f(x) is exactly one
greater than the degree of g(x),

then g(x) has an oblique (slant)
asymptote.

o If the degree of f(x) isexactly n
greater than the degree of g(x),

then q(x) has a curvilinear

asymptote that is a polynomial of
degree n.

Let g represent any rational function. That is,

ax)-1)

g(x)’

where f and g are polynomial functions.

!

Wherever g(x)=0, g has either a vertical asymptote
or a hole. There is a vertical asymptote with equation
x =aif and only if q(x)—>+w as x—>a*.

\b

If degree of f < degree
of g then

q(x)—>0 as x>0

..y =0 is a horizontal
asymptote

If degree of f = degree of g then

q(x) >k as x>+ (keR, k=0)

..y =k is a horizontal asymptote

If degree of f > degree of g then
q(x) has either an oblique or a
curvilinear asymptote.

The asymptote is a polynomial of
degree n, where n=deg( f)—deg(g)
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How to find the Equation of an Oblique (Slant) or Curvilinear Asymptote

Examples
0.5x% +1 0.5x° +1
a) f(x)= b) f(x)=
@ f(x)=="— () f(x)=="—
0.5x+0.5 0.5x* +0.5x+ 0.5
x—1)0.5x% +0x +1 X=1)0.5X* + 0x +0x +1
0.5x* —0.5x 0.5x* —0.5x*
0.5x+1 0.5x% +0x
0.5x=05 0.5%% — 0.5x
1.5 0.5x+1

2.05x2 +1=(x-1)(05x+0.5)+15 0.5x—-0.5

' 0'5X2+1—(X_1)(0'5X+0'5)+ 15 L5

ox-1 x-1 x—1 ~.0.5%° +1=(x-1)(0.5%* + 0.5 +0.5)+15

0.5x* +1 15
. =0.5x+0.5+— 3 x-1)(0.5x* +0.5x +0.5
] 1 L 05x+1 | )( )+ 15
, x—-1 x-1 x-1
Since 15 Lo as X >, 0.5x le—>O.5x+0.5 0.5x3+1 ) 1.5
x—1 x—1 =0.5x"+0.5x+0.5+ —
as X —> o . This means that y =0.5x+0.5 isan x-1 x-1
. 3
oblique (slant) asymptote of f. Since X1.51 5088 X>w. 0.5x ;1 055 4 05%+ 0.5
— X_
as X —oo. This means that y =0.5x* +0.5x+0.5 isa
curvilinear asymptote of f.

Homework

Precalculus (Ron Larson)

REMINDER

The “back of the book™ is NOT the only resource available to you for the purpose of verifying your solutions. You can

also use Desmos (or any other graphing software) as well as reminding yourself always to ask the time-tested question “Ts
my answer reasonable?”

pp. 177-179: 1-4, 5, 7, 17-39 (odd-numbered questions), 45-48, 49-61 (odd-numbered questions), 63-66, 71, 73, 75, 77-82

Enrichment Problem
Find an example of a rational function f that has ALL of the following characteristics:

(a) one hole
(b) two vertical asymptotes
(c) one curvilinear cubic polynomial asymptote

Use Desmos or any other graphing software to verify that f has all the required properties. In addition, determine the
following features of f:

e intervals of increase/decrease

e intervals over which f is concave up/concave down

e co-ordinates of turning points and points of inflection
e intercepts

e equations of asymptotes
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RATIONAL EQUATIONS AND INEQUALITIES

Example 1

When eating together, it takes Peter and Homer two hours to eat a certain number of
hamburgers. By himself, Homer can eat the same number of hamburgers in fifteen
fewer minutes than it takes Peter to do the same. How long does it take Peter to eat the
hamburgers by himself?

Solution
Let t represent the amount of time, in minutes, that it takes Peter to eat all the burgers.
Then t — 15 represents the time that it takes Homer to do the same. In addition,

1 . .
° t represents the fraction of burgers eaten by Peter in

To understand this, consider an example. Suppose that it

one minute when eating alone N
g takes Homer 180 minutes to eat all the burgers by

represents the fraction of burgers eaten by Homer . ) . ]
t-15 P g y himself. This means that in one minute, he eats % of

in one minute when eating alone
the burgers.

Also, t—15>0 because it takes Homer more than zero
and Homer in one minute when eating together minutes to eat all the burgers. Therefore, t>15.

° % represents the fraction of burgers eaten by Peter

(Fraction Peter eats in one minute) + (Fraction Homer eats in one minute) = fraction they eat together in one minute

Therefore,%+ ! =i.
t t-15 120

%

120t (t _15)& N 1 Yikes! Mr. Nolfi is stooping to cancelling! You

5j =120t (t _15)[Ej may also use this shortcut if you understand its
mathematical justification; both numerator and

denominator are divided by the same value. This

1 1 1
. M } i 120’[—@”1’5) 1 _ 120t (t _15) i only works if both numerator and denominator are
B 1 1 . 1 120 expressed in factored form.
1 1

-.120(t—15)+120t =t(t -15)

120t +120t —1800 =t% —15t 400\5
~.t* 255t +1800=0 N7 2oses 221310013 a7 73, 0)
_(_255) + \/(_255)2 ~ 4(1)(_’]_800) _2000: 3006090 120 150130 210 240 270

U= 4000k

2(1) 6000

_,_255++/67825 _ 25615257 4000

A= 2 = 2 -10000+

12000}

e S\V25L =70 255+125\/257 24773V iaoof

Clearly, 7.27 minutes cannot be the correct answer. First of all, we observed above that t >15. Furthermore, if it takes
Homer and Peter two hours together to eat all the burgers, Peter cannot possibly eat all of them in only 7.27 minutes.
Therefore, it must take Peter about 247.73 minutes (4 hours, 7 minutes, 44 seconds) to eat all the burgers.
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Example 2

Solve x—2<§.

X
Solution
Since the value of x could be negative, multiplying both sides by x might require that the inequality be reversed. A
solution that involves multiplying both sides by x requires two cases, | 20 | _
one for x>0 and another for x<0. Instead of dividing the solution V4
_ L : 2_2x-8 4
into two cases, it is easier to use the following approach. f (x) _X P
X 4
i
x—2<§,x¢0 ' —x—2—§ b 7
X = /
8 £/
X=2-—<0 E@ (4,0)
X ; /
2 Write each term =0 =T O AV 10 20
X° 2x 8 .
S —————<0«— withacommon e
X2 X X denominator e Clearly, the
X 28 77 graph of f lies
X ' /’ "' | below the x-axis
(x=4)(x+2) / ifx<-2or
e <0 Vs 0<x<4.
//
7 20

This final inequality states that the expression on the left side must be negative. A chart such as the following is an

-4 2
organized method for determining the intervals on which w iS negative.
X
X <=2 -2<=<x=0 0<=x-<4 X =4

Xx—-4 - - - +
X +2 - + + +

X - - + +

k=8x+2) | ()(—)_ | (D) _ [ ()
X - - + +

. (x=4)(x+2) . . : : . -
The expression w is negative if x<-2 orif 0<x<4. Hence, the solution set of the inequality is
X

{xeR:x<-2o0r0<x<4}. Ininterval notation this can be written (—o0,—2)U(0,4).

e e — >
-6-4-2 0 2 4 6 8

Homework

Precalculus (Ron Larson)

REMINDER

The “back of the book™ is NOT the only resource available to you for the purpose of verifying your solutions. You can

also use Desmos (or any other graphing software) as well as reminding yourself always to ask the time-tested question “Is
my answer reasonable?”

pp. 187 — 189: 39-51 (odd-numbered questions), 57-60, 71, 72 See additional homework questions on the next page.
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Additional Homework Questions

11. Tayla purchased a large box of comic books for $300.55he gave 15 of
the comic books to her brother and then sold the rest on an Internet
website for $330, making a profit of $1.50 on each one. How many
comic books were in the box? What was the original price of each
comic book?
12. Polluted water flows into a pond. The concentration of pollutant,
¢, in the pond at time # minutes is modelle the equation
(Al he pond odelled by the eq
B 1 . .
e(t) =9 -90 000(10 500 T 3:)’ where ¢ is measured in —
kilograms per cubic metre. . U T = 09%d
W ¢ = e Uy = wol (& gL
a) When will the concentration of pollutant in the pond reach "SISEAUL AL SB WL/
3 ypeosdde o sreadde uonouny ay 1, (q
6 kg/m™? 5[9°9999 PYV (¢ °ZL
b) What will happen to the concentration of pollutant over time? 00¥ </ “LL
13. Three employees work at a shipping warehouse. Tom can fill an order in
s minutes. Paco can fill an order in s — 2 minutes. Carl can fill an order
ins + 1 minutes. When Tom and Paco work together, they take about
1 minute and 20 seconds to fill an order. When Paco and Carl work
together, they take about 1 minute and 30 seconds to fill an order.
a) How long does each person take to fill an order?
b) How long would all three of them, working together, take to fill
an order?
7. a) Find all the values of x that make the following inequality true:
K| Ix— 8 x—4
x-1"x+1
b) Graph the solution set on a number line. Write the solution set ;
. . . . . '5]0.13'5] al.l] Jﬂ s '!S
using interval notation and set notation. o Furunuexo Aq AmeEau 5t uossAIdxO
5¢ I 3 UIYM IUIULINS(] "SOIIZ
9. The equation f(#) = AT 3,12 models the bacteria count, in 01 Futpuodsaiios sjeasaiut 3y ug Jo1e)
4 3t ] . i ) pea jo udis ) AL (| puE
thousands, for a sample of tap water that is left to sit over time, # in 7 — *¢— are oz Lupenbaur puases
- . _ 1 Sf . . al.l_'l jU SJUD'EJ al.ll Enllrl.l.l J'Eq] h?'[l]ch B'LI_L [3
days. The equation g(¢) = 219 models the bacteria count, in AU $1 1 UG FUILLIIAP PUE
thousands, for a sample of pond water that is also left to sit over E s~ [ = fuonmbo oy l[d;-f) @
several days. In both models, £ = 0. Will the bacteria count for the Aupenbauy
) puoass sy sonposd o1 Ajeieiged)e
tap water sample ever exceed the bacteria count for the pond water? parendrueus 5q ued Anpenbaut sy 3y L (¢ 7L
Justify your answer. S xuagm |y
11. An economist for a sporting goods company estimates the revenue “arem puod ays jo e ueg
B and cost functions for the production of a new snowboard. These Jayear 2q 13430 [[us Jayess e 3y wt Jmes
functions are R(x) = —x* + 10x and C(x) = 4x + 5, respectively, ruR12eq 4 “aantsod 2 0 AT 7 Jo sanfe
) . U1 SMEDTY “IANETIU 20E ) UL e
where x is the number of snowboards produced, in thousands. The uowssardxa ap ayew 1e sanes Ajuo Ayl g
average profit is defined by the function AP(x) = &:)-, where P(x) {S90°€ < ¥10°C') = x > $1970
is the profit function. Determine the production levels that make (1;;; ;rll; 3(3:‘;} ;Il-:-!:;?:; l_a';?
AP(x) = 0. (1~ ‘oo — ) suonEOU [EAIMIU] (2
. ) .. ox+1 _x+3 FoE L0 1= T
12. a) Explain why the inequalities’ — < _—— and ettt ——t>
(C x+5 . S90°¢ <X
—(x “Dxt2) < () are -::quwalent, S0 =% FO70— ‘[— >X(& °f
b) Describe how you would use a graphing calculator to solve these
inequalities.
¢) Explain how you would use a table to solve these inequalities.
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