Definition of the Radian

radian

the size of an angle that is
subtended at the centre of a
circle by an arc with a length

equal to the radius of the circle;

both the arc length and the
radius are measured in units of
length (such as centimetres)
and, as a result, the angle is a
real number without any units

)

Investigation — The Relationship among 8, r and |

subtend the same angle #, so 8 =

It is important to note that the size of an
angle in radians is not affected by the size of
the circle. The diagram shows that a, and a,

H_ %

a,
n Lri

'/1 radian is defined as the angle
subtended by an arc length, |,
equal to the radius, r. It appears as
though 1 radian should be a little
less than 60°, since the sector
formed resembles an equilateral
triangle, with one side that is

| curved slightly.

Verb: subtend sub'tend
1. Be opposite to; of angles and sides, in geometry

Important Note
Whenever the units of angle measure are not
specified, the units are assumed to be radians.

When @is measured in radians, there is a very simple equation that relates r (the radius of the circle), 8 (the angle at the
centre of the circle) and | (the length of the arc that subtends the angle €). The purpose of this investigation is to discover
this relationship. Complete the table below and then answer the question at the bottom of the page.

Diagram r o
O
O[]
&
Q 3 15 q4,5
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This angle is called a
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Overview

INTRODUCTION TO TRIGONOMETRIC FUNCTIONS

Now that we have developed a thorough understanding of trigonometric ratios, we can proceed to our investigation of
trigonometric functions. The old adage “a picture says a thousand words” is very fitting in the case of the graphs of trig
functions. The curves summarize everything that we have learned about trig ratios. Answer the questions below to
discover the details.

0.8
0.6
0.4

|||||‘f|||||

f(xX)=sinx

PT‘\ \$ em

Oﬂe ":'*0 OWQ .

Questions about sin X
1. State the domain and range of the sine

function.

&Q P 38 0“: “:\t}-lg

2. Is the sine func{iy. one-to-one or

many-to-one?

Tt changes

Graphs
X y =sinx
0 0
z 1/2=0.5
z 1V2 =0.70711
z /3/2 = 0.86603
: Lo,
&z Y3/2=0. 866@
3z
= NP o.7o71|1
]
5z
2z 1/2=05 !
T 0
iz ~1/2=-05
2| -2 =-0.70711
2 | JB3/2=-0.86603
3z
5 -1
2 | J3/2=-0.86603
=2 | ~YJ2=-070711
&= ~1/2=-05
2w 0
y = COS X

§‘N mlE blg‘ wlg‘ ng’ wli,> »lg' mlg‘ 3 cnlg‘ J>|§" wl’g’ NN wN AN oy Of X

1
/3/2 = 0.86603

Y2 =0.70711
1/2=05
0
~1/2=-05
-2 =-0.70711
~J3/2 = -0.86603
-1
—3/2 = -0.86603
-2 = -0.70711
~1/2=-05
0
1/2=05
12 =0.70711
/3/2 = 0.86603
1
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Questions about cos x

1. State the domain and range of the
cosine function.

See P,??‘)-fnﬂ'ks

2. Is the cosine fuyﬁn one-to-one or

many-to-one?

MCR3U9 Unit 2 — Trigonometric Functions

3. State a suitable subset of the domain of
f (x) =sinx over which f*(x) is defined.

fxelR"'%ﬁx '5:%

4. How can the graph of the sine function help you
to remember the sign (i.e. + or —) of a sine ratio
for any angle?

above x-axis—> Sin positive
bebw ¥ -axig—> Sin mega-hve

5. How can the graph of the sine function help you
to remember the sing,ratios of the special
fr 0:-‘

angles? The -ﬁwcﬁa*" mcreases

0 'J‘oi Mf! “'4?“""
PcruSS'irl?t =)
6. Sketch’the graph of f?) sin x for
21 <X<L2rx.
use Deditos
T T T e B T B e e
2 2 aaf 4 22 4 2 &

3. State a suitable subset of the domain of
f (x) =cosx over which f*(x) is defined.

Sx€R) 05 x<ny

4. How can the graph of the cosine function help
you to remember the sign (i.e. + or —) of a
ngle?

cosine ratio for any an 'l'
Abive x-axis cos )s oS TIVe
ow X-axis —> Cos Is gd’hue
5. How can the graph of the cosine function help
you to remember the cosi jratlos of the special
angles’”[he}u 100 de(yeases o

| Yo O over M‘krual O<x=T1L )

2
6. Sketcmm grapg* of 2 X’)\ﬁc@%"‘orﬁ- ‘
27 <XL2rx.
u-?, mdS!
=27 || LBz —iDZElgs_””MB_”EZ”
2 2la a0 4 24 FIRRIRE]
TF-18



Asymptotes

s e e

> <=

\Z

<=

Questions about tan x

1. State the domain and range of the
tangent function.

p- 2% oF notes

2. Is the tangent fungi#on one-to-one or
many-to-one?

Asymptotes

X y=tanx
-z undefined
—% | —\3=-1.73205
_% -1
—Z | -1/3=-057735

0 0

z 13 =057735

z 1

3 32173205

Z undefined
Z | 3=-1.73205
S -1
2 | ~1/\B=-057735

T 0
Z2 | 1J3=057735
= 1
& 3 21.73205
37” undefined

X y =CSCX

0 undefined

z 2

z 2 2141421

z 2/[3 =1.15470

z 1%
iz 2/\3=1.1544a
= J2 =1.41421
% 2 ¢

T undefined
= -2
| z-144m
2 | -2/J3=-1.15470

¥ -1

2| -2/J3=-1.15470
T | 2=-141421
e -2
2r undefined
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Questions about csc x

1. State the domain and range of the
cosecant function.

See p. 28 of notes

2. Is the cosecant fung#on one-to-one or
many-to-one?

MCR3U9 Unit 2 — Trigonometric Functions

3. State a suitable subset of the domain of
f (x) =tan x over which f‘l(x is defined.
R ) L <x<
E € 2 X A
4. How can the graph of the tangent function help
you to remember the sign (i.e. + or —) of a
tangent ratio for any angle? R
above x-axis = tan PoSn‘l‘:l\lF—
below x-axis = tan negative

5. How can the graph of the tangent function help
you to remember the tangent ratios of the

special angles?
Functior gfmfmef ower O.<.x<i:£‘

{rom 0 o 0O ‘fﬂy\% =| ginee x=Y
6. Sketch the graph of f(x)=tanx for #ov 457,

3z 5z
——<X<—
2 2
10
o /
Ustlesmos .,
4,
2_
s tHH D P R e T
2 2 20424 42 4 42
_4_
5
_8,
4oL

3. State a suitable subset of the domain of
f (x) =cscx over which f*(x) is defined.

EZER)'%}-{%{O or 0 49{5_\%

4. How can the graph of the cosecant function
help you to remember the sign (i.e. + or —) of a

cosecant ratio for any angle?
e o‘u\m’

Same answer as al
5. How can the graph of the cosecant function

help you to remember the cosecant ratios of the
_special angles? "

Fuodion decreges on 0<x<=

from 040 1. Rec;Flofa,f?} sne

6. Sketch the graph of f(x)=cscx for rotio
2 <X<2rx.

S

R
NBER® o

glll
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X y =Secx
-z undefined
_% 2
-4 J2 =1.41421
—Z | 2/J3=1.15470
0 1
z 2/\[3 =1.15470
T J2 2141421
5 2
Z undefined
iz -2
I 2x141421
2| -2/J3=-1.15470
r -1
2 | -2/\3=-1.15470
T 2z141421
= -2
= undefined
X y =cot X
0 undefined
5 3 =1.73205
T 1
z 1/\3=0.57735
Z 0
2z | -1/J3=-057735
3z -1
% | Bz-173205
7T undefined
z {3 =1.73205
= 1
Z | 1YJ3=057735
= 0
2| -1J3=-057735
iz -1
2 3B=-1.73205
2 undefined
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Asymptotes
Aot % 3
B 1
: ol . (X)=secx !
I - I 1
} Bl 1 1
1 - 1 1
1
: 4 i : |
1
: 2r : I
II. L1 11 1 L1 11 1 I! L1 11 11 11 111 hl
i_z EARE 2 37
24 Ll &2 2
1 1
: I :
<V I
I 'E 1
I 1
1 -8 |
I 1
Vo -10 !

Questions about sec x

1. State the domain and range of the
secant function.

See P, XE o no‘}es

2. Is the secant fu
many-to-one?

nction one-to-one or

Asymptotes

10 ; A
f(x)=cotx i i

g | 1
1 1

6r : :
af : :
a2t : :
r ) 1
HREANE p AREVANEY 2T
oL 4 2 w4 T2 Thw
L 1 |
A |=> <= [ =BT H=> <1V

i i
) [= 5] (53]

Questions about cot x

1. State the domain and range of the
cotangent function.

S p. 2% oF

2. Is the cotangen
many-to-one?

nales

t‘fy@ﬁon one-to-one or
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3.

5.

6.

Same as all Jhe o—lln.ers“

State a suitable subset of the domain of
f (x) =secx over which f*(x) is defined.

fxélklo\{x@;’: or g— <x s’h’g

4,

How can the graph of the secant function help
you to remember the sign (i.e. + or —) of a
secant ratio for any angle? l l

How can the graph of the secant function help
you to remember the secant ratios of the special
angles?

Same a5 Fhe Hhrs/ /

Sketch the graph of f(x)=secx for
2r<XL2rx.

,
Use Desmos
al
2_
g 3r L] Lz | = |3z |z 5z 87 7z
ST P T T e 42 4
4
s
a1
Lqg L

. State a suitable subset of the domain of

over which f*(x) is defined.

f (x) =cot
{xémr O<x<I}

. How can the graph of the cotangent function

help you to remember the sign (i.e. + or —) of a
cotangent ratio for any angle?

Same as all e d‘”\frs

. How can the graph of the cotangent function

help you to remember the cotangent ratios of
the special angles?

Same as af | he 0‘%98

. Sketch the graph of f(x)=cotx for

—2r <X<2r.
1o
al
U 1)
X ymosS
2r =5 —% _2:%%37”7[57”37”77”27Z
al
aF
sl
L4
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TRANSFORMATIONS OF TRIGONOMETRIC FUNCTIONS

What on Earth is a Sinusoidal Function?
A sinusoidal function is simply any function that can be obtained by stretching (compressing) and/or translating the
function f(x)=sinx. That is, a sinusoidal function is any function of the form g(x) = Asin(a)(x — p)) +d. Since we

have already investigated transformations of logarithmic and exponential and logarithmic functions, we can immediately
state the following:

Transformation of f(x) =sinx expressed in Function Notation Transformation of f(x) =sinx expressed in Mapping Notation
g(x) = Asin(w(x—p))+d (x, y)—>(af1x+ p,Ay+d)
Vertical Transformations Horizontal Transformations

(Apply Operations following Order of Operations) (Apply Inverse Operations opposite the Order of Operations)

1. Stretch or compress vertically by a factor of A. If 1. Stretch or compress horizontally by a factor of @™ =1/ .
A <0, then this includes a reflection in the x-axis. If @ <0, then this includes a reflection in the y-axis.
2. Translate vertically by d units. 2. Translate horizontally by p units.
(x,y)—>(xAy+d) (x,y)—>(a)’1x+ p,y)

Since sinusoidal functions look just like waves and are perfectly suited to modelling wave or wave-like phenomena,
special names are given to the quantities A, d, p and k.

° |A| is called the amplitude (absolute value is needed because amplitude is a distance, which must be positive)

e dis called the vertical displacement These quantities are described

e pis called the phase shift in detail on the next page.

e o (also written as K) is called the angular frequency

Periodic Functions

There are many naturally occurring and artificially produced phenomena that undergo repetitive cycles. We call such
phenomena periodic. Examples of such processes include the following:

o orbits of planets, moons, asteroids, comets, etc J

e rotation of planets, moons, asteroids, comets, etc =T 100D Gyslg ity

e phases of the moon \/\2 /\/\ /v /\ /\\/\

o the tides \/N\ 1/

e changing of the seasons £ . zper;c:f/. A . Pyod I e
o hours of daylight on a given day T

o light waves, radio waves, etc o )

e alternating current (e.g. household alternating current has a frequency of An example of a periodic function.

60 Hz, which means that it changes direction 60 times per second)

Intuitively, a function is said to be periodic if the graph consists of a “basic pattern” that is repeated over and over at
regular intervals. One complete pattern is called a cycle.

Formally, if there is a number T such that f (x+T )= f(x) for all values of x, then we say that f is periodic. The smallest

possible positive value of T is called the period of the function. The period of a periodic function is equal to the length of
one cycle.

Exercise
Suppose that the periodic function shown above is called f. Evaluate each of the following.

@ f(2)=0 () f(4)==| (© f1)=0 () f(0)=~) (&) f(16)==) (H f(18)=O(0) f(33)=Hh) f(-16)=~|
i) f(-31)=2 () f(-28)==| () f(-27)= @) f(-12)zQ () f(-6)=0m f(-9=) (0 f(-5)=) () f(-101)=/
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Important Exercises
Complete the following table. The first one is done for you.

N\

i;" *,o +Hhe leH'

Function | A d p ek T Description of Transformation
f 1 0 0 1 2z None 2-: 2k
1;' g(x)=25in.x
The graph of f(x)=sinx is 0_;' [
g 2 0 0 1 | 2z | stretched vertically by a factor of 2. RRPR R WA Ser M m
The amplitude of g is 2. “i T2 4 2 i
The graph of f(x)=sinx is '1-3:
h 3 0 0 1 27 | stretched vertically by a factor of 3. | 5|
The amplitude of g is 3. 3+
3 X) =SIn X+
f ) 0 O l 2ﬁ Mone 2_;- 9&) 2
- 1'? f(x) =sinx
o 1 Q2 o1 an Verdica) translotion oo
;Z -_l_s d 0osl L Z 37z pibr 3 Iz 7x
umTS upwar Bt
. ' 15
.-"5 VerhCﬁl ) Wlﬁ+10” oL Ih()=sinx-+15
| 0 1 on 1.5 uniks downward 2
f l O o ) 21? Nohe 1f_(x)=&sinx g(x)=siNn2x h(xl)é:sinSX
orizontul Compressio-
0 2 7 (’L L |
g [ 0 m / o "ﬁa dor of & -
"wntal Compressi >
S0+
h b0 0 B g"l I—E\nzon _f &)?E_
3 o Faclor of 3 “‘
None f(x)=sinx g(x):sin(x—’;j )
f ' 0 0 ’ an‘ h(x)=sm(x+5j
] ' 0 T | (Qﬂ' Hovizmﬂa\ +Vah$’&+l:)~ il
a— /T .
& —l';" ‘,o "H\.L rljl\t-
w Horizoma) Tramgadion ot
v ) D2y e
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Exercise 1

Using both of the approaches shown in the previous example, sketch a few cycles of the graph of
f(x)= —2005(—3(x+§))—1.

Solution

Amplitude

A

Vertical
Displacement

- |

Method 1 — The Long Way

3T
251

Lt

e

Phase . Angular
Shift

1
3

Period
Frequency

a3

Ve rtsgrt \ c

Transformations

3 2 Shift down 1

) 73'21‘05;(

Horizontal

1 C ampm

2. sl.‘ﬂ'ﬁ{ }J«%-

y:—QCDS x~ |

Method 2 — A Much Faster Approach

3T
2151
2l

Tat
1
05

Y."—'COS x

f(x)= —2cos(—3(

A=A d==], o-k==3 p=-1
xya(‘Lx-E "Ry ’) HYM -RCOS( 'I‘x',"ﬁ)) -/

z))_l

5Lz
T =% asf

L
A5t
2
25l
aL

N

VA

Copyright ©, Nick E. Nolfi

(o> (L, °3)
( ’D)—)’("'—L; D

(T,-") —>(£ﬂ=) N

3
(330)~>(=20,-1)
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(am, ) (-5 3

3L
2551
L1R

-7 [+ E

05+

A5+

25+

1 V4 ﬁl 271'
2 2
L4t

2

al
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Homework Exercises

Sketch at least three cycles of each of the following functions. In addition, state the domain and range of each, as well as
the amplitude, the vertical displacement, the phase shift and the period.

(@) f(x)=—-cos3x—-2

USC RSMO,S l l‘(b) g(x) =3cos(x—%)

(€) h(x)= 4sin(2(x +%)) -1

(e) q(t)=—5cos($t+%)+2

Copyright ©, Nick E. Nolfi
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(d) p(x)=-2sin(2x+%)+1

(f) r(@)=-2sin(-2(0-%

I I A A A A A A N

&
E
{

))-3

{
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One Cycle of each of the Trigonometric Base/Parent/Mother Functions

1
0.8
0.6
04
0.2

f(X) =sinx

0.2
04—
0.6
08

4

D=R, R={yeR:-1<y<1}
A=1d=0,p=0, w=1 T =27

10 A A
8 i I
6 i I
4 l |
2 i :
IIIIIIIIIII!IIIIIIIIIII!
HITTEITS ad
4 !
JE > <
3l
_1[]_

D={xeR:x#nr,neZ}, R={yeR:y<-lory>1}
A =1 but the amplitude is undefined, d =0, p=0, =1, T =27

(The vertical stretch factor is 1 but there is no feature corresponding to amplitude.)

0.8
0.6
04
0.2

0.2
0.4}
06
08

D=R, R={yeR:-1<y<l}

A=1d=0,p=0, w=1 T =27

10 (x) =secx !
| )
8 | I
| 1
6 | 1
| 1
4 | 1
|
2 | :
11 1 1 | II | N TN N N Y N [ A i | III 11 1 1 1
Lz X 3z 5z 37 |57
af 7 ? ) 2ﬂ'
r 1
4> <>
sf :
r |
ar 1
r 1
- U

(2n+1)ﬂ'
D= XERZXiT,nEZ , R={yeR:y<-lory>1}

A =1 but the amplitude is undefined, d =0, p=0, w=1 T =27

(The vertical stretch factor is 1 but there is no feature corresponding to amplitude.)

f(xX)=tanx

A
|
|
|
1
1
I
I
I
I
;/fr'”;:%%
e — e | —>
|
I
I
\I/

(2n+1)ﬂ'
D= XERZX#T,HEZ , R=R

A =1 but the amplitude is undefined,
d=0,p=0, =1, T=x

o & b &
— N
rofNe
¥
P =aat JNINANRRRRRRARY

D={xeR:x=nz,neZ}, R=R

A =1 but the amplitude is undefined,
d=0,p=0, =1, T=x
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Suggestions for Graphing Trigonometric Functions
1. Identify the transformations and express using mapping notation.

2. Think carefully about the effect of the transformations on the features of the base graph

(@) Horizontal stretches/compressions affect the period and the locations of the vertical asymptotes.
(b) Horizontal translations affect the locations of the vertical asymptotes and the phase shift.

(c) Vertical stretches/compressions affect the amplitude (if applicable) and the y-co-ordinates of
maximum/minimum points.

(d) Vertical translations simply cause all the points on the graph to move up or down by some constant amount.
3. Apply the transformations to a few special points on the base function.

4. Sometimes it is easier to apply the stretches/compressions first to obtain the final “shape” of the curve. Then itis a
simple matter to translate the curve into its final position.

5. To find a suitable scale for the x-axis, divide the period by a number that is divisible by 4. The number 12 works

particularly well because it divides evenly into 360°, giving increments of 30° or % radians (see diagram).

=1

[TTTTTTrrTs

2 3z - —z z oz x 2z 5z g Iz 4z 3z 5z lz2g
2 2 6 38 2 3 6 6 3 2 3 B

Graphing Exercises

Now sketch graphs of each of the following functions by applying appropriate transformations to one of the base
functions given above. Once you are done, use Tl-Interactive or a graphing calculator to check whether your graphs are
correct. Detailed solutions are also available at http:www.misternolfi.com/courses.htm under “Unit 2 - Trigonometric
Functions.”

= E - [+ = —cCoO0s§ S_ﬂ X — — 2 42
a)y = 18c05(4 ) 14 )y ( 3 ( 1)) +1 h) y——ZSEC(;(X+EJJ+5
4 . (2 3 — R N . 1
b)y = —5 sin (?(x + ?)) + 10 £)y=15 5‘“(15) 5 i) y=3cot(§(x—%D+2
7 9 —_ Tl
c) y = 101 cos (x - ?ﬂ-) BT 9) y= Ztan(S[X+ 4]) 3 i) y:§csc[1.5x+£j+§
3 4) 2
d) y = 6sin (mx + 13) + 22 SCQ Qqum'l'e olocuyney\'l‘

on www, misternolfi.con

-Fmr a\e’\v;\ed %o’u'“ons ‘
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A
—-.‘
=y

A1 3 3 3 3 3 3 3 31 3 ll\

- { g
Activity 1 A::B) T-_'g’ﬂ; P’-";" '..w._.gn_:_,%_ )d;.-a
1. A cosine curve has an amplitude of 3 units and a period of 377 radians. /

The equation of the axis is y = 2,7and a horizontal shift of radians

to the left has been applied. Write the equation of this function. 7(, ( !x‘) = 3@5( %( ‘%‘l‘%))"'l
In addition, sketch two cycles of the graph of this function.

-13m/4, 5 ' ' ‘ ' [ ] -m/4,5

11m/4, 5

\ 2l \

1 : i H
31 ygpp 52 e |-Tmid, 1) w2 2 0

: ! 5m/4, -1 2Tri ! 51/2 am
-3 e { ' ar
\\1,/ 7‘ % ‘f 1,_/ ‘1.

2. Determine the value of the function in question 1 if x = %, 3%,
d 117
and =~

Sa'mP/y evaluite 70(%)) F[%} and f(%) )
C)Ieck the 5mpln "l‘o see ‘}: /our onswer s M/fﬂ Sensé .
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3. Use your graph to estimate the x-value(s) in the domain 0 < x < 2,
where y = 2.5, to one decimal place.

A5 S)[bhtlf more. thaw %T_

_ 3T
Xx=Z=hA

4. The number of hours of daylight in Vancouver can be modelled by a min=83
sinusoidal function of time, in days. The longest day of the year is max =15.77

June 21, with 15.7 h of daylight. The shortest day of the year is A= —_-—-15:23‘3
December 21, with 8.3 h of daylight. P-T-'H (n days lefore Jun. 1) = 7—;5 =377

a) Find an equation for /i(#), the number of hours of daylight on the | _ 8.3+4/5.7
f th day of the year. In addition, sketch one cycle of the graph of this fun&llc'{n.

b) Use your equation to predidt the number of ours of daylight in

Vancouver on January 30th| ht) =-3.7coe (%:E; t ll)) +|A T= 365 A

g
; oy 30
111_083
\&Lg‘ KIUI" 2l s ala\, 171 o'?"‘"h!l,year
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16. Write a list of helpful strategies for proving trigonometric identities, and
describe situations in which you would try each strategy. Compare your list
with your classmates’.

: Selected Answers -aanedou
17. Formulating problems a) Create a trigonometric identity that has not J9A9U 5] IPIS PURY-1] Y1 0N “BL KINUIP] UE (8 INUIp)
appeared in this section. I A
ue jou \]HU) jue((e* — or: gy =ms- )
b) Have a classmate check graphically that your equation may be an identity. If o IS Ay ST S l uzz |

50, have your classmate prove your identity. %—- = o @ SHY = SH'1 %= (%');”'j\

18. Technology a) Use a graph to show that the equation

2 L —(9 .ms(rs 28 soAld e
_ s | s - |NuIog
cosx—1_ cos x— 1 appears to be an identity. I = ) 52
cos x+ 1 050> 9
b) Compare the functions defined by each side of the equation by yeg(e's g usug usBg 500 6, ur g o ®
of values. Find a value of x for which the values of the two functions are O us—106g s00—1@g uis (e lea few \mm\ ) !

not the same. Have you shown that the equation is not an identity? Explain.

tan xsin x _ tan x—sin x
tan x+sin x tan xsin x

20. Prove that

Exercises on Equivalence of Trigonometric Expressions
Complete the following table. The first row is done for you.

Justification using Right Triangle or

Identity Graphical Justification Angle of Rotation

Since sin(%—x) =sin(—1(x—§)) , the graph of A

—X

15

y =sin(%—x) can be obtained by reflecting

y =sinx in the y-axis, followed by a shift to the
right by 7. Once these transformations are applied,
lo and behold, the graph of y =cosx is obtained!

sin(Z —x) =cosx B_| X ¢
BC
COSX=——
AC
_BC
sin(Z —x
.COSX = sin(% —x)

Y = cos (- lC%’Eﬂ) Same. o\mj m.m as aIOOUe.
’Rb‘?lec'\' = - T _
.-nﬂthe\{_ax;’ffﬁheh S\WWX = 4 /’r ,cos( X) A
‘tVUV\SIO‘ e ﬂ- *[‘o " ) =C.0S ﬁ-ﬂx
m,rlgw e (%)
—> produces graph of y=ginx

t
r:{;ﬁuh kafosg (...x’x

cos(5 —x) =sinx

« <l cos(T+p) =:;'
XY

s shifted ﬁ - _- . "é
cos(Z +6) =—sind 'Ta the 19‘H i = ~Fn

Mo 5m]a% i (»y)

)’f——sm{} £S

obtained .
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Identity

Graphical Justification

Justification using Angles of Rotation

\/sin (~1(6-™)

sin(z—6)=sin@ \

aan

y=sin(~1(6-1)

M]&:l‘ \/"SIHB "
y-oxis, thon shfbqt unids ng,l;t = produces

ﬂf‘*Y]" §in(m- 0)"—"9'\3

y: S;ng (-x' Y)

(x,y)

L 2

t t 4 t 2 L 2 t
=

cos(-1(6-))

cos(z — @) =—cosé

L

Y-—- -Cﬂse

yzcos(-l( 6-m))

A FR VRV
N

SO‘"\E‘ dfajmm as Prew‘aus yow.
cos(m-0 ==z

--%
=Cos O T . X _
i~ y- a"Z'H\:: ‘.-M'M' g llhl’") rigkl’—)wm'uces — = CcoS 9
! PZaEma! T foY)
_ Sin(-ﬁ)
\ : gt
sin(-@) =—sing N m O =
..Sm(-—lo) ‘ _
R)elfled y=swab || .~ sinb
" 7-0005—? Pmduus sra!pl'l O‘F y:-sing "r)’)

cos(—0) = cosH

0 i m m 4mi 5m3 m

Same af:'agmm os Pf@wbus ow,

Y=(oS (-16)
Reflect y=cosd

I y-ams%praduces Smpl-\ J-F :/:(059

cos(-0) =

=cos O

1. Read the summary on page 43 (i.e. the next page).
2. Do the questions on page 44 for homework.

List of Important Identities that can be Discovered/Justified using Transformations
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TRIG IDENTITIES — SUMMARY AND EXTRA PRACTICE

1. Complete the following statements:

(a) An equation is an identity if

(b) There are many different ways to confirm whether an equation is an identity. List at least three such ways.

(c) There is a very simple way to confirm that an equation is not an identity. In fact, this method can be used to show

the falsity of any invalid mathematical statement. Describe the method and use it to demonstrate that the equation

Jx+y =x+.Jy is not an identity.

2. Mr. Nolfi asked Uday to prove that the equation 1
+

the following response? Explain.

sin 2x
1+cos2x
_2sinXxcosx
1+2c0s*x—-1
. 2sinxcosx
" 2c0s® X

(ZJKSinx)(cosxj
L2 =2 | == |=tanx
2 J\ cosx /\ cosx
~.1(tan x)(1) =tan x

s.tanx =tanx

=tfanx

=tanx

=tanXx

n Zs);x =tan x is an identity. What mark would Uday receive for

3. List several strategies that can help you to prove that an equation is an identity.
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Justify each of the following identities by using transformations and by using angles of rotation.

(@) sin(—x)=-sinx (b) sin(7z/2—-x)=cosx (c)
(d) cos(—x)=cosx (e) cos(z/2—x)=sinx )
(9) tan(—x)=—tanx (h) tan(z/2—x)=cotx (i)

Prove that each of the following equations is an identity:

cos’ ) — sin’ 6

a)

b) tan’x — sin?

2 2. _
c) tan“x — cos x =

1

cos> @ + sin 6 cos @

=1—rtnf

x = sin® x tan® x

1
cos® x

1 2

2
— 1 —cos™ x

d)

+ =3
1 + cos@ 1 —cosf sin“@

Prove that each of the following equations is an identity:

a) CosXx tan®

b) sin®f + cos* @

o (sinx + cos x)(

d) tan’B + cos* B + sin’ B =

x = sin x tan” x

= cos’ f + sin* 6
tan® x + 1) 1 1

tan x COSX  sinx

1

cos® 3

Copy and complete the following Frayer diagram:

Definition Methods of Proof

Examples

wﬁtiu

Non-Examples

sin(x+7z)=-sinx
cos(X+ ) =—COSX

tan(x +7)=tan x

Express 8cos* x in the form acos4x+bcos2x+c. State the values of the constants a, b and c.

Give a counterexample to demonstrate that each of the following equations is not an identity.

1
cos X

a) Cosx —

¢ sin (x + y) = cosxcosy + sin xsin y

b) 1 —tan’x =sec’x d) cos2x =1+ 2sin’x

Copyright ©, Nick E. Nolfi
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RATES OF CHANGE IN TRIGONOMETRIC FUNCTIONS

Introductory Investigation

Vyshna was walking through a playground minding his own business when all of a sudden, he felt little Anshul tugging at
his pants. “Vyshna, Vyshna!” little Anshul exclaimed. “Please push me on a swing!” Being in a hurry, Vyshna was a
little reluctant to comply with little Anshul’s request at first. Upon reflection, however, Vyshna remembered that he had
to collect some data for his math homework. He reached into his knapsack and pulled out his very handy portable motion
sensor. “Get on the swing Anshul!” Vyshna bellowed. “I’ll set up the motion sensor in front of you and it will take some
measurements as [ push.” Gleefully, little Anshul hopped into the seat of the swing and waited for VVyshna to start
pushing.

The data collected by Vyshna’s motion sensor are shown in the following tables. Time is measured in seconds and the
distance, in metres, is measured from the motion sensor to little Anshul on the swing.

Time (s) 0 0.1 0.2 0.3 04 |05 |06 |07 |08 |09 1 1.1

Distance (m)| 3.8 | 3.68 | 3.33 | 2.81 | 2.2 159 | 1.07 | 072 | 06 | 0.72 | 1.07 | 1.59

Time (s) 1.2 1.3 14 |15 16 |17 18 [ 19 |20 |21 22 |23 |24
Distance (m)| 2.2 | 2.81 [ 333 | 368 | 3.8 | 368 (333|281 |22 |159| 107|072 |06
Scatter Plot Curve of Best Fit Mathematical Model

|Al = Amplitude = 1.6

4_
36 vle T =Period=1.6= 1 2z
g 3-2: L ] L ] L ] - a)
Eg 28 . . % P @ = Angular Frequency
=8 24 I ! I == (1), (1), 57
‘g \%/ 2F g é = ? T = R T —T
v O B Y= .
g2 :; . . 8 2 d = vertical displacement = 2.2
Z o - : L] L] L] g (% — H =
3 o - i z p =phase shift =0
04
,,,,,,,,,,,,.’.d(t)=1.6c055—7[t+2.2
04 08 12 16 2 24 04 08 12 16 2 24 4
Time (Seconds) Time (Seconds) (Alternatively, we could write
d(t)=1.65in(57”(t—1.2)]+2.2)
Questions
1. What quantity is measured by
(a) the slope of the secant line through the points (t,,d(t,)) and (t,,d(t,))?
(b) the slope of the tangent line at (t,d (t))?
2. Complete the following table.

Intervals of Time over
which Anshul approaches
the Motion Sensor

Intervals of Time over Intervals of Time over
which Anshul recedes which Anshul’s Speed
from the Motion Sensor Increases

Intervals of Time over
which Anshul’s Speed
Decreases
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3. Explain the difference between speed and velocity.

4. Describe the “shape” of the curve over the intervals of time during which
(a) Anshul’s velocity is increasing

(b) Anshul’s velocity is decreasing

5. Use the function given above to calculate the average rate of change of distance from the motion sensor with respect
to time between 0.2 sand 1.0 s. s your answer negative or positive? Interpret your result geometrically (i.e. as a
slope) and physically (i.e. as a velocity).

6. Use the function given above to estimate the instantaneous rate of change of distance from the motion sensor with
respect to time at 0.6 s. Is your answer negative or positive? Interpret your result geometrically (i.e. as a slope) and
physically (i.e. as a velocity).

Copyright ©, Nick E. Nolfi MCR3U9 Unit 2 — Trigonometric Functions TF-60



Rectilinear (Linear) Motion
Rectilinear or linear motion is motion that occurs along a straight line.

Rectilinear motion can be described fully using a one-dimensional co-ordinate system.

Strictly speaking, Anshul’s swinging motion is not rectilinear because he moves along a curve (see diagram).

However, since only the horizontal distance to the motion sensor is measured, we can imagine that Anshul is moving
along the horizontal line that passes through the motion sensor (see diagram). A more precise interpretation is that the
equation given above models the position of Anshul’s x-co-ordinate with respect to time.

The Origin of the One- :
H H 1
Dmensnonal ! Distance from Motion
Co-ordinate System ! Sensor Measured
i Horizontally
Motion Sensor |
|
: Y
Negative < [ O | 1 L 1 1 1 1 > Positive
Direction L L i rrrrrd Direction
09 8 7 4 5 4 -3 -2 10 5 6 7T &8 9 10

The table below lists the meanings of various quantities that are used to describe one-dimensional motion.

Quantity Meaning and Description Properties
The position of an object measures . . .
where the object is located at any given Atany time t, if the object is located
time. In linear motion, the position of an | (a) at the origin, then s(t)=0
Position object is simply a number that indicates (b) to the right of the origin, then s(t) >0

where it is with respect to a number line
like the one shown above. Usually, the
position function of an object is written

as s(t).

(c) to the left of the origin, then s(t)<0

Also, |s(t)| is the distance from the object to the origin.

Displacement

The displacement of an object between
the times t, and t, is equal to its change

in position between t, and t,. That s,
displacement =As=s(t,)—s(t,).

If As>0, the object is to the right of its initial position.
If As<0, the object is to the left of its initial position.

If As=0, the object is at its initial position.

Distance measures how far an object has
travelled. Since an object undergoing
linear motion can change direction, the

The position of an object undergoing linear motion is
tracked between times t, and t,. In addition, the object

changes direction at times t,, t,,..., t,, (and at no other

Distance distance travelled is found by summing | times), where t, < t, <...< t,, < t,. If As; represents the
(adding up) the absolute values of all the | displacement from time t, , to time t;, then the total
displacements for which there is a distance travelled is equal to
change in direction. d = |As|+|As, |+ +|As, | +]As, |
Velocity is the instantaneous rate of At any time t, if the object is
change of position with respect to time. | 4y moving in the positive direction, then v(t)>0
Velocity measures how fast an object o o

Velocity moves as well as its direction of travel. | (b) moving in the negative direction, then v(t) <0
In one-dimensional rectilinear motion, (c) atrest, then v(t)=0
velocity can be negative or positive, ] ]
depending on the direction of travel. Also, |v(t)] is the speed of the object.

Speed is simply a measure of how fast
Speed an object moves without regard to its speed =|v(t)|

direction of travel.
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Exercises

Determine the tendency of

N As x>0, f(x)> p | N As x>0 f()>
ns 5| : :
g; f(x) =sinx As x—>0, f(x)—> ‘2‘1 ! L As x>0, f(x)»>____
25 r 1 1
E REFARFARE P ARG NE N g
byl 2 i LA x-S, ()
06} .5.6'96'9: :
0.8f L
al; 13 : | As x—>3?”, f(x)—
As x>z, f(x)-
As x>z, f(x)>
As x—>0", f(x)—> As x—0, f(x)>____
As x—>0, f(x)—> Asx—om, f(x)>___
As x—>0, f(x)—> As X—>%, f(x)>____
As X*% , F()—>__ As x—>% . f(x)—>
As x—>%, f(x)—>___ As x—>37”_ f(x)—>
T +
Asx—>5, f(x)>____ As x—>37” f(x)—>
/?\ 12; f(x):tanx: As X—)O, f(X)—) 1ng(x)=cotx /?\
1 sF 1 sF 1
: ot : of :
o A x—>%, f(x)>___ | 2 :
I I z 13
: /}"/_; 4 F
I v >b | | T
j il | AS X, f(x)—>
I -8 1
! Lol \'/ +
As x—>—§  f(x)—
As x—>%_, f(x)—>
As x—>37” , f(x)—>
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