
INVESTIGATING RATIONAL FUNCTIONS 
What is a Rational Function? 
Just as a rational number is the ratio of two integers, a rational function is the ratio of two polynomial functions. 

• Rational Numbers have the form ar
b

=  where ,  ,  b 0a b∈ ∈ ≠  (a and b are integers, b must be nonzero) 

• Rational Functions have the form ( ) ( )
( )

p x
r x

q x
=  where ( )p x  and ( )q x  are polynomial functions such that ( ) 0q x ≠ . 

Graphs of the Simplest Rational Functions – Reciprocals of Polynomial Functions 
Use a graphing calculator or graphing software to complete the following table. 

Legend 
VA→Vertical Asymptote(s) HA→Horizontal Asymptote(s) IP→Intervals on which the Function is Positive 
IN→Intervals on which the Function is Negative  II→Intervals on which the Function is Increasing 
ID→Intervals on which the Function is Decreasing ICU→Intervals on which the Function is Concave Up 
ICD→Intervals on which the Function is Concave Down  PON→Points at which the Function is 1 or −1 

Graph of Function Graph of its Reciprocal Characteristics of 
Function 

Characteristics of the 
Reciprocal of the 

Function 

( )f x x=  

 

( ) ( )
1 1g x

f x x
= =  Zeros: 1 (at 0x = ) 

VA: none 
HA: none 

IP: ( )0,∞  

IN: ( ),0−∞  

II: ( ),−∞ ∞  

ID: none 
ICU: none 
ICD: none 

PON: ( )1, 1− − , ( )1,1  

Zeros: none 
VA: 0x =  
HA: 0y =  

IP: ( )0,∞  

IN: ( ),0−∞  

II: none 
ID: ( ),0−∞ , ( )0,∞  

ICU: ( )0,∞  

ICD: ( ),0−∞  

PON: ( )1, 1− − , ( )1,1  

( ) ( )21f x x= −  

 

( ) ( ) ( )2

1 1
1

g x
f x x

= =
−

 
Zeros: 1 (at 1x = ) 

VA: none 

HA: none 

IP: ( ),1−∞ , ( )
IN: none 

1,∞  

II: ( )1,∞  

ID: ( ),1−∞  

ICU: ( ),−∞ ∞  

ICD: none 

PON: ( )0,1 , ( )2,1  

Zeros: none 

VA: 1x =  

HA: 0y =  

IP: ( ),1−∞ , ( )1,∞  

IN: none 

II: ( ),1−∞  

ID: ( )1,∞  

ICU: ( ),1−∞ , ( )1,∞  

ICD: none 

PON: ( )0,1 , ( )2,1  



 

Graph of Function Graph of its Reciprocal Characteristics of 
Function 

Characteristics of the 
Reciprocal of the 

Function 

( ) 2 4f x x= −  

 

( ) ( ) 2

1 1
4

g x
f x x

= =
−

 
Zeros: 2 (at 2,2x = − ) 

VA: none 
HA: none 

IP: ( ), 2−∞ − ,  (2,∞)
IN: ( )2,2−  

II: ( )0,∞  

ID: ( ),0−∞  

ICU: ( ),−∞ ∞  

ICD: none 
PON: ( )5,1 , ( )5,1−  

( )3, 1− , ( )3, 1− −  

Zeros: none 
VA: 2x = − , 2x =  
HA: 0y =  

IP: ( ), 2−∞ − , ( )2,∞  

IN: none 
II: ( ), 2−∞ − , ( )2,0−  

ID: ( )0,2 , ( )2,∞  

ICU: ( ), 2−∞ −

( )
, 

 2,∞

ICD: ( )2,2−  

PON: ( )5,1 , ( )5,1−  

( )3, 1− , ( )3, 1− −  

( ) 2 3f x x= −  

 

( ) ( )
1 1

2 3
g x

f x x
= =

−
 

Zeros: 1 (at ) 1.5x =
VA: none 
HA: none 

IP: ( )1.5,∞  

IN: ( ),1.5−∞  

II: ( ),−∞ ∞  

ID: none 
ICU: none 
ICD: none 

PON: ( )1, 1− , ( )  2,1

Zeros: none 
VA: 1.5x =  
HA: 0y =  

IP: ( )1.5,∞  

IN: ( ),1.5−∞  

II: none 
ID: ( ),1.5−∞ , ( )1.5,∞  

ICU: , ( )1.5,∞  

ICD: ( ),1.5−∞  

PON: ( )1, 1− , ( )2,1  

( ) ( )( )2 3f x x x= − +  

 

( ) ( ) ( )( )
1 1

2 3
g x

f x x x
= =

− +
 

 

Zeros: 2 (at 3,2x = − ) 
VA: none 
HA: none 
IP: ( ), 3−∞ − ,  ( )2,∞

IN: ( )3,2−  

II: ( )0.5,− ∞  

ID: ( ), 0.5−∞ −  

ICU: ( ),−∞ ∞  

ICD: none 

PON: ( )1 29
2 ,1+ , 

( )1 29
2 ,1− , ( )1 21

2 , 1+ −

( )1 21
2 , 1− −  

Zeros: none 
VA: 1x =  
HA: 0y =  

IP: ( ), 3−∞ − , ( )2,∞  

IN: ( )3,2−  

II: ( ),1−∞  

ID: ( )1,∞  

ICU: ( ), 3−∞ − , ( )2,∞  

ICD: ( )3,2−  

PON: ( )1 29
2 ,1+ , 

( )1 29
2 ,1− , ( )1 21

2 , 1+ −

( )1 21
2 , 1− −  



Graphs of Rational Functions of the Form ( ) ax bf x
cx d

+
=

+
 (Quotients of Linear Polynomials) 

Complete the following table. 
Legend 
The following symbols are used in addition to the abbreviations given above. 
D→Domain R→Range X→x-intercept(s) Y→y-intercept 

Graph and Characteristics of Rational Function Graph and Characteristics of Rational Function 

( ) 1
1

xf x
x
+

=
−

 

 

Zeros: 1 (at 1x = − ) 
VA: 1x =  
HA:  1y =

IP: , ( ), 1−∞ − ( )1,∞  

IN:  ( )1,1−

II: none 

ID: ( ),1−∞ , ( )1,∞  

ICU:  ( )1,∞

ICD: ( ),1−∞  

D { }: 1x x= ∈ ≠  

R { }: 1y y= ∈ ≠  

X: −1 
Y: −1 

( )
3

xf x
x

=
−

 

 

Zeros: 1 (at 0x = ) 
VA: 3x =  
HA: 1y =  

IP: ( ),0−∞ , ( )3,∞  

IN: ( )0,3  

II: none 

ID: ( ),3−∞ , ( )3,∞  

ICU: ( )3,∞  

ICD: ( ),3−∞  

D  { }: 3x x= ∈ ≠

R  { }: 1y y= ∈ ≠

X: 0 
Y: 0 

As x →∞ , ( )f x → 1 
As x →−∞ , ( )f x → 1 
As , 1x −→ ( )f x →−∞ 
As , 1x +→ ( )f x →∞ 

As x →∞ , ( )f x → 1 
As x →−∞ , ( )f x → 1 
As 3x −→ , ( )f x →−∞ 
As 3x +→ , ( )f x →∞ 

( ) 2
3 4
xf x
x
−

=
+

 

 

Zeros: 1 (at 1x = − ) 

VA: 4 3x = −  

HA: 1 3y =  

IP: ( )4
3,−∞ − , ( )2,∞  

IN: ( )4 3,2−  

II: ( )4
3,−∞ − , 

( )4
3 ,− ∞  

ID: none 

ICU: ( ), 4 3−∞ −  

ICD: ( 4 3,− ∞)  

D { }: 1x x= ∈ ≠  

R { }: 1y y= ∈ ≠  

X: 2 
Y: 1 2−  

( ) 3
2 6
xf x
x
−

=
−

 

 

Zeros: none 

VA: none 

HA: none 

IP: ( ),3−∞ , ( )3,∞  

IN: none 

II: none 

ID: none 

ICU: none 

ICD: none 

D { }: 3x x= ∈ ≠  

R { }0.5=  

X: none 

Y: 0.5 

As x →∞ , ( ) 1
3

f x →  

As x →−∞ , ( ) 1
3

f x →  

As 4
3x −→ − , ( )f x →∞ 

As 4
3x +→ − , ( )f x →−∞ 

As x →∞ , ( )f x → 0.5 

As x →−∞ , ( )f x → 0.5 

As 3x −→ , ( )f x → 0.5 

As 3x +→ , ( )f x → 0.5 



Graphs of other Rational Functions 

Graph and Characteristics of Rational Function Graph and Characteristics of Rational Function 

( ) 2

9
1

xf x
x

=
+

 

 

Zeros: 1 (at 0x = ) 

VA: none 
HA:  0y =

IP:  ( )0,∞

IN:  ( ),0−∞

II:  ( )1,1−

ID: , ( ), 1−∞ − ( )1,∞  

ICU: , ( )2,0− ( )2,∞  

ICD: , ( ), 2−∞ − ( )0,2  

D =  

R 9 9:
2 2

y y⎧ ⎫= ∈ − ≤ ≤⎨ ⎬
⎩ ⎭

 

X: 0 

Y: 0 

( ) 2

1
2 3

xf x
x x

+
=

− −
 

 

Zeros: none 

VA: 3x =  

HA: 0y =  

IP: ( )2,∞  

IN: ( ),2−∞  

II: none 

ID: ( ),3−∞ , ( )3,∞  

ICU: ( )3,∞  

ICD: ( ),3−∞  

D { }: 1, 3x x x≠ − ≠  = ∈

R { }: 0y y= ∈ ≠  

X: none 

Y: none 

As x →∞ , ( )f x → 0 

As x →−∞ , ( )f x → 0 

As , 1x −→ ( ) 9
2

f x →  

As , 1x +→ ( ) 9
2

f x →  

As x →∞ , ( )f x → 0 

As x →−∞ , ( )f x → 0 

As x 3−→ , ( )f x →−∞ 

As x 3+→ , ( )f x →∞ 

( )
2 1

1
xf x
x
−

=
−

 

 

Zeros: 1 (at x 1= − ) 
VA: none 
HA: none 

IP:  ( )1,− ∞

IN:  ( ), 1−∞ −

II: ( ),1−∞ , ( )1,∞  

ID: none 
ICU: none 
ICD: none 

D { }: 1x x ≠= ∈  

R { }: 2y y ≠= ∈  

X: −1 
Y: 1 

( )
20.5 1
1

xf x
x

+
=

−
 

 

Zeros: none 
VA: 1x =  
HA: none 

IP: ( )1,∞  

IN: ( ),1−∞  

II: ( ),1 3−∞ − , 

( )1 3,+ ∞  

ID: none 

ICU: ( )1,∞  

ICD: ( ),1−∞  

D { }: 1x x ≠= ∈  

R (see below) 
X: none 
Y: −1 

As x →∞ , ( )f x →∞ 

As x →−∞ , ( )f x →−∞ 

As , 1x −→ ( )f x → 2 

As , 1x +→ ( )f x → 2 

As x →∞ , ( )f x →∞ 

As x →−∞ , ( )f x →−∞ 

As x 1−→ , ( )f x →−∞ 

As x 1+→ , ( )f x →∞ 

{ }R : 1 3 or 1y y y= ∈ <= − >= + 3  for the range of ( )
20.5 1
1

xf x
x

+
=

−
 



Further Analysis of ( )
20.5 1
1

xf x
x

+
=

−
 

Note that in the very last example, there is a “slanted” asymptote.  Such an asymptote is called an oblique asymptote.  In 

the case of ( )
20.5 1
1

xf x
x

+
=

−
, the equation of the asymptote turns out to be 0.5 0.5y x= + .  The following is a detailed 

explanation of how this equation can be determined. 

As shown at the right, when 1x −  is divided into 20.5 1x + , a quotient of 0.5 0.5x +  is obtained, 
along with a remainder of 1.5.  That is, 2

2

0.5 0.5
1 0.5 0 1

0.5 0.5
0.5 1
0.5 0.5

1.5

x
x x x

x x
x
x

+
− + +

−
+
−

( )( )20.5 1 1 0.5 0.5 1.5x x x+ = − + +  

( )( )2 0.5 1 1 1.50.5 1
1 1

x xx
x x

− + ++
∴ =

− −
 

( )( )2 0.5 1 10.5 1 1.5
1 1

x xx
1x x x

− ++
∴ = +

− − −
 

( )
20.5 1 1.5 1.50.5 1 0.5 0.5
1 1

x x x
1x x x

+
∴ = + + = + +

− − −
 

( )
20.5 1 1.50.5 0.5
1 1

xf x x
x x

+
∴ = = + +

− −
 

This means that ( )f x  can be written as the sum of the linear function 0.5 0.5x +  and the rational function 1.5
1x −

.  For 

large enough values of x, the rational function 1.5
1x −

 takes on increasingly smaller values, which means that it contributes 

very little to the overall sum.  Therefore, the value of 1.50.5 0.5
1

x
x

+ +
−

 gets closer and closer to  as x gets 

larger because 

0.5 0.5x +

1.5
1x
→

−
0  as x →∞ . 
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