INVESTIGATING RATIONAL FUNCTIONS

What is a Rational Function?

Just as arational number isthe ratio of two integers, arational function isthe ratio of two polynomial functions.

e Rational Numbers havetheform r =

_a

p(x)

e Rational Functions have the form r(x)=——

a(x)

where aeZ, beZ, b=0 (aandb areintegers, b must be nonzero)

where p(x) and q(x) are polynomial functions such that q(x)+0.

Graphs of the Simplest Rational Functions — Reciprocals of Polynomial Functions
Use agraphing calculator or graphing software to complete the following table.

Legend
VA—Vertical Asymptote(s)

ICD—Intervals on which the Function is Concave Down

HA—Horizontal Asymptote(s) |P—Intervals on which the Function is Positive
IN—Intervals on which the Function is Negative
ID—Intervals on which the Function is Decreasing

I1—Intervals on which the Function is Increasing
ICU—Intervals on which the Function is Concave Up
PON—Points at which the Functionis1 or -1

Graph of Function

Graph of its Reciprocal

Characteristics of

Characteristics of the
Reciprocal of the

Function .
Function
f(x)=x Zeros. 1(at x=0) | Z€ros.none
VA: none VA:  x=0
& HA: none HA: y=0
5_
Al P (0,) IP: (0,)
i IN:  (=0,0) IN: (~0,0)
EEEE |1-| T - (_OO’OO) Il none
6 543217 123456 ID: (=0,0),(0,0)
; ID: none
3t ICU: none ICU: (0,0)
4r ICD: none ICD:  (-,0)
_5_
6l PON:  (-1-1), (L1) | PON: (-1-1), (L)
Zeros. 1l(at x=1) Zeros. none
f(x)=(x-1)° 9(x)=— 7 VA: VA:  x=1
f(x) (x-1) : none ©X=
HA: none HA: y=0
10 10
9l 9 IP: (—0,1), (Leo) | |p: (=0,2), (Loo)
8| 8
7l 7 IN: none IN: none
5 6 : (1) I (—0,1)
5t 5
4+ 4 ID: (—oo, ) ID: (loo)
3} 3
- 2 ICU: (—oo,oo) ICU: (_0011)’ (:Loo)
1 1
LT INA T ICD: -
EE4 324123456 | 655432 ¢ none ICD: none
o - PON: (0,1), (2,1) PON: (0’1), (2,1)




Graph of Function

Graph of its Reciprocal

Characteristics of

Characteristics of the
Reciprocal of the

PON: (22 1),
(24 ()

(.

Function .
Function
1 Zeros. 2 (at x=-2,2) | Zeros. hone
-4 VA: none VA: x=-2,x=2
HA: none HA: y=0
IP: (~»0,-2), (20) |IPF (-%,-2), (2,%)
( ) IN: none
I:  (-ow,-2), (-2,0
NN L Il ID: (0,2), (2,)
345 6 34 5 6 (—oo 0)
ICU: (—0,-2),
ICU: (—oo,oo) (2,00)
ICD: none
5| PON'(\E 1) ( \/31) ICD: (-2,2)
" D ma PON(E). (<5
(1), (8-
(1), (6
1 1 Zeros: 1l(at x=15) | Zeros: none
f(X):ZX—3 g(X)= f(X) = 2%x—3 VA: nhone VA: x=15
HA: none HA: y=0
Bt /\
5l IP: (15,) P (15)
:: IN: (—0,1.5) IN:  (—o0,1.5)
.? - (_OO,OO) I: none
554 32 -'1_1_ 72 3 456 |55 4 3_2‘—1-1“ 2 3 4 5 6 | ID: none ID: (—0015),(15,00)
2t ICU: none ICU: , (1.5,)
/j/ ICD: none ICD: (—o0,15)
st PON:  (1-1), (23) 21
| { -1 (2
1 1 Zeros: 2 (at x=-3,2) | Zeros:none
f(X):(X_Z)(X+3) g(X): f(X) :(X 2)(X+3) VA: none VA: x=1
HA: none HA: y=0
A j N IP: (—0,-3), (20) |IP: (-0,-3), (2,%)
: 3 IN: (=32 C (=
i . (-32) IN: (-32)
: 1o Il:  (-0.5,) I: (—o0,1)
5 & 4 3466 | BEAPTIITEIL486 || (—o0,-0.5) ID:  (Loo)
AR ICU: (—o0,0) ICU: (~o0,-3), (2,)
_451 : ICD: none ICD: (_3’ 2)
_G._
JL

PON: (242.1),
(22.), (242,-1)
()

2 )




Graphs of Rational Functions of the Form f (x)=

Complete the following table.
Legend

ax+b

5 (Quotients of Linear Polynomials)

The following symbols are used in addition to the abbreviations given above.

D—»Domain R—>Range

X—x-intercept(s)

Y —y-intercept

Graph and Characteristics of Rational Function

Graph and Characteristics of Rational Function

f(x):x—+1 Zeros. 1 (at x=-1) f(x): X Zeros: 1 (at x=0)
x—1 VA: x=1 X-3 VA: x=3
HA: y=1 : HA: y=1
IP: (—o0,-1), (L) | IP: (—,0), (3,x)
IN: (-1,2) i IN: (0,3)
Il:  none X Il: none
ID (_w, ), (:LCX)) i E g I1IU I 12 ID (—00,3), (3,@)
_ 20 ! .
ICU: (1) S ICU: (3,»)
ICD:  (—o0,1) TN ICD:  (~o0,3)
D={xeR:x=1) N D={xeR:x#3
As x>, f(x)—>
R={yeR:y=1 AS X —> -0 f(x)—>1 R={yeR:y=1
X -1 As x—3, f(x)—> X: 0
Yo -1 As x—3", f(x)—> Y: 0
X—2 Zeros. 1 (at x=-1) f(x)— x—3 Zeros. none
3x+4 VA: x=-4/3 2x-6 VA: none
HA: y=1/3 2r HA: none
: 15}
P (—0,—%), (2) | P (~0,3), (3)
IN: (-4/3.2) 85 o— IN: none
SEAETEETE I (~w-9), e 1 none
(=52) 3 D
© none
. At
ID: none I ICU: none
ICU: (~=0,=43) 2 ICD:  none
ICD: -4
AS X =3 00, f(x)—>l (=4/3,0) As x>, f(x)>05 D={xeR:x=3)
31 D={xeRix=1 As X —> f(x)—>05
—0 , . R: .
As X — —o0, f(x)—>§ R={ycR:y=1 {05}
ASX—)—— ’ f(X)—)OO X: 2 As Xx—>3 , f(X)—)OS X: none
As x—>—-4", f(X) > - Y: =12 Asx—>3", f(x)—>05 Y205




Graphs of other Rational Functions

Graph and Characteristics of Rational Function

Graph and Characteristics of Rational Function

9x

f(x)=

1+ x?

As x>, f(x)—>0

Zeros. 1 (at x=0)
VA: none
HA: y=0
P (0,00)

N: (~,0)
In: (-11)
ID: (=0,-1), (1)
ICU: (-2,0), (2,%)
ICD: (—oo,—2), (0,2)

X+1
fX)=03

As x>, f(x)—>0

Zeros. none

VA: x=3

HA: y=0

IP: (2,00)

IN: (—0,2)

I1:  none

ID: (-0,3), (3,x)
ICU: (3,)

ICD: (—,3)

D={xeR:ix=-1Lx=3

As x—>1, f(x)—>§ X' 0 As x—>3, f(x)—> - X: none
Y: none
As x —>1" f(x)_)g Y: 0 As x—3", f(x)—> oo
; x?-1 Zeros. 1 (at x=-1) Zeros. none
X)=
( ) x-=1 VA: none VA: x=1
HA: none HA: none
IP: (~Loo) IP: (Le0)
IN: (—o0,-1) IN: (-0,1)
: (—oo,l), (1,00) I: (—oo,l—\/é),
ID: none (1+\/§,oo)
r ICU: none
i ICD: none ID: none
_1_0: D={xeR:x=1} ICU: (L)
As x>, f(x)—> o R={ycR:y=2) As x— o, f(x)—> oo ICD: (~o0,1)
As x— -0, f(x)—>-» X: -1 As x— -0, f(X)—>—w D={xeR:x=1j
B Y: 1 ) R (see below)
Asx—>1, f(x)>2 As x—>1, f(x)—> - X: none
Y: -1

As x -1, f(x)>2

As x—>1", f(x) >

{yeR y<=1- \/_ory>—1+\/_} for therange of f(x)=

0.5x* +1
x-1




_05x7+1
x—1
Note that in the very last example, thereisa“danted” asymptote. Such an asymptoteis called an oblique asymptote. In

2
the case of f (x) = 05X—;1 , the equation of the asymptote turns out to be y =0.5x+ 0.5. Thefollowing isadetailed
X_

Further Analysis of f (x)

explanation of how this equation can be determined.

As shown at the right, when x —1 isdivided into 0.5x* +1, aquotient of 0.5x + 0.5 is obtained, 0.5x+0.5
along with aremainder of 1.5. That is, X —1)0.5x% + 0x +1
2,1 L L 0.5x* —0.5x
0.5x* +1=(x—1)(0.5x+0.5)+1.5 T oBxal
05x2+1 0.5(x—-1)(x+1)+15 0.5x-05
. = 15
x-1 x-1
. 0.5x2+1_0.5(x—1)(x+1)+ 15
Tox-1 x—1 x—1
2
SO (x4 1)+ 2 05x+ 054+ =
x-1 x-1 x—1
2
Lt (x) =22 o5k 05+ 2
x—1 x—1

Thismeansthat f (x) can bewritten asthe sum of the linear function 0.5x+0.5 and the rational function 1—51 For

large enough values of x, the rational function 1—51 takes on increasingly smaller values, which means that it contributes
X —_

very little to the overall sum. Therefore, the value of 0.5x + 0.5+ x1_51 gets closer and closer to 0.5x+ 0.5 asx gets

15
larger because—1—>0 as X —> .
X_

x yl(x) y2(x) y3(x)
0.5x+0.5 | 1.5/ (x-1) |0.5x+0.5+1.5/(x-1)
0 0.5 -1.5 -1
10 5.5 0.166667 5.6B8667
20 10.5 0.078947 10.5788
30 15.5 0.051724 15.5517
40 20.5 0.038462 20.5385
50 25.5 0.030812 25.5306
60 30.5 0.025424 30.5254
[i!] 35.5 0.021738 35.5217
80 40.5 0.018987 40.519
90 45.5 0.016854 45.5189
100 50.5 0.015152 50.5152
110 55.5 0.013781 55.5138
120 60.5 0.012605 60.5126
130 65.5 0.011628 65.5116
140 70.5 0.0107391 70.5108
150 75.5 0.010067 75.5101
160 80.5 0.008434 80.5084
170 85.5 0.003878 §5.5089
180 80.5 0.00838 90.5084
190 95.5 0.007937 95.5079
200 100.5 0.007538 100.508
210 105.5 0.007177 105.507
220 110.5 0.008843 110.507
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