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REVIEW OF EXPONENTIAL FUNCTIONS 
Exponential Growth and Exponential Decay 
Exponential functions are used to model very fast growth or very fast decay.  Specifically, exponential functions model 
• growth that involves doubling, tripling, etc. at regular intervals 

e.g. Since 1950, the Earth’s population has been doubling approximately every 40 years. 
• decay that involves cutting in half, cutting in thirds, etc. at regular intervals 

e.g. Sodium-24 loses half of its mass every 14.9 hours.  We say that the half-life of Sodium-24 is 14.9 hours. 
Graphs of Exponential Functions 

 

( ) ,  0< 1xf x aa= <( ) , 1 xf x a a= >  
Exponential Decay 

 
Exponential Growth 

1( ) 2xf x =  

 
Example 
In 1950, the Earth’s population was about 2.5 billion people.  Since then, the world’s population has been doubling 
roughly every 40 years.  If the current trend continues, predict the world’s population in 2100.  Do you think that the 
current trend will continue? 
Solution 

Using a Table to help us 
Understand the Problem  Writing an Equation Solving the Problem 

Year Population 

 

To double means to multiply by 2.  
Furthermore, we must multiply by 2 
every 40 years.  Thus, if we set t = 0 
years to correspond to 1950, it is clear 
that the following exponential function 
models the given situation: 

( ) ( )9 402.5 10 2
t

P t = ×  

 

The year 2100 is 150 years after 
1950.  Therefore, t = 150. 

( ) ( )1509 40

10

150 2.5 10 2

3.4 10

P = ×

×�
 

If the current trend continues, in 
2100 the Earth’s population will be 
about 34 billion. 

1950 92.5 10×  

1990 9 95 10 (2.5 10 )(2)× = ×  

2030 10 9 21 10 (2.5 10 )(2 )× = ×  

2070 10 9 32 10 (2.5 10 )(2 )× = ×  

2110 10 9 44 10 (2.5 10 )(2 )× = ×  

It is difficult to imagine that the current rate of population growth will continue indefinitely.  First of all, it is very unlikely 
that the Earth’s food supply can grow at a pace that matches or exceeds the growth of population.  To compound matters, 
as the population size increases, the amount of arable land tends to decrease because extra space is required for residential, 
commercial and industrial purposes. 

2 ( ) 3xf x =  

4
3( ) 1.5
2

x
xf x ⎛ ⎞= = ⎜ ⎟

⎝ ⎠
 

3
1( ) 2 0.5
2

x
x xf x − ⎛ ⎞= = =⎜ ⎟

⎝ ⎠
 

x

5
1( ) 3
3

xf x − ⎛ ⎞= = ⎜ ⎟
⎝ ⎠

 

6
3 2( ) 1.5
2 3

x x
xf x

−
− ⎛ ⎞ ⎛ ⎞= = =⎜ ⎟ ⎜ ⎟

⎝ ⎠ ⎝ ⎠
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General Form of an Exponential Function 
Algebraic Form Transformations expressed in Words Transf. in Mapping Notation 

( ) xf x a=  

( ) ( )( )
( )b x h

g x Af b x h k

Aa k−

= −

= +

+
 

Note 
Since a is being used to 
denote the base of the 
exponential function, A is 
used to denote the vertical 
stretch factor. 

Horizontal 
1. Stretch/compress by a factor of 1 / b 1b−=  

depending on whether 0 1b< <  or 1b > .  If b is 
negative, there is also a reflection in the y-axis. 

2. Shift h units right if 0h >  or h units left if 0h < . 

Vertical 
1. Stretch/compress by a factor of A depending on 

whether 1A >  or 0 1A< < .  If A is negative, there 
is also a reflection in the x-axis. 

2. Shift k units up/down depending on whether k is 
positive or negative. 

( ) 1, ,x y x h Ay
b

⎛ ⎞→ + +⎜ ⎟
⎝ ⎠

k  

Example   

( ) 2xf x =  

( ) ( )( )
( )( )1.5 1

5 1.5 1

5 2 6x

g x f x
− +

= − − + +

= − +

6
 

To obtain the graph of g from 
the graph of f, do the 
following: 

Horizontal 
1. Compress horizontally by 

a factor of 1/1.5=2/3, 
reflect in the y-axis. 

2. Translate 1 unit to the left. 

Vertical 
1. Stretch vertically by a 

factor of 5, reflect in the 
x-axis. 

2. Translate 6 units up. 

( ) 2, 1, 5
3

x y x y⎛ ⎞→ − − − +⎜ ⎟
⎝ ⎠

6  

Pre-image Image 

( )0,1  ( )1,1−  

( )1,2  5 , 4⎛ ⎞
3

− −⎜ ⎟
⎝ ⎠

 

11,
2

⎛ ⎞−⎜ ⎟
⎝ ⎠

 1 7,
3 2

⎛ ⎞−⎜ ⎟
⎝ ⎠

 

12,
4

⎛ ⎞−⎜ ⎟
⎝ ⎠

 1 19,
3 4

⎛ ⎞
⎜ ⎟
⎝ ⎠

 

13,
8

⎛ ⎞−⎜ ⎟
⎝ ⎠

 431,
8

⎛ ⎞
⎜ ⎟
⎝ ⎠

 

14,
16

⎛ ⎞−⎜ ⎟
⎝ ⎠

 5 91,
3 16

⎛ ⎞
⎜ ⎟
⎝ ⎠

 
 

Why are the Horizontal Transformations the Opposite of the Operations Performed to the Independent Variable? 

( ) ( ( ))y g x af b x h k= = − +  

 
As can be seen very clearly from the above diagram, 
• The operations that affect x are performed before the function f is applied. 
• The operations that affect y are performed after the function f is applied. 
• The input to f is ( )b x h− .  Recall that ( )( )f b x h−  means “the y-value obtained when ( )b x h−  is the input given to f.” 

• The input to the function g, however, is x, not ( )b x h− . 
• To find out the output obtained when g is applied to x, it is first necessary to “see” what output is produced by applying 

f to ( )b x h− .  In other words, we first must “look ahead” to see what happens when f is applied to ( )b x h− , then 
“reverse our steps” back to x, to determine what happens when g is applied to x. 

x → −h → ×b →     ( )b x h− → f → ( )( )f b x h−     → ×a → +k → ( )( ) +af b x h k−  

g 

( ) 2xf x =

( ) ( )
( )( )1.5 1

5 1.5( 1) 6

5 2 6x

g x f x
− +

= − − + +

= − +

y = 6 
Horizontal Asymptote 
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Very Important Restriction on Bases of Exponential Functions 
1. Negative bases are not allowed!  When the bases are allowed to be negative, the resulting functions are “badly 

behaved” in the sense that they are not continuous and smooth.  For instance, the table of values below (for the 
function ( ) ( 2)xf x = − ) illustrates some of the problems associated with allowing negative bases. 

x −2 −1 1 2−  0 1 4  1 2  1 3 2  2 

( ) ( 2)xf x = −  1 4  1 2−  1 2−  
(undefined) 

1 
4 2−  

(undefined) 
2−  

(undefined) 
−2 ( )3

2−  

(undefined) 
4 

• ( 2)( ) xf x = −  is undefined at an infinite number of points 

• ( ) ( 2)xf x = −  “jumps” across the x-axis, from positive to negative values and vice versa, at an infinite number of 
points 

• Functions like ( ) ( 2)xf x = −  behave very erratically.  They do not model natural processes such as radioactive 
decay or population growth. 

2. The bases 0 and 1 are not allowed.  This is very easy to accept because 0 0x =  and 1 1x =  for all x∈\ .  That is, the 
functions ( ) 0xf x =  and ( ) 1xg x =  are nothing more than constant functions, which means that their graphs are 
horizontal straight lines.  To make matters even worse, their inverses are not even functions (graphs are vertical lines). 

                                         

( ) 1 1xg x = =

( ) ( )2 xh x = −

1x =

Summary 
Functions that we call exponential must be of the form ( ) ( )b x hf x Aa k−= + , where  and .  If 0a > 1a ≠ 0a≤  or 1a = , the 
resulting functions do not exhibit the behaviour of natural processes such as population growth and are not called 
exponential.  (In addition, A, b, k and h must all be real numbers but 0A≠  and b 0≠ .) 

Furthermore, if an exponential function A is used as a mathematical model for a process that depends on time, then the 
amount present at time t is given by ( ) ( )0

tA t A a τ= ,where A0 represents the initial amount (amount at time 0), the base 

of the exponential function a corresponds to the growth factor (e.g. if the amount doubles at regular intervals then a = 2), 
and τ represents how long it takes for the amount to increase by a factor of a. 

Important Differences between Power Functions and Exponential Functions 

Power Functions Exponential Functions 

( ) ,nf x x n= ∈]  
e.g. ( ) 2f x x=  

• The base is variable and the 
exponent is constant. 

• Power functions grow more 
slowly than exponential 
functions. 

 

x ( ) 2f x x=
0 0 
1 1 
2 4 
3 9 
4 16 
5 25 
6 36 
7 49 

 

( ) , , 0,x 1g x a a a a= ∈ > ≠\  
e.g. ( ) 2xg x =  

• The base is constant and 
the exponent is variable. 

• Exponential functions 
grow more quickly than 
power functions. 

 

x ( ) 2xg x =  
0 1 
1 2 
2 4 
3 8 
4 16 
5 32 
6 64 
7 128 

 

0x =

( ) 0 0xf x = =
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Problems 

1. Given ( ) 1
2

x

f x ⎛ ⎞= ⎜ ⎟
⎝ ⎠

, sketch the graph of ( ) ( )3 2( 1)g x f x 4= − + − . 

Equation of g 

Transformations of f expressed in Words 

Transformations in Mapping Notation 

Pre-image Image 
  
  
  
  
  
  
  

 

 

2. Lemmings are small rodents usually found in or near the Arctic.  Contrary to popular belief, lemmings 
do not commit mass suicide when they migrate.  Driven by strong biological urges, they will migrate in 
large groups when population density becomes too great.  During such migrations, lemmings may 
choose to swim across bodies of water in search of a new habitat.  Many 
lemmings drown during such treks, which may in part explain the myth of 
mass suicide. 
 

What is true about lemmings is that they reproduce at a very fast rate, 
causing populations to increase dramatically over a very short time.  
Possibly because of limited resources and the life cycles of their predators, 
lemming populations tend to plummet every four years.  These periodic 
“boom-and-bust” cycles may also contribute to the mass suicide myth. 
 

Using the data in the table at the right, model the lemming population for a 
four year cycle. 

Time (Years) Population Per Hectare 
0 5 

0.5 7.2 
1 10.4 

1.5 15 
2 21.6 

2.5 31.2 
3 45 

3.5 64.9 
4 93.6 

3. Since exponential growth is so fast, it usually cannot be sustained for very long.  The 
rate of growth of any system is constrained by the availability of resources.  Once the 
growth rate outstrips the rate of growth of resources, the system’s growth is necessarily 
curbed.  In such cases, a logistic function is likely a better mathematical model than an 
exponential function. 

Construct both an exponential model and a logistic model for the following. 

(a) According to each model, how long would it take to reach the maximum rate of 
infection? 

(b) Which model describes the given situation more realistically? 

A town has a population of 5000 people.  During a March Break trip, one of the town’s 
residents contracted a virus.  One week after her return to the town, 70 additional people 
had become infected with the same virus.  Detailed scientific studies of the transmission 
of this virus determined that it infects approximately 8% of a given population. 

The general equation of a 
logistic function is 

( )
1 x

cf x
ab

=
+

, where c 

represents the carrying 
capacity (upper limit) of the 
function.  The following is 
an example of a graph of a 
logistic function. 

4. How long would it take for an investment of $5000.00 to double if it is invested at a rate of 2.4% per annum (per year) 
compounded monthly? 
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INTRODUCTION TO LOGARITHMIC FUNCTIONS 
Introduction 
As shown in the following examples, logarithmic and exponential functions to the same base are inverses of each other. 

  

x 
(exponent) 

( ) 2xf x =  
(power) 

−3 1
8  

−2 1
4  

−1 1  2
0 1 
1 2 
2 4 
3 8 

 

x 
(power)

1
2( ) logf x x− =  

(exponent) 
1

8  −3 

1
4  −2 

1  2 −1 
1 0 
2 1 
4 2 
8 3 

 

• 2x  is read “2 to the exponent x” or “the xth power of 2” 

• 2x →2 is the base,  the exponentx is , 2x  is the power 

• Sometimes, the wo er is used as if it were 

• 

rd pow
synonymous with exponent.  This is not strictly correct. 
However, this mistake is so common that we are forced 

 

to accept that statements such as “2 to the power x” 
mean the same thing as “2 to the exponent x.” 

2log x  is read “the logarithm of  the base 2” 
• If x

x to

2logy = , the he exponent to which the base 2 
must be raised to obtain the pow x.  Therefore, a 
logarithm is an exponent. 

n y is t
er 

• The functions ( ) 2xf x =  and 1
2( ) logf x x− =  contain 

age.  
 grow very slowly, they are 

h. 

exactly the same information.  However, exponential 
functions grow very rapidly and can be hard to man
Since logarithmic functions

ioften much eas er to work wit
Definition of a Logarithmic Function 
Consider the exponential function xy a= , where a > 0 and 1a ≠ . 
Since xy a=  is one-to-one, its inverse (reflection in the line y x= ) is also a function.  We 

ycould write the equation of the inverse in the form x a= ; however, it is preferable to 
write equations of functions in such a way that the value of the dependent variable is 

the i ependent variable. given by some expression that is specified only in terms of nd

Definition 
Thus, we define ( ) logag x x=  to be the inverse of ( ) xf x a= . 
That is, ( ) ( )1logag x x f x−= = .  (Recall that the base a of an exponential function is a 
constant and that 0a >  and a ≠1.) 

 

    

In words, if , then y is the exponent to which a must be raised to obtain the power x. logay x=

logay x=
Exponent 

Base 

Power 

2x  
power f x 

exponent 
2log x  

exponent 
1f −  

x 
power 

2yx =

y x=

2xy =

y 2log x=

xy = a
Exponent 

Base 
Power 
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Examples 
1. Evaluate each logarithm. 

(a)  because 2 (b) 
21 25

5

−
⎛ ⎞ =⎜ ⎟
⎝ ⎠

 2log 32 5= 52 3=  2
1log 3
8
= −  because 3 12

8
− =  (c) 1

5

g 2lo 5 2= −  because 

(d) 
7

log 49 4=  because ( 7 )4
49=  (e) 10log 0.0001 4= −  because

2. Express ea l equation

(a)  (exponential form) 
 (logarithmic form) 

(b) 

 1 1  40 0.000− =

ch exponentia  in logarithmic form. 

2 100y =
2log 100 = y

ya x=  (exponential form) 
loga x y=  (logarithmic form) 

(c)  (exponential form)
 (logarithmic form) 

Important Note on Calculator Use 
Scientific and graphing calculators usually have two buttons for computing logarithms, “log” and “ln.”  The “log” button 
computes the logarithm of a number to the base 10 while the “ln” button evaluates the logarithm of a number  
to the base e.  (That is,  and .  See details below.)  The function “ln” is called the natural logarithmic 
function (logarithme naturel in French, hence “ln” and not “nl”) and is pronounced “lawn.” 

310 1000=
10log 1000 = 3

10log log=  ln loge=

 → This button computes the logarithm of a number to the base 10. 

 → 

This button computes the logarithm of a number to the base e.  Like π, e is an 
irrational number with a geometric significance.  The function ( ) xf x e=  is the 
unique exponential function whose tangent line at the point ( ),1  has a slope of 1

 calculus.  (Note that 
0 .  

The importance of e will become apparent when you study e 
is called “Euler’s number” and that .) 

Important Note on Notation 
In most cases, whenever the base is omitted, it is understood to be 10.  That is, it is usually the case that 

2.718e �

( ) xf x e=

10log log= .  In 
advanced mathematics, however, “log” is used to mean “ ” because the base 10 has no special 
mathematical theory. 

Characteristics of Logarithmic Functions 

loge significance in 

( ) logaf x x=  For 

 

When a > 1 
• The slope of any 

tangent line is positive, 
meaning that the rate of 
change is positive. 

• The function increases 
as x increases but the 
rate of increase is 
extremely slow. 

• The y-axis (i.e. the line 
with equation 0x = ) is 
a vertical asymptote.  

When 0 < a < 1 
• The slope of any tangent 

line is negative, meaning 
that the rate of change is 
negative. 

• The function decreases 
as x increases but the rate 
of decrease is extremely 
slow. 

• The y-axis (i.e. the line 
with equation 0x = ) is a 
vertical asymptote. 

( )f 2logx x=

The slope of any 
tangent line is 

positive. 
The slope of any 

tangent line is 
negative. 

( )f

Domain of ( ) = logaf x x  for any a > 0, a ≠ 1 

From the above, you should have noticed that ( ) logaf x x=  is only defined for positive values of x.  That is, the domain 
of any such logarithmic function is { }: 0 .  Another way of

understand why this is the case, c
x x∈ >\  expressing this is that one can only “take” the 

logarithm of a positive number.  To onsider an example.  Suppose that ( )log 6ay = − .  
, which is imThen 6ya = − possible because a 0y >  for all y∈\ .  (Remember that a must be positive.) 

1
2

logx x=
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Homework 
p. 451  1, 2, 4, 5, 6, 7, 9, 10, 11 
p. 466  1, 2, 3, 5, 6, 7,  
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A VERY BRIEF HISTORY OF LOGARITHMS 
(Adapted from Wikipedia Article http://en.wikipedia.org/wiki/Logarithms ) 

The method of logarithms was first publicly propounded in 1614, in a book 
entitled Mirifici Logarithmorum Canonis Descriptio, by John Napier, Baron of 
Merchiston, in Scotland.  (Joost Bürgi independently discovered logarithms; 
however, he did not publish his discovery until four years after Napier.)  Early 
resistance to the use of logarithms was muted by Kepler’s enthusiastic support 
and his publication of a clear and impeccable explanation of how they worked. 

Their use contributed to the advancement of science, especially of astronomy, by 
making some difficult calculations much easier to perform.  Prior to the advent 
of calculators and computers, they were used constantly in surveying, navigation, 
and other branches of practical mathematics.  The methods of logarithms supplanted the more involved method of 
prosthaphaeresis, which relied on trigonometric identities as a quick method of computing products. 

Questions 
1. What is meant by the following reference from the 1797 Encyclopaedia Britannica? 

“… being a series of numbers in arithmetical progression, corresponding to others in geometrical progression; by means of which, 
arithmetical calculations can be made with much more ease and expedition than otherwise.” 

The following example may help you to understand the above reference. 

Geometric Progression 
(Geometric Sequence) 01 2=  12 2=  24 2=  38 2=  416 2=  532 2=  664 2=  7128 2=

Powers 

Arithmetic Progression 
(Arithmetic Sequence) 

Exponents = Logarithms 
0 1 2 3 4 5 6 7 

 
 
 
 
 
 
 
 
 
 
 
 
 
2. What is the main advantage of using logarithms?  Give some examples to support your answer. 
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THE LAWS OF LOGARITHMS 
Introduction – The Meaning of “Logarithm” 
It is very important to keep in mind that a logarithm is simply an alternative way 
hear the word “logarithm,” think “exponent.”  Whenever you hear the word “ex

of writing an exponent!  Whenever you 
ponent,” think “logarithm.” 

  
Review – Laws of Exponents 

Law Expressed in 
Algebraic Form Law Expressed in Verbal Form Example Showing why Law Works 

1. x y x ya a a +=  To multiply two powers with the same base, keep the 
base and add the exponents. ( )( )( )( )( )( )2 4 6a a a a a a a a a= =  

2. 
x

x ya − To divide two powers with the same base, keep the b
y a

a
=  ase 

btract the exponents. and su
( )( )( )( )( )

( )( )
5

3
2

a a a a aa a
a a a

= =  

3. ( )yx xy To raia a=  se a power to an exponent, keep t  base and
multiply the exponents. 

he  ( ) ( )( )( )( )43 3 1a a a a a= =  3 3 3 2a

How ive Ris o Laws o ogarith  the Laws of Exponents g e t f L ms
Exp Verbal onent Law Expressed in 

Form 
Equivalent Statement expressed in 

Language of Logarithms 
Logarithmic Law Suggested by 

Law of Exponents 
To multiply two powers with the same 

ase, keep the base and add the exponents 
.e. add the logarithms). 

The logarithm of the product of two powers is 
equal to the sum of the logarithm of one power 
and the logarithm of the other power. 

ab
(i

( )log log loga axy x= +  y

To divide two powers with the same base, 
eep the base and subtract the exponents 
.e. subtract the logarithms). 

The logarithm of the quotient of two powers is 
equal to the difference of the logarithm of one 
power and the logarithm of the other power. 

k
(i

log log loga a
x

ax y
y

⎛ ⎞
= −⎜ ⎟

⎝ ⎠
 

To raise a power to an exponent, keep the 
ase and multiply the exponents. 

The logarithm of a power raised to an exponent 
is the product of the exponent and the logarithm 
of the power. b ( )log logy

a ax y x=  

Testing the Conjectures 
ugh the reasoning 
mine the plausibility 

of the laws, it is necessary to perform tests. 

The above table shows how logical reasoning can be used to suggest new mathematical laws.  Altho
appears to be sound, there is still some doubt as to whether the suggested laws are correct.  To deter

Suggested Law Tests 

( )log log loga a axy x= +  y
Let x = 4, y = 8, a = 2. 
L.S.= ( )2 2log 4 8 log 32 5× = = , R.S.= 2 2log 4 log 8 2 3 5+ = + = ,  ∴L.S.=R.S. 

log log loga a
x

ax y
y

⎛ ⎞
= −⎜ ⎟

⎝ ⎠
 

Let x = 4, y = 8, a = 2. 
L.S.= ( ) ( )2 2log 4 / 8 log 1 / 2 1= = − , R.S.= 2 2log 4 log 8 2 3 1− = − = − ,   ∴L.S.=R.S. 

( )log logy
a ax y x=  

Let x = 2, y = 3, a = 2. 
L.S.= ( )3

2 2log 2 log 8 3= = , R.S.= ( )23log 2 3 1 3= = ,  ∴L.S.=R.S. 

Exponent? Logarithm! Logarithm? Exponent! 
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Proofs 
tures.  Never less, it is not possible to assert the validity of a 

s arguments 
that show irrefutabl  are indeed true.  Each of the proof  relies on 
another very important property of logarithms, namely 

The tests performed above all confirm the conjec the
mathematical statement solely on the basis of examples!  The fact that a statement is valid for a particular example does 
not preclude the possibility that it could be invalid in other cases.  Thus, a mathematical statement cannot be treated as 
“true” until a proof is found that demonstrates its validity in all possible cases!  The second table below give

y that the three conjectures given above s given below
log x

a a x= .  This property must be proved before proofs of the 
laws of logarithms can be constructed.  In addition, another property will be stated and proved because it is closely related 
to the required property. 

Property Explanation Proof 
logax y= . Let 

log x
a a x=  

The exponent to which the base a must be raised to 
obtain 

xa y=xa  is equal to x.  Alternatively, since logay x=  Then, . 
Therefore, log logx

a aa y= . 
But log

and xy a=  are i log x
a a  must be nverses of each other, 

equal to x.  (In general, ( )( ) ( )( )1 1f f x f f x x− −= = .) ax y= . 
Therefore, alog xa x= . 

Let y xloga= . 
Then, ya x=

T
loga xa x=  

he base 
raised to  must be equal to 
x.  Altern

a is raised to the exponent to which a must be 
obtain x.  Therefore, the result
atively, since logay x=  and xy a=  are 
f each other, loga

. 
xBut y loga= . 

Therefore, inverses o xa  must be equal to x. loga xa x= . 

The L ws f o a o L garithms 
Product Law Quotient Law Power Law 

( )log log loga a axy x y= +  log log loga aa
x x y
y

= −⎜ ⎟
⎝ ⎠

 
⎛ ⎞ ( )log y

a logax y x=  

Proof 
Let wx a=  and zy a= . 

Then, w z w zxy a a a += = . 

Therefore, log log w z
a axy a w z+= = + . 

But logaw x=  and logz = a y . 

Therefore, log log loga a axy x y= + . 

Proof 
Let wx a=  and zy a= . 

Then, 
w

w zx a
z a

y a
−= = . 

Therefore, log log w z
a a

x a w z−

y
= = − . 

But logaw x=  and logaz y= . 

Therefore, log log loga a
x

ax y
y

⎛ ⎞
= −⎜ ⎟

⎝ ⎠
. 

oof 
t

Pr
Le  wx a= . 

Then, ( )yy w wyx a a= = . 

erefore, log logy wy
a ax a w= = .y

. 

refore,

 Th

But logaw x=

 ( )log logy
a ax y x= . The

Examples 
1. Use the laws of logarithms to evaluate each of the following expressions. 

(a) + (b) 

(
3

log 12= )
3

3

3

log 12 log 6.75
6.75

log 81
4

×

=
=

 

2 2

2log
6

= ⎜ ⎟
⎝ ⎠  

2

log 6
96

16

⎛ ⎞

(c) (d) 3

3

log 12
log 6.75

 
log 96 −

( )

3
7

1
3

7

7

log 343

log 343
1 log 343
3
1 3
3
1

=

=

=

=

 
Unlike the others, this expression cannot be 
simplified because there is n
logarithms that corresponds to the form of 

s expression.  This expres
luated with a calculator b  

to have a method to convert to a base that a 
calculator can evalu

log=
4=

o law of 

thi sion can be 
eva ut first we need

ate directly. 
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( ) 10log 100f x x=  and ( ) 2 log2. Graph the functions 10g x x= + .  How do the graphs compare?  Explain algebraically. 

  

As we can see, the graphs of the two functions are 
identical.  This is due to the fact that 10log 100x  and

102 log

( ) 102 logg x x= +( ) 10log 100f x x=  
x+  are equivalent expressions: 

10

10 10

log 100
log 100 log
2 log

x

10

x
x

= +
= +

 

2 5
3

4loga
x y3. Use th loga x , log y  aa ae la s to write ws of logarithm  in terms of 
w

nd . 

Solution 

 log w

( ) ( )
( ) ( )

52
3 3

3

3log og

4
3

5 4log lo
3 3 3

a a

a a a

a a

y x
w w

x y
4
3

52 4
3 3

52
3 3

log

log log

log log log

a

a a

w

x y w

1
5 2 5 3

4 4l y2x

2 log ga

x y w

x y w

⎛
⎜ ⎟

⎛ ⎞

−

⎞
=

⎝ ⎠

= ⎜ ⎟⎜ ⎟
⎝ ⎠

= −

= +

 OR 

= + −

( ) ( )( )
( ) ( ) )(

( )

1
2 5 3

3

2 5

4

2 5 4

2 5

3

log log
3

l 4log

1 2log 5log 4log
3
2 5 4log log log
3 3 3

a

a a

a a a

a

a a a

x x y
w

x y

w

2 5

loga
y
4 4w

loga

1 log

1 x y

1 log og
3

w

x

a a

y w

x y w

x y w

⎞
⎟

⎝ ⎠
⎛ ⎞
⎜ ⎟
⎝ ⎠

−

+ −

= + −

= + −

 

The Change of Base Formula 

⎛
= ⎜

=

=

=

The Formula Explanation Proof 

Let logby x= . 
en,

loglogb log
a

a

xx
b

=

The logarithm of a value to the base b 
is equal to the quotie e 
logarithm of the value to the base a 
and the logarithm of  a.  
(This is called the change of base 
formula.  It is used to convert a 
logarithm expressed in a given base to 
a more convenient base such as 10.) 

 

nt of th

b to the base

 yb x=Th . 
Therefore, log y

a ab log x . =

Thus, log ga ay b lo x= , w ns hich mea that log
log

a

a

xy
b

= . 

xBut l by og= . 

Hence, xlo
lo

glog
g

a
b

a

x
b

=  

Example 

Evaluate 3g 12
log 6.75

 correct to one decimal place. lo

3

Solution 

3

3

log12
log3log 12 log12 log3 log12 1.3

log 6.75 log3 log6.75 log6.75log6.75
log3

⎛ ⎞
⎜ ⎟ ⎛ ⎞⎛ ⎞⎝ ⎠= = =⎜ ⎟⎜ ⎟⎛ ⎞ ⎝ ⎠⎝ ⎠
⎜ ⎟
⎝ ⎠

�  

Homework 
pp. 467-468 9, 11, 12, 15, 16, 18, 19, 20, 23 
pp. 475-476 4, 5, 6, 7, 9, 10, 11, 12, 13, 16, 17, 18 
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GRAPHS AN RANSFOR ONS OF LOGARITHMIC FUNCTIONS D T MATI
General Form of a Logarithmic Function 

Algebraic Form Transformations expressed in Words Transf. in Map tion ping Nota

( ) logaf x x=  

( ) ( )( )
( )( )loga

g x Af b x h k

A b x h k

= − +

= − +
 

Note 
Since a is being used to denote the base 
of the logarithmic function, A is used to 
denote the vertical stretch factor. 

Horizontal 
1. Stretch/compress by a factor of 

11 / b b−=
0 1b

 depending on whether 
< <  or .  If b is negative, 

there is also a reflection in the y-axis. 
1b >

2. Shift h units right if 0h >  or h units 
left if 0h < . 

Vertical 
1. Stretch/compress by a factor of A 

depending on whether  or 1A >
0 1A< < .  If A is negative, there is also 
a reflection in the x-axis. 

2. Shift k units up/down depending on 
whether k is positive or negative. 

( ) 1, ,x y x h Ay
b

⎛ ⎞→ + +⎜ ⎟
⎝ ⎠

 k

Example   

( ) 2logf x x=  

( ) ( )( )

( )( )

1
4

1
2 4

1 1 3
2
1 log 1 3
2

g x f x

x

= − − +

= − − +
 

( ) 1, 4 1,
2

x y x y⎛ ⎞→ + − +⎜ ⎟
⎝ ⎠

 

To obtain the graph of g from the graph 

1. Stretch horizontally by a factor of 

of f, do the following: 
Horizontal 

( )1
41 4= . 

2. Translate 1 unit t

Vertical 
1. Compress v tica

1/2, reflect in the 
2. Translate 3 units 

o the right. 

lly by a factor of 
x-axis. 
up. 

er

3

Pre-image Image 

( )1,0  ( )5,3  

( )2,1  5⎛ ⎞9,
2⎜ ⎟

⎝ ⎠
 

1 , 1⎛ ⎞
2
−⎜ ⎟  

⎝ ⎠

73,
2

⎛ ⎞
⎜ ⎟
⎝ ⎠

 

1⎛ ⎞, 2
4
−⎜

⎝
⎟
⎠

 ( )4  2,

1 ,⎛ 3
8

⎞−⎜
⎝

⎟
⎠

 3 9,
2 2

⎛ ⎞
⎜ ⎟
⎝ ⎠

 
 

 

Vertical Asymptote 
x = 1

Exercise 
Given ( ) 2logf x x= , sketch the graph of ( ) ( )3 2( 1)g x f x 4= − + − . 

 g 

Transformations of f expressed in Words 

ng Notation Equation of Transformations in Mappi

Pre-image Image 
  
  
  
  
  
  
  

 

 

( ) ( )( )1
2 4

1 log 1 3
2

xg x − −= +

( ) 2logf x x=
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Using Transformations to gain a better Understanding of the Laws of Logarithms 
Law of Logarithms 

 
Comm Explanation using on Errors Graphical Explanation 

Each of these equations is an identity Each of these equations is  Counterexample not an identity.

( )log log loga a axy x y= +  

 = 2. Let x = y = 1, a
( )12

2

L.S.= log 1
log 2
1

+

=
=

 

2 2R.S.= log 1 log 1+
0 0= +

=
 

0

e.g. ( )2log 2y x= +  

The graph of 2logy x=  is 
shifted two units to the left. 

e.g. 2 2log log 2y x= +  

2log 1x= +  

∴L.S. ≠ R.S. 

The graph of 2logy x=  is 
shifted one up. 

2( )2 2log 2 log log 2x x∴ + ≠ +  

loga a
x log logax y
y

= −
⎝ ⎠

 
⎛ ⎞
⎜ ⎟

Let x = 16, y = 8, a = 2. 
( )2

2

L.S.= log 16 8
log 8
3

−

=
=

 

2 2R.S.= log 16 log 8
4 3

−
= −
=

 
1

∴L.S.

The graph of 

 ≠ R.S. 

( )2log 2y x= −  

2logy x=  is 
shifted two units to the right. 

The

2 2

2

log log 2
log 1

y x
x

= −
= −

 

 graph of 2logy x=  is 
shifted one . 

2

down

( )2 2log 2 log log 2x x∴ − ≠ −  

 

As can be seen from the graphs,  and 

  

( )2log 2x − 2 2log log 2x −  are not equivalent expressions.  In addition,  

( )2log 2x +  and 2 2log x log 2+  are not equi xpressions. 

Homework 

valent e

pp. 457-458 3, 4, 5ef, 6, 7, 9, 10, 11 

( )2log 2y x= +

2 2log log 2y x= +

Vertical Asymptote 
x = 0 

( ) log loga aloga x y x y+ = +

( )log log loga ax ay x y− = −

( )2log 2x= −

2 2log log 2y x

y

= −

V

Vertical Asymptote 
x = −2 

ertical Asymptote 
x = 2 

Vertical Asymptote 
x = 0 
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SOLVING EXPONENTIAL AND LOGARITHMIC EQUATIONS 
Introduction – Advantages f using L
1. how us how logarith products into sums, quotients 

into differences and powers into products. 

2. Since logarithmic and exponential functions are inverses of each other, exponential equations can be solved by 
applying logarithmic functions and logarithmic equations can be solved by ap ying ex

General Principles of Solving Equations 
1. Algebraically speaking all equations can be solved (in pri ciple at least) by applying inverse operations.  That is, an 

equation of the form 

 o
 Logarithms simplify calculations.  The l

ogarithms 
aws of logarithms s ms turn 

pl ponential functions. 

, n

( )f x c= , 

 1f −where f is some function and c is some real number, can be s ingolved by apply  to both sides: 
( )f x c=  

( )( ) ( )11f f x−∴ f c−=  

( )1x f c−∴ =  

2. Geometrically (graphically) speaking, all equations are solved by finding point ) of in
equation of the form 

(s tersection.  That is, an 

( ) ( )f x g x=  

where f and g are any two functions, can be solved by finding the point(s) of inters tio  of 
 and . 

ec n of the graphs
( )y f x= ( )y g x=

Example of Algebraic Solution Example of Graphical Solution 

5 5

2

2 5 3
2 5 3
2 8
2 8

4
2

x
x
x
x

x

− =
∴ − =
∴ =

∴ =

∴

+

=

+
 

   

x  x 2 5y x= −

3y2× 2÷ =

5− 5+

2 5x − 2 5x −

Applying these Principles to Exponenti c Equations 
To solve an exponential eq rithm of 
both sides.  This works because logarithms and 
exponentials are inverses of each other. 

Exam

al and Logarithmi
uation, take the loga

ple 

( )
2 234

log 2 log 234

log 2 lox∴ = g 23

log 2
7.87

x

x

x

x

=

∴ =

∴ =

∴ �

To solve a logarithmic equation uation in 
exponential form.  This works because s and 
exponentials are inverses of each other. 

Exampl

, express the eq
logarithm

e An alternative approach that highlights the 
verses is to raise 3 to each importance of in

side of the equation: 

Note that taking th  of e logarithm
both sides to the ba ves a more 
direct solution.  Ho is is 
impractical because most calculators 
do not have a “ ” function. 

se 2 gi
wever, th

( )

3

7

7

log 7x
=

4

3
4

4 3

8748

x

x

x

∴ =

∴ =

∴ =

 
3

3

log 74

7

log 7
4

3 3

3
4

8748

x

x

x

x

=

∴ =

∴ =

∴ =

 2log4
log 234

 
3xSince  and 3log x  

 each 
y

are inverses of
, lo3( )2 2

2

log 2 log 234

log 234

x

x

∴ =

∴ =

 
2 234x =

At this point, 
the change of 
base formula 
is required. 

other 3g y =  for 
all y > 0. 
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A Cornucopia of Examples 
1. Solve each of the following equations. 

(a) 2 23 3 720x x+ −− =  
( )
( )2

2 43 3 1 720x

2

3 80 720x

x

2 23 3x

3 9

4
2 2x

x

−∴ − =
(b) 3 1 3 24 6

−

−

∴ =

∴ =
−∴ =

∴ − =
∴ =

 

x x− −=  
( ) ( )3 1log 4 x−∴ =

(c) ( )4 210 15 10 56x x− = −  

( ) ( )
( ) ( )
( ) ( )
( )

3 2log 6

3log6 log 4 2log6

log 4 2log6
3log 4 3log6

x

x x

x

−

− = −

−
∴ =

−

 

3 1 log 4 3 2 log6

3log 4 log 4 3log6 2log6

x x

x x

∴ − = −

∴ − = −

( ) ( )2 210 15 10 56 0x x2
∴ − +  =

Let 210 xy = . 
2 15 56 0y y∴ − + =3log 4∴

( )( )7 8 0
7 or 8

y y
y y

∴ − − =

∴ = =

 
3log 4 3log6 log 4 2log6x∴ − = −

1.8x∴ � ( ) ( )
2 2

2 2

10 7 or 10 8

log 1 log7 or log 10∴ =

∴ = =

0 log8

2 log7 or 2 log8
log7 log8 or 

2 2
0.4226 or 0.4515

x x

x x

x x

x x

x x

∴ = =

=

∴ = =

∴ � �

 

( ) ( )7 7log 1 log 5 1x x+ + − =  (d) log 0.125 3x = −  
3 0.125x−∴ =

(e) 5 5log 30 log 10 4x − =  

3

1
x

=

( )

3

11
3 33

1 0.125

8

2

x

x

x

∴ =

∴

∴ =

∴ =

 
3

0.125
8x∴ =

5

5

4

log 3 4x∴ =

4

log 4
10

3 5
5
3
625
3

x

x

x

∴ =

∴ =

=

∴ =

 

30x
(f) 

( )( )
( )( )

(

7

1

2

log 1 5 1

1 5 7

4 12 0

6 or 2

x x

x x

x x

x x

∴ )( )6 2 0x x

2 4 5 7x x

∴ ⎡ + − ⎤ =⎣ ⎦
∴ + − =

∴ − − =

∴

∴ = = −

∴ − − =  

− + =

The root x 2= −  is called 
 because it does not 

extraneous root occurs because 

inadmissable
satisfy the original equation.  This 

the functions 

( ) ( )( )7

2. Give geometric (graphical) interpretations of each of the equations in question 1.  Use the graphs to verify that the 
algebraic solutions are correct. 
(a)  

 

(b)  (c)  

(d)  

 

(e)  

 

(f)  

 

log 1g x x= +⎡ 5x − ⎤⎣ ⎦
(

 and 

) ( ) ( )7 logf x x+ + 7 5−  log 1x=

have different domains. 
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3. Explain why the extraneous root  was obtained in the solution of the equation in 1(f).  (A root is called 
the equations produced by the method used to solve a given equation but it 

does not satisfy the original equation.) 

lanation 
Recall that logarithmic functions cannot be applied to 
negative numbers.  Therefore, the function 

 2x = −
extraneous if it satisfies at least one of 

Exp

( ) ( ) ( )7 7log 1 log 5f x x x= + + −
values for which 1x + >  and x

1x > −  and 5x > , which implies that 

 is defined only for 
.  Therefore, 

. 
On the other hand, the function 

⎤  is defined for all values 

0 .  Now 0

0  5 0− >
x > 5

( ) ( )( )7log 1 5g x x x= ⎡ + −⎣ ⎦
for which ( )( )1 5x x+ − >
as long as both 1

( )( )1 5x x+ − >  
x +  and x −

(i.e. both positive or both ne
either 5x >  or 1x < − . 

5  have the same sign 
s implies that gative).  Thi

uld it take for investment of $5 .00 uble % per annum (per year) 
pounded m

Solution 
The monthly interest rate is 2.4%/12 = 0.024/12 = 0.002.  Each month, the investment grows by a factor of 1.002. 

( ) ( )( )7log 1 5g x x x= ⎡ + − ⎤⎣ ⎦( ) ( ) ( )7 7log 1 log 5f x x x= + + −

{ }: 5D x x= ∈ >\ { }: 5 or 1D x x x= ∈ > < −\

1y =1y =

4. How long wo
com onthly? 

 an 000  to do if it is invested at a rate of 2.4

Using a Table to help us Writing an Equation  Solving the Problem Understand the Problem  

Time Value of Investment ($) As we can see from the table, 
in any given month, the value 
of the investment is 1.002 
times greater than the value of 
the investment in the previous 

ltiplied by 1.002 t times.  A 
rter way to write this is 

.  Therefore, the 

(Months) 

 
mu
s

month.  After t months, the 
original investment is 

ho

( )5000 1.002 t

value ( )V t of the i
after t m

nvestment 
onths is given by 

Double the original investment is 
$10000.  Therefore, 

( ) ( )5000 1.002 tV t =  

( ) 10000V t = . 

( )

( )

( )0

5000

5000 1.002=
 0 

 

( )
5000 1.002 10000

1.002 2

log 1.002 log 2
1.002 log 2
log 2

log1.002
346.9

t

t

t

t

t

∴ =

1 
( )
( )1

5000 1.002

5000 1.002=
 

∴ =

∴ =

logt∴ =

∴ =

∴ �

 

It would take about 347 months (28 
years, 11 months) for the investment 
to double. 

( ) ( )
( )2

5000 1.002 1.00

5000 1.002=
 

2
2 

3 
)( ) (

( )

2

3

5000 1.002 1.002

5000 1.002=
 

( )5000 1.002 t  t 

5. Radioactive elements have unstable nuclei, which causes them to give off radiation as the nuclei tend toward a state of 
 stability.  For ex mp  called radiocarbon) is a radioactive isotope of carbon that occurs in 

 It decay n-14, a stable and extrem otope of nitrogen.  Carbon-14 
(14C) is very useful in determining the age of carbonaceous materials (materials rich in carbon) up to about 60000 
years old.  (See http://en.wikipedia.org/wiki/Carbon_14

greater
trace amounts on Earth. 

a le, carbon-14 (also
s into nitroge ely abundant is

 for a more detailed description.) 

A Brief Description of How Radiocarbon Dating Works 
Organisms acquire carbon during their lifetime.  Plants acquire it through photosynthesis and animals acquire it from 
consumption of plants and other animals.  When an organism dies, it ceases to take in new carbon.  Since carbon-12 
(12C ) is not radioactive, the amount of 12C in the remains of the organism will stay constant over time.  However, 
since 14C is radioactive, the amount of 14C in the remains of the organism will decrease over time.  The proportion of 
14C left when the remains of the organism are examined provides an indication of the time elapsed since its death.  
(See http://en.wikipedia.org/wiki/Radiometric_dating for a more d of radiometric dating.) etailed description 
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Limitations of Carbon Dating 
• Carbon-14 has a half-life of about 5730 years.  This means that after 5730 years, half of the 14C in the original 

sample would have decayed into 14N.  E 14

14 12
ventually, there would be so little C left in the sample that it would be 

e to measure the C to C ratio.  Thus, radiocarbon dating is limited to organic material with a 

t acquire most of their carbon, either directly or indirectly, from the 
atmosphere.  It does not wor s because they acquire much of their carbon from minerals 

ater. 
 C c ma ery recent origin.  The widespread emi  of CO2 into the 

ossil fuels has caused the ratio of 14C to 12C to decrease since the beginnings of 
licate matters even further, the above-ground nuclear tests that occurred in several 

countries between 1955 reased the amount of carbon-14 in the atmosphere and 
uently in the bios fter the tests end , the atmospheric concentration of the isotope once again began 

o-ca real w ld, the process of radiometric dating is somewhat more complicated than might be suggested 

ctors that could have a significant effect on their calculations.  For instance, it is known that 
heric concentration of carbon-14 varies over time.  Failing to take this into consideration could severely 

Proble
An an iscove d by ts in a excavatio
sett 800 BC.  After some time, a debate arose among archaeologists concerning the age 
of the carving laim ut of f  
inhabited the settlement while others asser e wo adiocarbon 
dating was done to settle the argument. 
Through detailed studies, scientists have d eous material, the ratio of 14C  atoms to 12C 
atoms is .  That is, there is only 1 ato s of 12C.  (For the purposes of this problem, 
we shall ignore the fact that this ratio varie erforming mass spectrometry on several small 
sample an carving, the average s was found to be .  Estimate 
the age of the wood used to make the ca i C is 5730 years.) 

Solution 

The ratio  can be written as 

impossibl
maximum age of about 58,000 to 62,000 years. 

• 14C dating only works for organisms tha
k on aquatic organism

dissolved in w
• 14  does dating not work on organi terial of v ssion

atmosphere due to the burning of f
the Industrial Age.  To comp

 and 1963 dramatically inc
subseq phere; a ed
to decrease. 

Disclaimer 
In the s lled or
by high school math problems.  Please be aware that the math problems are presented in an intentionally simplified 
manner to highlight important mathematical principles.  To obtain highly reliable and accurate results, scientists must 
also take into account fa
the atmosp
affect the accuracy of calculated ages. 

m 
cient wooden carving was d
ent dating back to about 1

re a group of archaeologis n n of an early Mayan 
lem

.  Some archaeologists c ed that the artifact was made, o
ted that it was much older.  Sinc

etermined that in living carbonac
m of 14C for every trillion atom

s slightly over time.)  After p
 ratio of 14C to 12C in the sample
ng.  (Recall that the half-life of 14

reshly cut wood, by the people who
od is rich in carbon, r

121:10

s of the May 121:1.79 10×
rv

121:10 12

1
1

, which equals 1210− . 
0

Time (Years) 0 5730 11460 17190 t 

Ratio of 14C to 12C 

12

0
12 110

2
− ⎛ ⎞= ⎜ ⎟
⎝ ⎠

 
10− 12

1
12

2

110
2

−

⎝ ⎠

⎛ ⎞= ⎜ ⎟
⎝ ⎠

 

110− ⎛ ⎞
⎜ ⎟

12

2
12

2 2

110
2

−

⎝ ⎠⎝ ⎠

⎛ ⎞= ⎜ ⎟
⎝ ⎠

 

1 110− ⎛ ⎞⎛ ⎞
⎜ ⎟⎜ ⎟

2
12 110− ⎛
⎜ ⎟

3
12

2 2

110
2

−

⎝ ⎠ ⎝ ⎠

⎛ ⎞= ⎜ ⎟
⎝ ⎠

 

1⎞ ⎛ ⎞
⎜ ⎟

573012 110
2

t

− ⎛ ⎞
⎜ ⎟
⎝ ⎠

 

As we can see from the table, the ratio of 14C to 12C is cut in half every 5730 years.  An equivalent way of stating this is 
that that the ratio is multiplied by ( )R t1 2  every 5730 years.  Thus, if we let  represent the ratio of C to C t years 
fter the death of the organism, then 

( )

14 12

a

573012 110
2

t

R t − ⎛ ⎞= ⎜ ⎟
⎝ ⎠
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To determine the approximate age of the wood used to make the Mayan carving, all that we need to do is solve the 

equation ( ) 12

1
1.79 10

R t =
×

 (i.e. the ratio of 14C to 12C at time t is equal to 12

1
1.79 10×

). 

57301 1
t

⎛ ⎞ t 1e−12 means , 5.58659e−13 means 135.58659 10−× 121 10−×• Note tha . 

• This format is also used in TI-Interactive and other math programs. 

12
12

125730

10
2 1.79 10

1 10
t

−∴ =⎜ ⎟ ×⎝ ⎠

⎛ ⎞

• Programming languages use this format for scientific notation. 
• Many calculators use this format for scientific notation. 

12

5730

5730

2 1.79 10

1 1
2 1.79

1log

t

t

∴ =⎜ ⎟ ×⎝ ⎠

⎛ ⎞∴ =⎜ ⎟
⎝ ⎠

⎛ ⎞
⎜ ⎟∴ =

1log
1.79

log

2⎜ ⎟⎜⎝ ⎠
⎝

1 1log log
5730 2 1.79

15730log
1.79

1

t

t

⎠
⎛ ⎞ ⎛ ⎞∴ =⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠

⎛ ⎞
⎜ ⎟
⎝ ⎠∴ =
⎛ ⎞

2
4813t

⎝ ⎠
∴ �  

According to radiocarbon dating, the wood used to make the 
carving is approximately 4800 years old.  Since the Mayan 
settlement was dated to 1800 BC, which

⎛ ⎞ ⎛ ⎞
⎜ ⎟⎟ ⎝ ⎠

⎜ ⎟

Hom

 is only about 3800 years 
ago, it is not possible that the carving was made by the inhabitants of the settlement out of freshly cut wood.  If the 
carving was indeed made by the inhabitants of the settlement, they would have to have used 1000-year-old wood.  
Since it is unlikely that such old wood would have been readily available, it’s more likely that the carving was made 
at an earlier time. 
 
ework 

r 

pp. 485-486 4, 6, 7, 8, 11, 15, 16 
pp. 4,5,  491-492 6,7, 9, 10, 13, 17, 20

Time (years) 
R

at
io

 o
f 14

C
 to

 12

131 5.59 10r 121.79 10
−= ×

×
�

C
 

573012 110
2

r − ⎛ ⎞= ⎜ ⎟
⎝ ⎠

t

t 
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APPLICATIONS OF EXPONENTIAL AND LOGARITHMIC FUNCTIONS 
sing Logarithmic Scales Introduction – Advantage of U

• Recall that xy a=  and  are inverses of each other. 
• Since an inverse is formed simply by interchanging the x and y co-ordinates of each ordered pair of a function f, 

f and f −1 contain exactly the same information.  Therefore, 

logay x=

xy a=  and logay x=  are interchangeable in this sense. 
• In the case of xy a=  and x  it is often inconvenient to use logay = , xy a=  

o use 
because exponential functions 

increase/decr ses, it is often much easier tease so rapidly.  In such ca logay x= . 
• Presentation of data on a logarithmic scale can be helpful when the data cover a large range of values – the logarithm 

reduces this to a more manageable range. 

Example 1 – How Acidic or Basic is a Solution? 
The acidity of a solution is determined by the concentration of positive hydrogen ions.  As can 
below, the actual hydrogen ion concentrations are cumbersome numbers that vary dramatically.
numbers would be nightmarishly awkward.  Therefore, a logarithmic scale known as the “pH” scale was devised to 
simplify matters. 

Actual Positive Hydrogen 
Ion Concentration [H+] 
(mol/L) 

be seen from the table 
  Working with such 

1=100 

0.1=10−

0.01=10−

 

000001=10−8 

01=1

0.00000000001=10−11 

0.000000000001=10−12 

0.0000000000001=10−13 

0.00000000000001=10−14 

In chemistry, the symbol [H+] is used to denote the concentration of positive hydrogen ions in a solution.  The reader can 
use the table to verify that pH is related to [H+] according to the following logarithmic equation: 

1 

2 

Points of Chemical Interest 
• “pH” stands for “potential of 

Hydrogen” 
• The mole is the amount of 

substance of a system which 
contains as many elementary 
entities as there are atoms in 
0.012 kilogram of carbon 12. 

• In this definition, it is 
understood that the carbon 12 
atoms are unbound, at rest 
and in their ground state. 

molecules, ions, electrons, 
other particles or specified 
groups of such particles. 

• Examples 
one mole of iron contains the 
same number of atoms as one 
mole of gold 
 

one mole of benzene contains 
the same number of molecules 
as one mole of water 
 

the number of atoms in one 
mole of iron is equal to the 
number of molecules in one 
mole of water 

0.001=10−3 

0.0001=10−4 

0.00001=10−5 

0.000001=10−6 

0.0000001=10−7

• When the mole is used, the 
elementary entities must be 
specified and may be atoms, 

0.00

0.000000001=10−9 

0.00000000 0−10 

pH = −log[H+] 
Note 
• pH < 7  Solution is called acidic. 
• pH = 7 Solution is called neutral. 
• pH > 7 Solution is called alkaline or basic. 
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Example 

en ion (c) How much “stronger” is an acid with a pH of 4.2 
than an acid with a pH of 6.1? 

 solution is 

(a) Calculate the pH of a (b) Calculate the hydrog
solution with a hydrogen 
ion concentration of 

concentration of a solution 
ith a pH of 3.7. 

82.74 10−×  mol/L.  Is the 
solution acidic or basic? 

w

Solution 
+pH log H⎡ ⎤= −

Solution 
+pH log H

Solution 
+pH

( )
( )7.56− −� +log H

8log 2.74 10−

⎣ ⎦

= − ×  
+3.7

⎡ ⎤= −

7.56=

The pH of such a solution 
is approximately 7.56.  
Therefore, the

+ 3.7

+ 4

H 10

H 2.0 10

−

basic. 

log H

3.7

−

⎣ ⎦
⎡ ⎤∴ = − ⎣ ⎦

−  ⎡ ⎤∴ =⎣ ⎦
⎡ ⎤∴ =⎣ ⎦
⎡ ⎤∴ ×⎣ ⎦ �

+ 4.2H 10−

The hydrogen ion 
concentration is about 

 mol/L 42.0 10−×

+

log H⎡ ⎤= −

+

4.2 log H

log H 4.2

⎣ ⎦
⎡ ⎤∴ = − ⎣ ⎦

⎡ ⎤∴ = −⎣ ⎦
⎡ ⎤∴ =⎣ ⎦

+ 6.1H 10−

+

+

6.1 log H

log H 6.1

+

pH log H⎡ ⎤= − ⎣ ⎦
⎡ ⎤∴ = − ⎣ ⎦

⎡ ⎤∴ = −
   

⎣ ⎦
⎡ ⎤∴ =⎣ ⎦

( )
4.2−

4.2 6.1 1.9
6.1

10 10 10 79
10

− − −
− = = �  

An acid with a pH of 4.2 is about 79 times 
“stronger” than an acid with a pH of 6.1. 

Example 2 – The Richter Scale 
The Richter magnitude scale, or more correctly local magnitude ML scale, 
assigns a single number to quantify the amount of seismic energy released by 
an earthquake.  It is a base-10 logarithmic scale obtained by calculating the 
logarithm of t ed horizontal amplitudehe combin  of the largest displacement 
from zero on a Wood–Anderson torsion seismometer output.  So, for example, 
an earthquake that measures 5.0 on the Richter scale has a shaking amplitude 
10 times larger than one that measures 4.0.  The effective limit of 
measurement for local magnitude is about ML = 6.8. 
Though sti rted, the Richter scale has been superseded by moment magnitude scalell widely repo  which gives generally 
similar values. 

Example 
How mu  is an earthquake that measures 8.5 on the Richter scale than one that measures 3.7? 

Solutio

ch more intense

n 
8.5

8.5 3.7 4.810 10−= = �3.7

10 63000
10

 

An e e ures 8.5 on the Richter scale is about 63000 times more intense than an earthquake 
that

Mo
Read examples 3 and 4 on pages 496 – 498 of the textbook. 

Ho

arthquake that m as
 measures 3.7. 

re Examples 

mework 
pp. 499-501 4, 5, 6d, 8, 10, 12, 13, 14, 15, 17, 18 
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A DETAILED INVESTIGATION OF RATES OF CHANGE 

f a t the quantity changes. 
• W th many quantities that change with respect to time (i.e. over time, as time changes). 

n change with respect to time?  (This rate of change is what we normally call velocity.) 
ast does the mass of a radioactive substance change with respect to time? 

How fast does population change with respect to time? 
How fast does the cost of petroleum change with respect to time? 

The Concept of Rate of Chan
• The rate of change o

e are already familiar wi
e.g. How fast does positio

ge 
 quantity measures how fas

How f

In general, a rate of chang measures how fast the dependent variable changes with resp o the independent variable. e ect t

Examples of Rates of Change not Involving Time 
• of a cube change with respect to the length of one of its sides? 
• 
•  of a gas change with respect to its volume? 

A m neral and Abstract Look verage and Instantaneous Rates of Change 
(a) Average Rate of Change 

The average rate of change of a dependent variable with respect to
e independent variable. 

How fast does the volume 
How fast does the volume of a box change with respect to its surface area? 
How does the temperature

ore Ge at Rates of Change – A

 an independent variable measures the rate of 

hat is the average rate of change of distance 

change over an interval of th

e.g. How fast does the distance change from t = 0 s to t = 30 s?  That is, w
with respect to time from t = 0 s to t = 30 s? 

Average rate of change of ( )y f x=  with respect to x  

1x 2x

f

when x changes from 1x  to 2x  
change in 
change in 

y
x

=  

y
x

Δ
=
Δ

 

rise
=

run
 

= slope of secant line through ( )( )1 1,x f x  and ( )( )2 2,x f x  

= average steepness of the curve from 1x  to 2x  
( ) ( )2 1

2 1

f x f x−
=  

eous rate of change of a dependent variable with 
hange at 

. 
 fas   That is, what 

 with respect to 
time at t = 15 s? 

x x−

(b) Instantaneous Rate of Change  
The instantan
respect to an independent variable measures the rate of c
a single point
e.g. How t does the distance change at t = 15 s?

is the instantaneous rate of change of distance

Instantaneous rate of change of  with respect to x  ( )y f x=
when x is equal to a 
= slope of tangent line at the point ( )( ),a f a  

= steepness of the curve at the point ( )( ),a f a  

( )1f x

( )2f x

( ) ( )2 1f x f− x

2 1x x−

( )( )1 1,x f x

( )( )2 2,x f x

f

( )( ),a f a

( )f a

( )f a

a
a
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Summary 

Slope = Steepness of Curve = Rate of Change 
Slope of Secant Line = Average Steepness of Curve between Two Points = Average Rate of Change between Two Points 

Slope of Tangent Line = Steepness of Curve at a Point = Instantaneous Rate of Change at a Point 

Instanta

Im
y easily because two points are known.  The slope of a secant line is 

neous → occurring, done, or completed in an instant 
→ existing at or pertaining to a particular instant 
→ present or occurring at a specific instant 

Instant 
an in
They

finitesimal or very short space of time; a moment: 
 arrived not an instant too soon. 

portant Note on Calculating Instantaneous Rates of Change 
• An average rate of change can be calculated ver

calculated very easily by evaluating yΔ
xΔ

 using the two known points. 

• An instantaneous rate of change is much more difficult to calculate because only one point is known.  It is not 

possible to use y
x

Δ  to calculate the slope of a line when only one point is known. 
Δ

• The branch of mathematics known as calculus was developed precisely for the purpose of calculating instantaneo
rates of change.  Calculus provides us with tools that can be used to calculate the exact

us 
 slope of a tangent line.  The 

slope of the tangent to the function ( )y f x=  at x = a is written ( )f a′ , 
x a=

 or ( )
x a

df x
 dy

dx dx
=

• timate the slope of a tangent line (i.e. the instantaneous rate of change) by 
nteractive. 

a t . 
o Calculating the slope of a secant line over a very small interval of the independent variable. 

Example 
A sample of 14C has an initial mass of 100 mg.  (Recall that the half-life of 14C is about 5730 years.) 

(a) How fast does the mass of the 14C sample change over the first 10000 years? 
(b) How fast does the mass of the 14C sample change at the instant that 10000 years have passed? 

Soluti

Let 

Without calculus, we can es
o Using software such as TI-I
o Using a graphing c lcula or

on 

 represent the mass of 14C remaining, in mg, after t years.  Then clearly, ( )
57301100

2

t

M t ⎛ ⎞= ⎜ ⎟
⎝ ⎠

( )M t .  (If necessary, use 

a table to verify that this equation is correct.) 

10000 years (a) rate of change of mass over first 
= average rate of change of mass with respect to time 

from t = 0 years to t = 10000 years 

= M
tΔ

 

( ) ( )

Δ

= 
10000 0−
10000 0

M M
−

 

= 

10000 0
57301100 100⎛ ⎞ ⎛ ⎞−⎜ ⎟ ⎜ ⎟

57301

(b) rate of change of mass exactly at 10000 years 
instantaneous rate of change of mass with respect to 

e exactly at t = 10000 years 
= 

2 2⎝ ⎠ ⎝ ⎠  
10000

0.007−  mg/year 

= 
tim

( )10000M ′  

( ) ( )10000.1 9999.9
10000.1 9999.9

�

M
�

M−
−

 

10000.1 9999.9
5730 57301 1100 100

2 2
0.2

⎛ ⎞ ⎛ ⎞−⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠=  

0.0036−�

Approximate the slope of 
the tangent line by using a 

secant line over a tiny 
interval near t = 10000. 

 mg/year 
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The average rate of change of mass with respect to time 
over the first 10000 years is equal to the slope of the secant 
line passing through the points ( )0,100  and ( )10000,30 . 

The instantaneous rate of change of mass with respect to 
time exactly at t = 10000 years is equal to the slope of the 
tangent line at the point 

 

( )10000,30 . 

Rates of Change Activity 
The following table lists the population of the United States, to the nearest million, from 1900 to 2000 in ten year 
intervals.  (Source: U.S. Census Bureau) 

Year 1900 1910 1920 1930 1940 1950 1960 1970 1980 1990 2000 
Population (millions) 76 92 106 123 132 151 179 203 227 249 281 

Use TI-Interactive to do the following: 

y matters, set t = 0 at 

n to find a curve of best fit.  Superimpose the graph of your function on the scatter plot to see how closely 
e data given in the table. 

Given a function , we measure the average rate of change from

1. Enter the given data.  (Think carefully about the independent and dependent variables.  To simplif
the year 1900.  Then t represents the number of years since 1900.) 

2. Create a scatter plot.  DO NOT CONNECT THE DOTS! 
3. Use regressio

it fits th
4. Find the average rate of change of the population between 1910 and 1960. 

( )=y f x  1x  to 2x  by finding the quotient of the 

erachange in y and the change in x.  That is, the av ge rate of change from 1x  to 2x  is given by ( ) ( )1 2

1 2

f x f x y
x x x
− Δ

=
− Δ

. 

5. E f 1950  
sel d another time slightly mo e average rate of 
change of population between the two times that you selected. 

6. Estimate the instantaneous rate of change at the start of 1950 (t = 50) by using a very small inter
t = 50 and ends just slightly above t = 50. 

7. Estimate the instantaneous rate of change at the start of 1950 (t = 50) by using TI-Interactive to create a tangent line 
exactly at t = 50. 

8. Compare your estimates from questions 5, 6 and 7.  Which is the best estimate?  Explain. 

Hom rk 

stimate the instantaneous rate of change at the start o
ect a time slightly less than t = 50 an

(t = 50) by using a very small centred interval.  That is,
re than t = 50.  Then calculate th

val that begins at 

ewo
pp. 507-508 8, 9, 10, 11 4, 5, 6, 

M 

t 

( )
57301100

t

M t ⎛ ⎞=
2⎜ ⎟

⎝ ⎠

M
as

s (
g)

 

ime (years) 

m

TTime (years) 

M 
m

g)
 

M
as

s (

( )
57301100

2
M t ⎛ ⎞= ⎜ ⎟

⎝ ⎠

t

t 
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END BEHAVIOURS OF EXPONENTIAL AN LOGARITHMIC FUNCTIONS 
What do we mean by End Behaviour? 
The end behaviour of a function refers to the manner in which it behaves at the extreme ends of its domain. 

e.g.

D 

 ( ) 2xf x = ,   D = \ :  End behaviour refers to how f behaves as x gets larger and larger in the  
positive direction and how it behaves as x gets smaller and smaller (or larger and 
larger, depending on your perspective) in the negative direction. 

e ( ) 2logx x= , { }: 0D x x= ∈ >\f.g. : End behaviour refers to how f behaves as x gets larger and larger in the  
positive direction and h it behaves as x gets smaller and smaller in the 
negative direction (i.e. nd closer to zero). 

Example – Using Graphs to Understand End Behaviours 
Using TI-Interactive or a Similar Graphing Program 

Graph of 

ow 
as x gets closer a

( ) 2xxf =  

 

2x  1. As x increases (gets larger and larger without we observe that bound), ( ) 2xf x = , 2x  also also increases without bound.  We say t ches infinityhat as x approa
approaches i

As 

nfinity.  Symbolically we write this as follows. 

x →∞ , 2 →x ∞  

Alternatively, we can also write this as shown below. 
As x →∞ , ( )f x →∞  OR  As x →∞ , y →∞  

( ) ( )5 1.5( 1) 6g x f x= − − + + 2. If x decreases in the negative direction without bound, then 
(( )1.5 15 2 x− += − 2x  gets  an r .  W te fo closer d close to zero e wri this as llows. 

As x

) 6+
→ −∞ , 2x → 0  

 

Other Graphs 

( ) ( )( )1.5 15 2 6xf x − += − +  

D = \  
As x →∞ , ( ) 6f x →  

( ) ( )( )1
2 4log 1 3

2
xg x − −= +

1

( ) 2logf x x=
( ) ( )( )1

2 42
1 log 1 3xg x − −= +  

As x →−∞ , ( )f x →−∞  { }: 1D x x= ∈ >\  

( ) 2logf x x=  

{ }: 0D x x= ∈ >\  
As x →∞ , ( )g x →−∞  

As 1x → , ( )g x →∞  →∞ , ( )f x →∞  As x

As 0x → , ( )f x →−∞  

Using Geometer’s Sketchpad 
Geometer’s Sketchpad has some interesting features that can help you to determine the end behaviours of functions.  
Since the features are somewhat complicated, this will be demonstrated in class. 
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Example – Using Tables of Values to Understand End Behaviours 

2xy =  2log
log 2
log xy x  = =

Notic x g Notice that as x becomNotice that as x gets larger, e that as ets larger, 
2xy =

increase
 to

 very rapidly 
s.  There is no 

 how largelimit  2xy
can grow as 

=  
 increases.  x

Therefore, as x →∞ , 
y →∞ . 

 

N ce that
more and m
(read the ta
bottom to top), 

oti  as x becomes es closer 

more and more 
s no 

y can 
. 

and closer to zero (read the 
table from bottom to top), 

logy x=  gets 

ore negative 
ble from 

2xy =  

2logy x= very slowly 
increases.  There is no limit to 
how large 2logy x=  can 
grow as x increases.  

2

negative.  Since there igets clos
zero.  Ther

er and closer to 
limit to how “negative” 
become, 

efore, as Therefore, as x →∞ , y →∞ . 
as 0x → , y →−∞

 

x →−∞ , 0y → . 

  

 
Exercises 
1. Equations of several exponential and logarithmic functions are given below.  Use TI-Interactive to  

(a) create a graph of each function 
(b) create tables viours of each function 

Then use your graphs and tables to de ine the d behaviou  of each function.  Do not forget to save your work as 
it will prove to be a valuable study aid. 

(i) 

of values that help to reveal the end beha

term  en rs

( )
573012 110

2

t

R t − ⎛ ⎞= ⎜ ⎟
⎝ ⎠

 

(ii) −

(iii)

( ) ( )23log 2( 1) 4g x x= − +  

 ( ) ( )35000 1.002 5th t = −  

(iv) ( ) ( )2
1 3
3

2log ( 5) 1p u u= − − − +  

2. Explain how transformations can affect the end behaviours of exponential and logarithmic functions. 
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REVIEW OF LOGARITHMIC AND EXPONENTIAL FUNCTIONS 
Review of the Properties of Logarithms 
Symbolic Representation Verbal Representation Proofs, Explanations, Visuals 
1. If ( ) logaf x x=  and 

( ) xg x a=  then 

( ) ( )1f x g x−=  and 

( ) ( )1g x f x−= . 

Recall that a d that  > 0 an a ≠ 1. 

The functions ( ) logaf x x=  and ( ) xg x a=  are 
eans that f doe

 g does the opposite of f.  
red pair 

inverses of each ot
the opposite of g
(Formally, if the o

her.  This 
  and

rde

m s 

( ),x y  belongs to f 
then ( ),y x  belongs to g.) 

 

2. loga x  The exponent to which the base a must be raised 
to obtain the power x (i.e. the result x). 

3. The value y is equal to the exponent to which the 
base a must be raised to obtain the power x.  logay x=  

4.
The base a is raised to the exponent to which a 
must be raised to obtain x.  Therefore, the result 
must be equal to x. 

Let .  Then
 loga xa x=  

logay x= , ya x= .  But 

erefore, logay x= .  Th loga xa x= . 

5. The exponent, to which the base a must be 
raised to obtain 

 log x
a a x=  xa , must be equal to x. 

Let logax y= .  Then, xa y= .  

Therefore, loga
xa x= . 

6. a log log loga axy x= +  y

The logarithm of a product is equal to the sum of 
the logarithms.  This law is a direct consequence 
of the exponent law x y xa a a y+= .  In other words, 
the exponents are added when two powers with 
the same base are multiplied. 

Let wx a=  and zy a= .  Then, 
w z w zxy a a= =

lo

a

log ga a

+ .  Th
w z

erefore, 

xy a
 and 
log

w

az y .  

a a

z+ .  But 

a

+= =

log=

log
logaw x=

fore, There logxy x= + y . 

7. log log loga a a
x x y= −  consy

The logarithm of a quotient is equal to the 

equence of the exponent law 

difference of the logarithms.  This law is a direct 
x

x y
y

a a
a

−= .  In 

Let 

other words, the exponents are subtracted when 
two powers with the same base are divided. 

wx a=  and zy a= .  Then, 
w

w zx a − ore, z a
y a
= = .  Theref

log log w za w−= =a a
x

z
y

− .  But 

logaw x=  and logaz y= .  

Therefore, log logloga a a
x

x y . 
y
= −

8. loga alogyx y x=   

The logarithm of a power is equal to the product 
of the exponent and the logarithm of the base.  

direct consequence of the exponent 
law 
This law is a 

( )yx xya a= .  In other words, the exponents 

re multiplied when a power is raised to an 
exponent. 

Let 

a

wx a=

(
.  Then, 

)yy w wyx a a= =

log gy w
a a

.  Therefore, 

lo yx a w= =

fore, 
y .  But 

logaw x=
y

.  There

log loga ax y x= . 

9. loglog
log

a
b

a

xx
b

=  

The logarithm of a value to the base b is equal to 
the quotient of the logarithm of the value to the 
base a and the logarithm of b to the base a.  (This 
is called the change of base formula.  It is used 
to convert a logarithm expressed in a given base 
to a more convenient base such as 10.) 

.  ThenLet logby x= , yb x= .  

x hus, Therefore, log y
a b l=

x  and 

oga .  T

log loga ay b =
log
log

a

a

x
y =

 
b

.  

But logby x= .  Hence,
log
log

a
b

a

log
x

x
b

=  

2x y=

2xy =
y x=

2logy x=
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Review Que

2.  

stions 

1. Label the following. 

 
Complete the following table.

Exponential Form Logarithmic Form 
610 1000= 000   

 3
1log 4
81

= −  

6xy =   

 4logy x=  

ca b=   

 lognm p=  

3. In the equation  what t represent a number hat does it represent? 

mea he expre

logay x= , is the meaning of loga ?  Does i ?  If not, w

4. Explain the ning of t ssion logn p . 

5. Use the provided grids to sketch the graphs of the functions ( ) 2xf x =  and ( ) 2glog x =
eir graphs related 

x .  How are the two functions 
related to each other?  How are th

   

loga=y xxy a=

The relationship betwe d g 
is _______ _______ 

______________ __________ 

_ ________ ________ 

The relationship between the 
graphs of f and g _____

_ _____ ______ 

__________________________ 

en f an
__________

__

___ ______

 is ____ _ 

______ ________
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6. After consuming 16 energy drinks and 22 hamburgers, Andrew decided that he had enough energy to tackle his math 
ssive food and drink made Andrew so hyper that he hurried through his work without giving it 
llowing are samples of his work.  Has Andrew applied valid mathematical reasoning?  Explain. 

    

Suppose that 

homework.  The exce
much thought.  The fo

7. ( ) 2xf x =  and ( ) 2logg x x= .  Use the provided grids to sketch the graphs of 

( ) ( )( )1.5p x = − +2 3g x− − 1  and ( ) 1 1 4 5
2 3 3

q x f x⎛ ⎞= + +⎜ ⎟
⎝ ⎠

 

(a) Write equations of p and q without using the symbols f and g. 

( )p x =  ( )q x =  

(b) State the transformations required to obtain q from f and p from g. 

g → p f → q 
Horizontal Vertical Horizontal Vertical 

    

(c) Now express both transformations in mapping notation. 

g → p  f → q  ( ),x y →  ( ),x y →  

(d) Finally, by applying the transformations to a few key points on the graphs of f and g, sketch the graphs of q and p. 

        

10 10

5 5

log log 10 2
log log 5

x x
x x
=10 10 10

7 7 7

log log log
log log log

x x
x x
= = = =
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8. Complete the following table.  Remember that a counterexample is sufficient to demonstrate that a statement is false.  
However, a general proof is required to demonstrate that a statement is true.  Also recall that when the base of a 
logarithm is omitted, it is usually assumed to mean “log to the base 10.” 

True 
Statement Proof, Counterexample or Explanation or 

False? 

2log 5 2log5b b=    

2log3 log3 logx x x   = +  

The graphs of 2log3y x=  an g3 logx x  are   d loy = +
identical. 

To of obtain the graph logay x= , compre

graph of a  vertically by a factor of 

ss the 

logy x=
1 . 
2

  

1log 1n
a a n+ = +    

3log (5 ) 3125a ba b=    

log loglog logx x x
10 log10 1

x= = =    

log
10
xy =To obtain the graph of , translate the 

graph of  down 1 unit. 
  

logy x=

Copyright ©, Nick E. Nolfi MHF4UO Unit 1 – Exponential and Logarithmic Functions ELF-31 



9. Why is it not possible to evaluate the logarithm of zero or a negative number?  Give examples to illustrate your 
answer. 

( )2log 32− −10. Does it make sense to write expressions such as ?  Explain. 

11. You are given a solution of hydrochloric acid with a pH of 1.7 and are asked to increase its pH by 1.4. 
(  by which y o dilute the solution. 

(b) If the solution originally had a pH of 2.2 and you were asked to increase its pH by 1.4, would you dilute by the 
same factor that you calculated in (a)?  Explain. 

More Review 

a) Determine the factor ou would need t

pp. 51 e questions found on these pages. 0-511 Answer a representative selection of th
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PRACTICE TEST 
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Practice Test Answers 

Multiple Choice 
1. d 2. c 3. a 4. d 5. b 
6. d 7. b 8. a 9. d 10. c 
11. d 12. d 13. c 14. a 15. c 
16. c 17. c 18. a 19. b 20. b 

Short Answer 
21. { }: 5D x x= ∈ <\  

R = \  

22. 23. Change 1.5 to 6.  The curve is already 
to the left of the vertical asymptote. 

24. 4.11 

25. 164 26. 9 27.  28. a

4x = −  

20log 200 ,

3log 30 , lo
 log100 ,

2g 16  
 5log 40 ,  ( )log log loga axy x= + y

x y x ya a a +=  

29. log 32 30. 12
8

x =  31. 7.7 years 32. 2 

33. 0.53 34. 5
4

−  35. 5x ≥  36. 16 

37. 8 38. 4.6 years 39. ( ) ( )1 ,1 2xf x a b b= − < <  40. ( ) ( )0 1.023 tC t C=  
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Problems 

41. Solution 

 

( ) ( )log 2 3f x x= − +

42. Solution 

 
43. Solution 

 
44. Solution 

 
45. Solution 

 
46. Solution 
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47. Solution 49. Solution 

 

 

50. Solution 

 

48. Solution 

 
 

�

�
�
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APPEND  OF INVERSES OF FUNCTIONS 
Introduction − The Notion of an Inverse 
On an intuitive level, the inverse of a function is simply its opposite.  The following table lists some common operations 
and their opposites. 

IX 1 - REVIEW

Some Operations and their Inverses Example Observations Conclusion 

+ − 3 + 5 = 8 8 − 5 = 3 + : 3 → 8 − : 8 → 3 The inverse of an 
operation “gets you 
back to where you 
started.”  It undoes 

the operation. 

× ÷ 15 ÷ 5 = 3 × : 3 → 15 ÷ : 15 → 3 3 × 5 = 15 

square a number square root 2 : 5 → 25 2 25=5  25 = 5  : 25 → 5 

A Classic Example of a Function and its Inverse 
With the exception of the United States and perhaps a very small number of other countries, the Celsius scale is used to 
measure temperature for weather forecasts and many other purposes.  In the United States, however, the Fahrenheit scale 
is still used for most non-scientific purposes.  The following shows you how the two scales are related. 
C = degrees Celsius, F = degrees Fahrenheit 

f = function that “outputs” the Fahrenheit temperature when given the Celsius temperature C as input 

The Inverse of f, written converts Fahrenheit 1−f , A Function f that Converts Celsius Temperatures 
into Fahrenheit Temperatures Temperatures into Celsius Temperatures 

 

 

To obtain the equation of 1f − , apply the inverse operations in the reverse order: 

Forward: (9 5) 32C F× +→ → →  Reverse: 32 (9 5)F C− ÷→ → →  1 5( ) ( 32)
9

C f F F−∴ = = −  

(Note that dividing by 9/5 is the same as multiplying by 5/9.) 

Understanding the Inverse of a Function from a Variety of Perspectives 
• It is critical that you understand that the inverse of a function is its opposite.  That is, the inverse of a function must 

undo whatever the function does. 
• The inverse of a function is denoted 1f − .  It is important to comprehend that the “−1” in this notation is not an 

exponent.  The symbol 1f −  means “the inverse of the function f,” not 1
f

. 

• The notation ( )x f x6 , called mapping notation, can be used to convey the same idea as a function machine. 

1( )f F−  F 1f −  

C 

F 

F 

C 

Boiling Point of 
Water at Sea Level

Freezing Point of 
Water at Sea Level

9( ) 32
5

f C C= +

Absolute Zero 

( )f C  C f 
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Exam
Does 

ple 1 
3( )f x x=  have an inverse?  If so, what is the inverse function of 3( )f x x= ? 

Solution 
By examining the various perspectives of functions that we have considered, we can easily convince ourselves that 

3  1 3( )f x( )f x x=  does have an inverse, namely −

 

x= . 

{ }( 3

3x x6  

 
3x x6  

, 27),( 2, 8),(2,8),(3,27),f = − − − − …  

{ }1 27, 3),( 8, (8,f − = − − − −  ( ),2 2),(27,3),…

Note that the ordered pairs of 1f −  are 
“reversed.”  That is, the x and  
y-co-ordinates of the ordered pairs of f are 
interchanged to obtain the ordered pairs 
of 1f − . 

x ( )f x  

−3 −27 
−2 −8 
−1 −1 
0 0 

x 1( )f x−  
−27 −3 
−8 −2 
−1 −1 

1 1 
2 8 
3 27 
. 
. 

. 

. 
. . 

 

0 0 
1 1 
8 2 

27 3 
. 
. 
.

. 

. 

.
 

x f 3x  

−3  −27 

−2  −8 

−1  −1 
0  0 

 1 

 8 

3  27 
. 
. 
. 

 
. 
. 
. 

 

−27  −3 

−8  −2 

0  0 

1 

8 

27 
. 
. 
. 

 . 
. 

 

1 

2 

−1  −1 

 1 

 2 

 3 
. 

 

3( )f x x=  

1
31 3( )f x x x= =  

−

Example 2 
Does 2( )f x x=  have an inverse?  If so, what is the inverse function of 2( )f x x= ? 

Solution 
In the last example we learned that the inverse of a function f is obtained by interchanging the x and y-co-ordinates of the 

y thordered pairs of f.  Let’s tr is on a few of the ordered pairs of the function ( 2)f x x= . 

{ } { }2, , ,1y x=\( , ) : ,( 3,9),( 2,4),( 1 ),(0,0),(1,1),(2,4),(3,9),f x y x y= ∈ ∈ = − − −\ … …  

The inverse of f should be the following relation: 

 

It is readily apparent that there is something wrong, however.  This relation is not a function.  Therefore, 2( )f x x=  does 
not have an inverse function unless we restrict its domain. 

{ } { }( , ) : ( , ) ,(9, 3),(4 2),(1, 1),(0,0),(1,1),(4,2),(9,3),x y y x f∈ = − − −… …

x  3x  1f −  
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Observations 

1. 3( )f x x=  is one-to-one and has inverse function 1 3( )f x x− =  

2. 2( )f x x=  is m
.g. 

any-to-one; the inverse of f is not a function less its domain is restricted to a “piece” of f that is 
) 

3. e raph

un
one-to-one (e 0  or x ≥ 0x ≤

 Th  g  of 1f −  is the reflection of the graph of f in the line y = x. 

S m ry um a
We can extend the results of the above examples to all functions. 

1. e nvers nctio Th  i e fu n 1f −  of a function f exists if and only f is one-to-one.  (Technically, f must be a bijection.  For our 
purposes, h ever, ill suffice  require that f be one-to-one.) ow it w  to

2. he nverse elation  a many-to-one function is not a function.  However, if the domain of a many-to-one function is  T  i  r  of
restricted in such a way that it is one-to-one for a certain set of “x-values,” then the inverse relation defined for this 
“piece” is a function. 

3. Geo y, the inverse function 1metricall f −  of a function f is the reflection of f in the line . y x=

The inverse of f is a function if 
 to 
≥0.  

the domain of f is restricted
the set of all real numbers x

Clearly, 1 ( ) xf x− = . 

1( ) , 0f x x x− = ≥  

2( ) , 0f x x x= ≥  
2( ) , 0f x x x= ≤  

Alternati  the dom  of f 
 be res ted to the  of all 
l numb  x≤0.  In  case, 

 inve  

vely, ain
can tric  set
rea ers this

the rse is 1 ( ) xf x− = − . 

2( )f x x=  

1 ( ) ,xf x x− 0= − ≥  

The relation obta ed by 
interchanging the x and y 

co-ordinates fails the vertical 
line test.  It is not a function. 

in
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APPENDIX 2 – ONTARIO MINISTRY OF EDUCATION GUIDELINES 
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