ANALYTIC GEOMETRY — SOLUTIONS TO PATTERN FINDING ACTIVITY

Question

Solutions (Including Equations that Describe the Relationships)

1. How many regions are there in the

fourteenth diagram?

VS

1 2

SN

3

How is the number of regions (r) related to the

diagram number (d)?

d r=d+1
1 2
2 3
3 4
14 15

From the table we can see
that the number of regions
is always one more than
the diagram number.
This relationship can be
described by the following
equation:

r=d+1

2. How many shaded squares are there in
the eighth diagram? How many
unshaded squares are there in the

eighth diagram?

EE..

1 2

-

3

How is the number of shaded squares (s)
related to the diagram number (d)? How is the
number of unshaded squares (u) related to the

diagram number (d)?

d s=d u=2d+3
1 1 5
2 2 7
3 3 9
8 8 19

From the table we can see
that the number of shaded
squares and the number of
unshaded squares are
related to the diagram
number according to the
following equations:

s=d
(The # of shaded squares is
equal to the diagram #.)

u=2d+3

3. How many “X’s” are in the twentieth
diagram? How many “Q’s” are there

in the twentieth diagram?

X - OX 00X
X0 ONO
XQO

1 2 3

O00X

O0XO

OXOO

N0
4

How is the number of “X’s” (X) related to the
diagram number (d)? How is the number of
“0’s” (O) related to the diagram number (d)?

d X =d 0=d’-d
1 1 0
2 2 2
3 3 6
4 4 12
20 20 380

From the table we can see
that the number of “X’s”
and the number of “O’s”
are related to the diagram
number according to the
following equations:

X =d

O=d’-d

The second equation can
also be written as

O=d(d-1).

4. How many faces are visible in the

twentieth diagram?

P 2 aT

How is the number of visible faces (f)
related to the diagram number (d)?

d f=3d+2
1 5
2 8
3 11
20 62

From the table we can see
that the number of visible
faces is always two more
than triple the diagram
number. This relationship
can be described by the
following equation:

f=3d+2




5. How many shaded squares are there

in the twelfth diagram? How many
unshaded squares are there in the
twelfth diagram?

=

1 2 3

How is the number of shaded squares
(s) related to the diagram number (d)?
How is the number of unshaded squares
(u) related to the diagram number (d)?

d s=d? u=2d+1
1 1 3
2 4 5
3 9 7
12 144 25

From the table we can see that the
number of shaded squares and the
number of unshaded squares are
related to the diagram number
according to the following
equations:

s=d?

u=2d+1

. A cow is milked twice a day. Each
time she gives 11 kg of milk.
Calculate the total milk production
after

(i) 16 days (ii) 49 days

How is the total milk production (m)
related to the time in days (t)?

t m=22t
1 22

2 44

3 66
16 352
49 1078

From the table we can see that the
total milk production is 22 times the
number of days. This relationship
can be described by the following
equation:

m=22t

. The sum of the interior angles of
each polygon is shown. What is the
sum of the interior angles of a
decagon (a polygon with 10 sides).

180° 360° 540°
o
et 4\/;/ (,,..--j
3 4 5

How is the sum of the interior angles (s)
related to the number of sides (n)?

n S= 180(n - 2)
3 180
4 360
5 540
10 1440

From the table we can see that the
sum of the interior angles is the
product of 180 and two less than the
number of sides. This relationship
can be described by the following
equation:

s=180(n-2)

. How many “X’s” are in the tenth
diagram? How many “O’s” are there
in the tenth diagram?

B : = o
X o oo

o QO 000 .

XX XXX XXXX
1 2 3

How is the number of “X’s” (X)
related to the diagram number (d)?
How is the number of “O’s” (O)
related to the diagram number (d)?

d | X=d+1| o080+
2

1 2 1

2 3 3

3 4 6

10 11 55

From the table we can see that the
number of “X’s” and the number of
“O’s” are related to the diagram
number according to the following
equations:

X=d+1
o:d(d+1):d2+d
2 2

. The cubes along one diagonal of
each cube of a face are coloured
(including the faces that can’t be
seen). How many cubes are coloured
on the fifth diagram?

l@@

How is the number of coloured cubes
(c) related to the diagram number (d)?

d c=6(d-2)+4,d =1
1
4
10
16
22

O wWwN -

From the table we can see that the
number of coloured cubes is six
times, 2 less than the diagram
number, all increased by four. This
relationship can be described by the
following equation:
c=6(d-2)+4,d=1.
By simplifying, the equation can be
written c=6d —8,d #1. (The
equation does not hold for d =1.)




DIRECT VARIATION, PARTIAL VARIATION OR NEITHER?

Complete the following table.

Type of Initial Value (b)
Situation Variation Table of Values | and Constant of Graph and Equation
(Circle One) Variation (m)
C Cost of Gasoline at GasAttack
V(L) | C%$) [ 120
Gasoline at S
GasAttack costs @ O b= O F oo
$1.20/L. How 10 [2 __ fso =[.2\/
does the cost of ab | ay 2 e
gasoline vary with 50 | 60 S [eo
the volume of m= (.& F40
gasoline J0O | 1Q0 20
purchased? B e masmasamana= IV
15 30 45 60 75 90 105 120
Volume of Gasoline (L)
Gra | J  Samthe Electrician’s Pay
Potsf;h—tj{«,ﬁglf th) | P®) 600
Sam the the oriqn 500
electrician charges J O |30 |b= _‘&L o
a base fee of $30 Direct / f B0 & [350
BIUS $50/h. How tither 2 13D & 200 P=50t+30
does Sam’s pay 3 [1¥0 N0 oo
vary with the time toytim 2 230 |m= C150
2 L
worked value ﬁ 5 ‘.%_80 o
Pis3D 10 |530 Tz é%i#eéﬁo'rl'ze'dééhé)'{aHH'1'2' £
590 __0’05 //_mDMDSaIespersons Salary
s@®) | P9 C
Abdul the [
salesperson is paid O [30090 b= .¥000 r
a base salary of IbooD 30500 = Fhre
“F GO
$30,000 plus 5% / Direct/ | 20000 |31 000 =
of sales. How Neither 50000| 52500 = Pt #3000
does Abdul’s pay 100660 | S5E0| = .05 e
vary with the eﬂ‘ S =50020 20000
amount of sales? | P= (),(/5(50009) S00000| 55200 10000
+3 0 ! IZIDIZIIEIEIIIJ I 4‘00‘00‘0 I&‘DD‘DU‘D I SIDDIDDID ! ‘1Ie+ID
- 351gt‘)wgo 10booed | 20600 2000 S0 i
Simran likes >4 Distance Fallen by Simran
bungee jumping. See next t(s) |d(m) o
Whenever she P Mg(’_ For L=
jumps, her speed e,xp/anm{-. 01,1} 0 6} b= O
increases at a rate | “~—~———"" [ g E
of 10 m/s. How Partial / Direct / 2 120 3
does the distance s
fallen vary with 3 45 | = /A &
time? Q q_ 80
mrgpn mu T hecouse the
be a++0£}\€ ) ‘Qg re[od'(‘or\ I'S - H t-
1o o Vﬁry [unﬂ j’ V\(H‘ {l’neaf" 1 %ime {53) 4 =

RBUNGEE comrl
GV OEE SO o]




Explanation of Simran’s Bungee Jumping Adventure

Simran’s speed increases at a constant rate of 10 m/s. This means that at any given time, her speed is 10 m/s faster than it
was exactly one second earlier. This is shown in the following table for the first nine seconds.

Time (S) 0 1 2 3 4 5 6 7 8 9
Speed (m/s)

at the 0 10 20 30 40 50 60 70 80 90
Given Time

The next table shows Simran’s average speed in each of the first nine one-second time intervals. Since Simran’s speed
increases at a constant rate, the average speed during any time interval is simply the average of the initial and final speeds.
For example, the average speed in the first second (0 s to 1 s) is calculated as follows:
speedatOs+speedatls 0+10 _sg

2 2

Then the distance fallen during the given time interval is simply the average speed multiplied by the elapsed time. For
example, the distance fallen in the first second is calculated as follows:

Average speed in the first second =

Distance fallen in the first second = (average speed) x (time elapsed) = (5 m/s) x (1s) =5m

Time

Interval Ostols | 1sto2s | 2sto3s | 3sto4s | 4sto5s | 5sto6s | 6sto7s | 7sto8s | 8sto9s

Average
Speed (M/s)
during 5 15 25 35 45 55 65 75 85

Time
Interval

Distance
Fallen
during 5 15 25 35 45 55 65 75
Time

Interval

Finally, the distance fallen after a given amount of time has elapsed is calculated by adding the distance fallen up to
exactly one second earlier to the distance fallen in the last second. For example, the distance fallen after 5 s is calculated
as follows:

Distance fallen after 5 s have elapsed = (Distance fallen after 4 s) + (Distance fallen from4 sto 5s) =80 m+45m =125m

Time(s) | 0 | 1 | 2 3 4 5 6 7 8 9
Distance
Fat')'eft]h(m) o | o | %15 | 20425 | 45:35 | 80+45 | 12555 |180+65 |245+75 |320+85
y the
Given —20 |=45 80 ~125 ~180 = 245 =320 = 405
Time




DEEPER ANALYSIS OF RELAT

y lbdso

Victim:
Question Solutions Questions
How is the number of regions () Equation of Relation r=d+1
related to the diagram number (d)? Independent Variable d
1. How many regions are there in the
fourteenth diagram? d r=d+l Dependent Variable r
1 2
TN il e Linear or :
() :L.,_i }) § 3 Non-Linear? lincar
~— S— If Linear, Partial or Partial
I 2 3 Direct Variation
If Linear, Constant of 1
. . Variation
14 15 Initial Value 1
How is the number of shaded squares
(s) related to the diagram number (d)? Equation of Relation s=d u=2d+3
How is the number of unshaded squares | | [ndependent Variable d
2. How many shaded squares are there | () related to the diagram number (d)? : ’
in the eighth diagram? How many y d 273 Depe;c_lent Variable s U
unshaded there in th §= U=cd+ HIEAr-or. ) :
' 2 2 7 If Linear, Partial or i 'f' P r+ ‘
:i I 3 3 5 Direct Variation Direc Grfla
O Eﬂ Eﬂ If Linear, Constant of
1 2 3 Variation i (;2
. . Initial Value O A
8 8 19
How is the number of “X’s” (X) related : 7 i ;
_ to the diagram number (d)? How is the || Equation of Relation | X' = d | 0=d’-d
3. How many “X’s” are in the twentieth | number of “O’s” (O) related to the Indeplenclem d d
diagram? How many “O’s” are there | diagram number (d)? Variable
in the twentieth diagram? d X=d | 0=d*-d Dependent Variable X O
X ox 00X 000X 1 1 0 : , :
" - . Linear or
Xo0 n
NOOO 3 3 6 If Linear, Parialor | . 4 N / /df
1 2 3 4 4 4 12 Direct Variation Iréc
If Linear, Constant
of Variation ' N / /4
’ : 4 Initial Val
20 20 380 ahA L 0 0
How is the number of visible faces (/) i ; 2%
related to the diagram number (d)? Equation of Relation f=3d+2
4. How many faces are visible in the Independent Variable a
twentieth diagram? d f=3d+2 Dependent Variable +
o, . 1 5 Line:_ir or LI‘
1) I ] m 2 3 Non-Linear? néar
eyt : If Linear, Partial or \
1 2 3 3 H Direct Variation pq F+‘ﬁ '
If Linear, Constant of 3
Variation
% 2 Initial Value 21
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How is the number of shaded squares

8. How many “X’s” are in the tenth
diagram? How many “O’s” are there

related to the diagram number (d)?
How is the number of “O’s” (0)
related to the diagram number (d)?

. . i SF
| (s) related to the diagram number (d)? Fadetion of Relafion. | 3o el
5. How many shaded squares are there in | How is the number of unshaded squares | | Independent Variable d d
the twelfth diagram? How many (u) related to the diagram number (d)? Dependent Varisble | < U
unshaded squares are there in the d s=d? G=0d41 =
Tilﬂh diagram? 1 = > Wt bl non-lineat  [(near
e ‘ 2 5 If Linear, Partial or :
LS E m 3 7 Direct Variation N //4‘ }%f?“)‘ q/
i If Linear, Constant of
: 2 3 Variation N / /4 ;Z
1‘2 2‘5 Initial Value O j
How is the total milk production (m) Equation of Relation m=22t
RS A
related to the time in days (7)? independent Variable 't
t m=22t
6. A cow is milked twice a day. Each I P Dependent Variable m
time she gives 11 kg of milk. ’ 44 o -
; ; inear or i
aCfa;lcl:-ulale the total milk production X 66 Moo Facad /. In€ar—
: i If Linear, Partial or Direct \
(i) 16 days (ii) 49 days Varlafion 'D, f€C+
If Linear, Constant of
1'6 352 Variation gg
49 1078 Initial Value O
7. The sum of the interior angles of each | How is the sum of the interior angles Equation of Relation s=180(n-2)
polygon is shown. What is the sum of | (s) related to the number of sides (n)? Independent Variable n
the interior angles of a decagon (a s=180(n-2 -
polygon with 10 sides). ; 18( 0 ) Heperdent Variable 5
180° 360° 540° 4 360 Linear or Non-Linear? L néar:
oy o Wdees) 5 540 If Linear, Partial or Direct P _; y }
L ] Variation ar'la
3 4 5 ’ If Linear, Constant of
. . Variation 130
10 1440 Initial Value -360
How is the number of “X’s" (X) Equation of Relation | X=d+1 | O Le L))

Independent Variable

d

4

in the tenth diagram? d X=d+l | 0-2ld+) Dependent Variable x 0
o 2 Linear or
o ggx ?‘;ﬂh ; § ; Non-Linear? L—H{W M?M 3 {H'dﬂ'
XX b & P "
If Linear, Partial or
: . 3 3 4 6 Direet Variation. | fartial | N/A
* : : If Linear, Constant of
. . . Variation ' M/ /4
10 11 55 Initial Value [ O
" Equation of Relation c=6(d-2)+4,d =1
9. The cubes along one diagonal of each | How is the number of coloured cubes _
cube of a face are coloured (including | (¢) related to the diagram number (d)? Independent Variable d
the faces that can’t be seen). How i N
many cubes are coloured on the fifth d | e=6(d-2)+4,dwl cpendent Var C
diagram? ; 1 Linear or Non-Linear? L. inear
¥ _ ; If Linear, Partial or Direct A
. ?’ ﬁ I 2 12 Variation PCIAI @ '
== 1 ; 2 If Linear, Constant of Variation G
1 2 3 4 Initial Value -2
RAG-12
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OPENING ACTIVITY REVISITED

Question

Table of Values

Graph and its Properties

How is the number of regions

:14 r=d+1

Slope: |

. (r) related to the diagram Vertical Intercept: __ [
1. How many regions are number (d)? @ 2
there in the fourteenth s Independent Variable:
diagram? d r=d+l % Dependent Variable: _ ¥~
T~ .,__/—-:f-;\‘ f_-ﬂ 1 2 o 1 =Li ? f.—‘-
(L ) & ) L-:\D > 3 E Linear or Non-Linear?
¥ 2 3 3 4 z ’_li_am 1 Variation?
5 . Constant of Variation l
14 15 W
Initial Value |
How is the number of shaded Slope: Q

2. How many shaded squares

squares (s) related to the

diagram number (d)? How is

the number of unshaded
squares (u) related to the

Vertical Intercept: =
Independent Variable: (j

8
@
Z
5 : w
are there in the eighth diagram number (d)? 2 Dependent Vaciable: 1
diagram? How many £
unshaded squares are there d | s=d | u=2d+3 5 Linear or Non-Linear? [
in the eighth diagram? - : : Dirct o Pyt Varstion?
—r— —— o \
5 oo om0 | :
EE : . z A ‘;l
1 5 3 o, Constant of Variation
T etk © ° " 2
8 8 19 Initial Value
How is the number of “X’s” Slope: N/ A
(X) related to the diagram

3. How many “X’s™ are in
the twentieth diagram?
How many “O’s™ are there
in the twentieth diagram?

X oxX 00X 000X
X0 O\D 0aX0
OO (ANE o)
OO
I 2 3 4

number (d)? How is the
number of “O’s” (O) related

fo the diagram number (d)?
d| X=d | 0=d*-d
1 1 0
2 2 2
3 3 6
4 -+ 12
20| 20 380

Number of O's

Vertical Intercept: __(")_
Independent Variable: d
Dependent Variable:

Linear or Non-Linear? N

Direct or Partial Variation?

Constant of Variation ’J / A
Initial Value O

4. How many faces are
visible in the twentieth

diagram?
i
3

How is the number of visible

faces (f) related to the
diagram number (d)?
d f=3d+2
1 D
2 8
3 11
20 62

Number of Visible Faces

T2 3 4 78 § 10
Dlagram Nunb

Slope: 2

Vertical Intercept: 9 N

Independent Variable: A

Dependent Variable: j
Linear or Non-Linear? L‘

Direct or l?n

Constant of Variation g

Initial Value ,2

iation?

Copyright ©, Nick E. Nolfi
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How is the number of shaded

N/A

Slope:

5. How many shaded squares | squares (s) related to the 0 Vertical Intercept: 0
are there in the twelfth diagram number (d)? Howis | &
diagram? How many the number of unshaded = Independent Variable: d_
unshaded squares are there squares (u) related to the 2 ok
in the twelfth diagram? diagram number (d)? E Dependent Variable: (<" _
[: Emn) E d| s=d° u=2d+1 % Linear or Non-Linear? N
. @
1 1 3 £ Direct or Partial Variation?
1 3 2 4 5 3
' ) ) 123 E)lgggagn SR RRIaNts Constant of Variation AIM
2] 144 25 initial Valve (7
oo Slope: (Q &
How is the total milk = m=227 Vertical Intercept: ()
production (m) related to the | _ [ 1990
- _ time in days (1)? o s Independent Variable: i
6. A cow is milked twice a 7 800
day. Each time she gives 11 i m =22t g ;gg Dependent Variable: /7
kg of milk. Calculate the ! 22 2 Fe Li ML b
total milk production after 2 44 ; C 400 TRl O NON-LIROALs B
(i) 16 days (ii) 49 days 1 ? = 300 Direct orjjsartial Variation?
, _ o Jrect
16 352 72 s s v Y i s e 08 o
49 1078 R R e A Constant of Variation
/ Initial Value 0
7. The sum of the interior Slope: [ ?D
angles of each polygon is 000 ' . - 360
shown. What is the sum of | How is the sum of the . ;:zz s =180(n-2 Vertical Intercept: _ 0%
the interior angles of a interior angles (s) related to o fe s
decagon (a polygon with 10 | the number of sides ()? g paoe Independent Variable: 1) _
sides). n | s=180(n-2) ;g; :gg - Dependent Variable: -
Lot 360° s 3 180 £ b Linear or Non-Linear? -
e 5 o L - J 4 360 e Fsoo
i ; ; 2 Direct or ial Yariation?
ol Virfia]
10 1440 R R EE R N R iation 130
2 4 Num%er 0 gdu 16 18 20 Constant of Variation . |
Initial Value _—360
8. The cubes along one Slope: 6
diagonal of each cube of a ) o= ‘é?
face are coloured (including How is the number of o Vertical Intercept: ___ ¢
Yisiiacsakat o 1 e mmn), coloured cubes (c) refatedto | 3 Independent Variable: _(f _
How many cubes are he di b p -
coloured on the fifth the:diagrany mumber (27 = Dependent Variable: C
diagram? c=6(d-2)+4,d =1 2
d -t 3 Linear or Non-Linear? L—
’ & 1 1 3
) 2 4 é Direct or Partial Variation?
3 10 la
| 2 3 4 =
4 16 * )
T B § Constant of Variation
D Numbe!
agram d Initial Value = '8
RAG-17

Copyright ©, Nick E. Nolfi

MPMI1DO0 Unit 3 — Analytic Geometry




Complete the following table.

Drawing Conclusions / = S}ﬂpﬁ:; ) l:) = ‘.)TH- |‘fﬁ) i1 M'l_ =3

e o Vertical Partial or Direct Constant of
Equation N.; S arr f:enr,l In r:r:'e ' Variation Variation Inirial Value
: P {If Linear) (If Linear)

1. r=d+1 /

/ I .

|
2 u=2d+3/ ;)

2

3. O=d -d

NA | B NA

L
L
N
4. f=3d+2 L ‘5 i 7
N
L
L

v
P 3
NA 0
P oL
5. s=d? NA NA MA
6. m=221 21 D c?u;)i\
7. 5=1801-3¢0 }%O P |gD
8. c=6d-8 \\ L (o P 6

o=1a(d+1)
§ =zld: Ly \\ M_P( NA NA
2 2 —

Observations w m= Ig{) ) b - %0

1. Describe how you can use the equation of a relation to determine

(a) whether 1t 15 linear or non-linear | (b) the siope, if the relation 1s linear | (c¢) the verfical inrercepr (imtial value)

The eguation wil 4 |
ey Wb g | b

V= mx—kb WHIP }ﬂ{-ﬂrm[)
xdind. y— dep. thbecan . /4)/\/ A\

2. Equatmus 7 and 8 werd originally wrnitten as s =180(n-2) and ¢ =6(d -2} +4 . Show how each of these were
sumplified to produce the equivalent forms 5=180n-360 and ¢ =6d -8.

Uee dliskrbubive Property

3. What 15 the connection between slope and the constant of vanation? ﬂr"’ﬁl‘ f‘,'l“‘
M= 615139, = Q@nﬂwﬂ‘ of v'{?(l"lﬂ'l'lf)l’l Sﬁﬁqﬂj

4. What 15 the connection between the veriical intercept and the 1mtial value?

:W'Jﬂf.mlmlrﬂfﬂepr - q*‘lel‘fﬁtﬁﬂ'

Copyright ©, Nick E. Nolf MPM1D0 Uit 3— Anal}m&oﬂm'. AG-13




SLOPE AS A RATE OF CHANGE
Example — Milk Production

%1200 ( 50,1 J00) t | m=22t |Slope= Constant of Variation =22
1100 m=22t 0 0 Explain how you can determine this using...
- 1000 \
5 Fooo : % (a) ...the graph ¢A&o8e. Two pam‘f's For which +he
£ 2 44 exact co-ordinates are Known
§ :;gg 4 88 we S/UHPC: ns Zy; os-x 500 e
= , = ]
E L 500 5 110 (b) ...the equation/,,—> S(D/_‘L-’ ((’Ciﬁqmg.q‘f— of vf_:fr)ﬁf )
x Fa00 6 132 & 5 '
S Fan0 7 i m .—:5&,’2‘{' 'S in the 79/»1 y::rn’x+b
200 8 176 T T
- slepe
-1 5 R (c) ...the table A (i ) °f ),_m‘f
L b \ 1 1 I 1 1 1 I ! Ly . 4 - i : ;?. }'{?\«US'
(0,00 5 101520253035 403550 10| 220 Choose C’“‘g’w" ety & > then
Time (Days) caleulate BY.  eg- (3,44), (16,320)
AX /
Observation

Every day, the cow produces 22 kg of milk. We can express this as a rate, that is, the cow produces 22 kg/day
(i.e. 22 kg per day or 22 kg every day). This example suggests that slope can also be interpreted as a rate of change!

Rate of Change Definition

Let x represent an independent variable and y represent a variable whose value depends on x.
By the rate of change of y with respect to x we mean how fast y changes as the value of x changes.

Examples of Rate of Change

Independent | Dependent :
Name Variable Variable Verbal Description Example
§peed is the rate of change of d with respect to . X tavelis aba
Speed Time (1) Distance (d) | That is, speed is a measure of how fast distance
; ; : : speed of 120 km/h.
changes over time. (Units must be distance/time.)
An hourly wage is the rate of change of M with
Hourly . respect to 7. That is, hourly wage measures how
Wage L Moy, () fast money is earned over time. Solensioams S25/.
(Units must be money/time.)
Fuel efficiency is the rate of change of f with :
Fuel Di Fuel Used | respectto d. That is, fuel efficiency measures how i Toyotall Pt
. istance (d) . : a fuel efficiency of
Efficiency ()] fast fuel is used over distance travelled. 4.3 L/100 km
(Units must be volume/distance.) : '
Summary
il rise _ change in independent variable _ Ay Y3

run  change in dependent variable TAx X%, -x,

ok y/x, direct variation b i) :
m = slope = constant of variation = b = initial value = vertical intercept = y-intercept

(y—b)/ x, partial variation ’

m = slope = the rate of change of y with respect to x = how fast y changes as x changes

Convright ©. Nick E. Nolfi MPMID0 Unit 3 — Analytic Geometry RAG-19




IS THE RELATION LINEAR! ANALYTIC GEOMETRY ACTIVITY

Background
There is a very simple way to tell whether a relation is linear. The key to understanding this is to realize the following:

Linear Relation

I

Slope is Constant

|

Rate of Change is Constant

I

If the Independent Variable (i.e. the x-value) Changes by a Constant Amount,
Then the Dependent Variable (i.e. the y-value) Must Also Change by a Constant Amount

If Ax is constant, Ay must also be constant!

Example and Exercises

From the above, we can conclude that a relation is linear if Ay is constant whenever Ax is constant. The Ay values are
called first differences. Therefore, a relation is linear if the first differences are constant whenever Ax is constant.

« From the table, we can see » From the table, we can see that « From the table, we can see that
that Ax =1 and Ay = 2. Ax=_;gandAy=i. Ax=_| andAy= | .

* Since both Ax and Ay are » Since both Ax and Ay are » Since both Ax and Ay are
constant, the relation must be C 0[19_-};’ Qa gj’ , the relation Can g}ﬁ y\j , the relation must
linear. must be | infar ” be linéar

Ay 2 Ay & Ay i
. SlO e=m=—"—=—=-2 L SIO E=M=——== = L] 510 ce=-"mMm=——==—-=
p Ax | ¥ Ax A A i Ax | |
e y-intercept = b = 4 because e y-intercept=»5h= 2 _ o y-intercept=b=_ 3
the point (0,4) belongs to because the point _( because the point (
e velation belongs to the relation. belongs to the relation.
: . The equation of the relation s The equation of the relation
Th t f the relation ‘ : :
¢ mu:teg:aylin_%x i ; must be ? = A+ 5 must be \I/ =X+
x y Ay x y Ay x - Ay
=3 10 = 0 3 - =3 0 =
-2 § | 8-10=-2 2 7 2 M=\ - 1 l
-1 6 6-8=-2 4 1 & -1 2 |
0 4 4-6=-2 6 15 Y4 0 3 |
1 2 2-4=-2 8 19 4 My=2) 2 5 2
2 0 =2 =3 10 23 4 : 4 7 2
3 -2 -2-0=-2 12 27 Lf- 6 9 o




Problem I — Solimon’s Dilemma — A Linear Relation

Mr. Nolfi believes very strongly in the importance of showing respect to
others. Unfortunately, this view was not shared by one of his former
students, the infamous Solimon. He often blurted out inappropriate remarks
such as referring to his classmates as “retards™ or “idiots.”

Mr. MNolfi's class is getting
very expansiva!l haybe I
should lzarn to be
raspactiul!

Bv the way, mv rap nams
is Mother Clucking
Soulldan 50

After unsuccessfully having tried several strategies to teach Solimon the
value of respect, Mr. Nolfi was forced to resort to a monetary tactic. He
decided to charge Solimon a base fee of $10.00 plus $0.50 per inappropriate comment.

(a) Complete the following table of values. (b) Graph the relation between the number of inappropriate comments
n — number of inappropriate comments made and the fee that has to be paid. In addition to labelling the
F — fee Solimon pays in dollars axes, set appropriate scales.
AF — change in the fee (first difference) " l
n F AF 12 50! Imop.S CDS'}'
e o 1. - 1 of ﬁHt‘;Jn
1 10,50 20 — ,
-------------------- 020 1850 | witH el e
GERE TR .00 1 059 15 Mol ClasSS '
________3_ .......... .”.L-_s_-_-... _ .!.?Q_"_ &N I‘t
AR o5 | -
TR0 50 e AF=.
S0 W 12,00 | 0:50 i

L I I " i Pl §
6 T i3t eo T baw
Nuwloer o Iﬂu‘ﬁ‘ ffrn;{f,izewfhg

(¢) The independent variable is 1 .| (d) Write an equation that relates the dependent variable to the
independent variable.
The dependent variable is E 5 F = 0: 5? g i) / 0

(e) Explain in three different ways why the (f) Calculate the slope of the line that you sketched in part (b). What is

relation between F and » must be linear. the meaning of the slope? Don’t forget the units! How could you
determine the slope without using the graph?
() :Fffl("" O{I‘EQ/W!QS. qre AF = Y

conStant ( OHF is conste n'll LI}SIOPQ '/l =70

wNn An s cmvsfmﬂ‘) “ i A‘? Wmnlf
05 graph is o shuight lige | <" MEA1G5  $0.50 per inappripriste s
() «[/}\,2 eiMmeJm ConteInS t”') S/Of?e could be C“/‘“/“{W/ {’{5@7 7[“!"/&

| rms F degree a }965:@ & ‘ﬁ(fm e € DM/-]%
. at mots)q‘ l;j of values 2 ot wc:q::aerr# of n

(g) Determine the vertical intercept (h) How much would Solimon have to pay if he made one inappropriate
(i.e. y-intercept or initial value). What is comment every minute in a single math period?

the meaning of the vertical intercept? 2 Ind ﬂo rp iate vtrmarks =h = 76
ical in¥e =V A \
i‘s’ g;/ME), Jelimon ww/a//%?W 7{9/%;/ ﬁ“?‘?,ﬂd




Problem 2 — World Population — A Non-Linear Relation

The table and graph given below show how the world population has changed over the last 3 millennia (3000 years).
From both the table and the graph, one can clearly see that the relation between global populatlon and time is non-linear.

Year | Population
=1000. - 50060000 Worl:lool:zopozlatlon from 1000 BC to 2010 AD
=500 | 100000000 (2010 @q-[ 9.0000d0)
1| 200000000 § 7.000,000,000 | = ahm—
~|__1000] 310000000 | E _ :
- = P ] Bt 6.000,000,000 i
. sk{ 1750 | 791000000 YAl || & | |
AT 1800 | 978000000 |/ gt || 2 5:000,000,000 |
' - O |
IT 21850 | 1262000000 [ skttt 2 —
1900 | 1650000000 4§ |
1950 | 2519000000) || % e 5
1960 | 2982000000 g | sea06.0001—— | | ,-
< 1 |
1970 | 3692000000 t -
800, 473 00000) ——» |
1980 | 4435000000 resommne 4 (3%, _/Z/- |
1990 | 5263000000 et i s e e SN (SR S
2000 | 6070000000 -1000 -500 0 500 1000 1500 190 2000 |
2010 | 6972000000 Year (Positive Value = Year AD, Negative Value = Year BC)
Note

¢ For graphing convenience, the dividing line between the BC and AD eras is shown as year 0. However, there was no
“year 0”in reality. The BC era ended with year 1, which was immediately followed by year 1 in the AD era.

e Some authors refer to the BC (“before Christ™) era as BCE (“before the current/common era™) and to the AD (anno
domini or “In the year of the Lord”) era as CE (“current/common era™).

—

change in population from 1800 to 2010.
change in time

AP _ 6973000000 - 4783000000

(a) Calculate E=

At Q00— 100 Hha chang t’";ﬂ
5944000000 ¢ &85%000

‘QIO‘“""-Q The C‘Aqnae in er&

(b) Interpret your answer from question (a) as a rate of
change.

From 1300 7‘0&’(9{0 T /w/yu/u%mn
i cl/i?asgf an ayem(je_ pmée o
qbou{‘ RE500000 pegle éyean

(¢) On the grid given above, sketch a line whose slope equals
the value you calculated in question (a). What
conclusion(s) can you draw?

7742 avem ¢ rm/f of

céa@e
FZ;& o with r

s
wn (700~
aéoﬁ 28 500900 /wy/c’/ ar

(See graph 727 1o Ine )

Copyright ©, Nick E. Nolfi
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(d) Use the values given in the table to explain why the
relation between world population and time must be
non-linear. (Be careful! Remember that both Ax
and Ay must be constant for a relation to be linear.
To show that a relation is non-linear, you must show
that for some part of the relation, Ay is not constant

when Ax is constant.)
rs CMS'/Z"W[

From l7b§‘r‘v/‘?50 ATt
betveen consechve i‘ values ,

Howeler, e frst diiRrences BP
are. nof-constnT-
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Activity: Complete the following table. The first row is done for you.

Perimeter and Area

Shape for Given Values Plot Graphs, State Equations, Answer Questions
w p i Slopes: P:2, A:10
48[ A=10w Vertical Intercepts:
2 24 44 P:20, A:0Q
4 28 ank P =2w+20 Independent
6 32 36 [ Variable: w
10 38 36 32[ Dependent Variables:
- P, A
'l 10 | 40 |o28f i
24 B Linear or Non-
- . - w - . .
w A 20 L Remembgr! - . I;neatr? Bstht!lzlear
- 1 10 16F The equation of a linear relation irect or Fartial
C can always be expressed in the Variation? P: partial,
2 20 12r form y = mx+b, where m A: direct
3 30 B represents the slope and b Constants of
4 40 4t represents the y-intercept. Variation: P: 2, A: 10
L T T T T T T T T T T Initial Values: P: 20,
5 50 2 3 4 5 6 7 8 910 L)
- Slopes: P: 1, A:25
b P ! A=2/5h Pes
5 186 Vertical Intercepts:
3 11 i P:8, A:0
b 4 12 16 Independent
Use this triangle for 5 13 ar A Variable: b
perimeter calculations. 6 14 12} Eep?dent Variables:
! 15 10 Linear or Non-
b A al: Linear? Both linear
r Direct or Partial
2 5 6 i Variation? P: partial,
5 4 10 4t A: direct
6 15 2 i Constants of
b 8 20 i Variation: P: 1, A: 2.5
Use this triangle for area . b
) 2 3 4 5 B 7 8 9 10 Initial Values: P: 8,
calculations. 10 25 A O
V“{')“PSO\Z?:QNIM a'l'D 100t , Slopes: P: N/A, A: 2
\fa ,M@ 0"!: m U?o\; ne 'mc e i A=nr Vertical Intercepts:
e r 30 i P:0, A:0
/1 :5‘}% 2 12.6 B0 Independent
4 25.1 0L Variable: r
6 37.7 &0 r C=2nr Dependent Variables:
8 | 502 - P, A
501 Linear or Non-
10 628 40 i Linear? P: linear,
r A L A: non-linear
301 Direct or Partial
2 126 20k Variation? P: direct,
4 50.2 L A: N/A
6 113.0 10 i Constants of
L1 I N N N NN NN RN NN N NN N O Variation: P: N/A,
8 | 2010 2 3 4 65 6 7 8 910 ,,
10 314.0 '

Initial Values: P: 0,
A:0




Perimeter and Area

Shape for Given Values Plot Graphs, State Equations, Answer Questions
L Slopes: P:2, A:4
b P i P=2b+6 Vertical Intercepts:
2 10 i P:6, A:0
¥ 3 - 1
) 4 14 16 Independent Variable:
b 6 18 14} b _
Use this parallelogram for 8 99 ol Dependent Variables:
perimeter calculations. i P, A
10 26 10 Linear or Non-Linear?
b al Both linear
2 8 B Direct or Partial
6 Variation? P partial, A
4 16 4 direct
b 6 24 9 Constants of Variation:
Use this paraIIEIOgram for 8 32 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 P 2‘ A 4
area calculations. 10 40 1 2 3 4 5 6 7 8 9 Initial Values: P: 6,
A:Q
4 b P 20k Slopes: P:1, A:15
2 13 18l Vertical Intercepts:
3 4 4 15 i P:11, A:6
16| ; .
6 17 y i AL15046 :)ndependent Variable:
b 8 19 [ Dependent Variables:
Use this trapezoid for 12 ependent Varlables.
perimeter calculations. 10 21 P, A
b 10 Linear or Non-Linear?
A g Both linear
2 9 6 Direct or Partial
4 12 i Variation? P partial, A
9 6 15 4r partial
0 ol Constants of Variation:
b 180 ;i - P:1,A:25
Use this paralislogram for 2 3456 7 8 9 Initial Values: P: 11,
' \alues voungled A: 6
40 one decima) Pl 20 Slopes: P: N/A, A: 1
b p 16k P-24bi~A4rb? Vertical Intercepts:
i P:4, A:0
j 160'85 161 Independent Variable:
. i b
141
6 14.3 ol Dependent Variables:
8 18.2 - P, A
2 C 10 299 101 Linear or Non-Linear?
gk P: linear,
b A - A: non-linear
2 2 61 Direct or Partial
—I 4 4 4 Variation? P: N/A,
b o[ A: direct
6 6 T T T T T T T Constants of Variation:
8 8 1 2 3 4 5 E 7 B 9 P:N/A A1
10 10 Initial Values: P: 4,

A0

Question

For the triangle shown at the right, explain why the value of b must be greater than 2

and less than 8. (See answer on next page.)




As shown in the diagram, let a, b and c represent the side lengths of any triangle.
Then, it must be the case that (1

a+c>b

a+b>c
and b+c>a.

This follows directly from the fact that the shortest path between two points is a straight line.
Then for the given triangle, it must be true that

5+3>Db
and b+3>5.

Therefore, 8 >b and b > 2, which means that the value of b must be greater than 2 and less than 8.



ANALYTIC GEOMETRY: REVIEW PROBLEMS

1. Consider the graphs shown at the right. Each graph gives a typical example of how average distance varies over time
for a ten-second sprint performed by various animals. an Olympic sprinter and a professional cyclist.

(a) Using only the graphs, estimate the slope of each line segment.
(Do not use the given co-ordinates to obtain your estimate.) Show Vi
how you arrived at your estimate. In addition. state the average 350 e Ty
Cheetah (10,311)

speed in each case. sho

Polar
Bear

250

Cheetah Cyclist | Alligator Sprinter

Professional Cyclist (10, 165)
i

e Alligator (10, 155)
Polar Bear (10, 111)

Olympic Sprinter (10, 102)

Average Distance (m)
o

. AFlSwerS will

\ /A DV >

E;tmated Vr{ l r—‘g 2zl alel 8wl l1E X
verage ( 0 D) Time (s)

Speed o

100

(b) Now calculate the exact slope of each line segment as well as the exact average speed. Show all calculations.

Cheetah Cyclist Alligator Polar Bear Sprinter

Oyl L. |30 \65~D:(6gf55-0 ~|1-0 log- :
AR R el i Ta-0 02

Exact |7 lo.Sm _ IS5m . M 104
-E:Jt- Pgr:er:ge -l—-j? :31,[#/5 I0s Mg"‘jﬁ RS 'gﬂsm‘*“:‘ﬂlﬁ Tﬁ*:”.lmﬁ

(c) Let d represent average distance in metres and f represent time in seconds. Write an equation of each line.

v

Cheetah Cyclist Alligator Polar Bear Sprinter

saion | =314 | d=lbst  |d=155t | d=thlf | d=oat

(d) Being straight lines. each of the given graphs is of a linear relation. This might suggest to some that the speed is
constant (not average speed) in each case. (Of course. average speed over an interval of time must be constant.)

(i) Explain why it is not realistic for the (ii) Sketch a more realistic graph for the typical Olympic sprinter.
speed to be constant. 110

Its very Aficu | € 100
+to m_a:fn{‘al.h o constant %
sprinting speed. Iy 4
the case of the Ol\/mplf- 60

Sprin%e.r For ins‘f‘anc,eJ 50
ot '&ak@j {imﬁ o nccelerd)rb ;g

to 4op speed. As the
SFrirrl'P rugrgsscs ) the runner ?g
4ives and gmAua[l7 slows down .




2. Consider the graphs below. Whose graph slopes downward? What does this indicate?

{ ! '
¥ o o /™ . (,-—'—Meﬂq%we, S(DPe,
2 25 i N U rde of chaoe of
distanie, From homt,
b

Time X o Tina X 0 Tirme X BV” -I-I mc (Y ngﬂ+“’£

Tom's graph slopes downward. This indicates that his distance from home is decreasing.
(b) Paul’s graph slopes downward. This indicates that his distance from home is decreasing. st f,LS’h] nep

‘Fm\m hﬂh:ﬂ
'S AECD’&GS}@

3. Which statement is true? .
/ over frme

(a) The constant of variation of a linear relation equals its slope.

(¢) Rob’s graph slopes downward. This indicates that his distance from home is increasing.
(d) Paul’s graph slopes downward. This indicates that his distance from home is increasing.

A
(b) ﬁ is equal to the slope of a line as well as the rate of change of the dependent variable y with respect to x. L/

() A linear relation has an equation of the form y = mx + &.
All of the above.

4. Consider the pattern shown at the right. Each square has a side length
of 1 cm.

(a) Create atable comparing the diagram number with the area and
perimeter for that diagram.

Diagram
Number (d)

| l 4 ! L 3

+4 ﬂ |
9\ 3:’_.-"1 ° Ares ynoreases hﬂh"llnﬂnfl\f

Area (4) Perimeter (P)

8 beca the. First differewces
g 15 12. tH  ave constantt
b 2 Yer e\-er'_ | ncr.esar\rgs lmﬂll’l
be couse the Fiest o ffhﬁaﬂs &
(b) ﬁs.ketch graphs of area versus diagram number av;d? perimeter versus diagram number. Is either relation linear?
O e0k
eS| E5k
£0F fofF l
o A-d@eh S lope.
. r - r -
Arca FointlocSl Pz - 5%
(™) af Cem) 21 .4
20 20} )
18 151 -
10 d 10} - ‘.L

st 5
125&5'5%53{31'0[}‘ %ié&és)jéé{od
rava N umolr "Diggraym Number

D
(c) Write equ:ﬂmns for both A and P. the dependent variables, in terms of d. the independent variable.
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5. Alison and Lucy belong to different fitness clubs. Alison has a membership that cost her $300 and she pays $2 each
time she visits the club.

(a) Let nrepresent the number of visits to the fitness club and let C represent the total cost in dollars. Write equations
for C in terms of n for both Lucy and Alison. In addition. sketch the graph of each relation on a single grid.

1000 For 50 Uiﬁl‘}

cach pays
40

"
(s2400)

Equation for C in terms of

| Luey C=%n
Alison C:Q\mﬂ—%oo

(b) Use your graphs to estimate the values of n for which Lucy has a better deal Alise
and the values of n for which Alison has a better deal. 1

Lucy has o better deal upto SO visrs. | beier de
Alison has o better deal Jor more than 5D vistts_ 21 SCH0 W EE

(¢) Now solve an equation to determine the exact value of n at which Lucy and Alison pay exactly the same amount,
Use your solution to determine the values of n for which Lucy has a better deal and the values of n for which

Alison has a better deal. * b = has a bﬂﬂé’r
] .- n - 300 y

What Lucy pays = What Alison pays . en. 30 f}f.,..} For fevier

8‘"\ = dn + 500 6 & Alison has ﬂ be'Hff

.o n=50 deal
éa r mm
%V\-QY\ 1ﬂ+300 Q.V\ 5(:) b”f" ‘F%
the Same am ount Fur exa visis
v
(a) Identify the partial variation. B 81 - A

0,4)
¢! /
(b) Give the fixed. or initial. value for the partial variation. L}- /\\’ (4> (100)
!

Some as glape,
(c) Which relation has a greater constant of variation?

A slope = H: B Slope_____‘!‘.: -4

I

6. The graph shows two relations. A and B. one direct and one partial variation.

Line A I'lasa-
greater cot

oF uarrtﬂ'

WP

7. Lucy and Vanessa are walking home from school.

(a) How far did each person walk in 20 s? DA Lucy's Graph | DA Vanessa's Graph
. 504 [ B8O
Luey: Y0m  Vanesa: 50 m = €

(b) What 1 the slope of each graph? 3 ) PO /(2040) f'- 60 -

i \ 50-0 |2 . ! & T AR50)
_“CI Slﬂpe': - 0 My VQM.SM}L: 200 |5 20 r: 240 :l
(c) Who walked faster? Explain. -a5 gﬁ o 2{0 o V& TS
)0) Time (s) (olﬂj Time (s)

Vanessa walked Faster (2.5 mls versus & m Js)
(d) Whose graph looks steeper?
Lur_-./ Spﬂrapl’\ell)l)ﬂ'ks S‘{EQ.F]ZY HOWE,Ve,r‘ as CD‘{C“-'“'!E‘A In (b) ":he, SJUFE,,

of Variessas araph is larger, Th is caused by the dPlereiit
Scales Hcm 3 Ees % scafeslwre, iﬂ\a,sam Vanessa 's 3@94

wonld leok S"l'ﬂ?/per



10.

The length of a trip varies directly with the amount of gasoline used. Yael’s car used 16 L for the first 145 km of his
trip from Toronto to Montreal.

(a) How much gasoline. rounded to the nearest litre, should he e\pect to use in the remaining 400 km of his trip?

F — amount & Fuel used (L) -te g Yael should
al ﬁol stince travelled (km) f T d-405 then el b

use aloou
H'Sﬁm: cansl”dﬁ't of wariation = = _P_(ﬂf-ow) 44 ) 44L of
(b) If gasoline costs SI‘DEJEE can he complete the trip with a budget of $70? fu {

Cost of uel = (44+() ($112) = cO($113) = $67.8D
Totd Fuel used
Yael can cample,fe tutrip with bunljgf of 470.00.
Jorgen is designing a set of steps from his deck'to the garden 2 m

below. He knows that a comfortable slope for steps is about 0.6.
In addition. he wants the *

(a) What should the height of each riser be? . . tre th

ef h represewE he. viser hathf " om .
;) 5\0?(3,__.6(9 .'.h:‘ﬁ h nsght
o h o 0.0 The riser 5H
. %30 shold Be R e,
2 (4 )= 3004)
(b) How many steps will the staircase have? Be sure to give an integer answer and explain the effects of your choice.
. | -tejrq\ hv‘:lgh’t _ QB0 om 21
# 51 PS ~  riser height (8 em
There chould be || < P5. In oddition the riser he,ng:r Wt dould

be increased 5\ljh{' l7 +o ensuyp. Hhat '“\d‘jé staircase S pung the, entive
A m dystance.

Modified True/False

Indicate whether each statement is true or false. If the statement is false, change the underlined part(s) to make the
statement true.

F Partial variation occurs when the ratio of the dependent variable to the Change: D e (7£r
independent variable is constant. w r I-\(X’/‘.’.Om

F " Any linear relation has an equation of the form y = mx+ b , where m represents Change: /% f@[)ﬂ?i'ﬂ?ls

the fixed. or initial value of y, and b represents the constant of variation. S/U[{? b ;r@/)ﬂ%?n}zi
i m‘hc«' or fixa V"I/““e

F The vertical intercept, constant of variation and rate of change all represent the ~ Change: Qlope

same concept for a linear relation.

F The following are all units of change: Change: W??lf? O'F
kilometres per hour, dollars per kilogram, litres per 100 km, breaths per minute C/I&U’?q e




