UNDERSTANDING THE CONCEPTS OF PERIMETER, AREA AND VOLUME

Perimeter

® The distance around a two-dimensional shape.

¢ Example: the perimeter of this rectangle is 3+7+3+7 = 20

o  The perimeter of a circle is called the circumference.

¢ Perimeter is measured in linear units such as mm, cm, m, km.

Area

* The “size” or “amount of space” inside the boundary of a two-dimensional
surface, including curved surfaces. In the case of a curved surface, the area is

usually called surface area.

* Example: If each small Square at the left has an area of | cm’, the larger shapes 112

all have an area of 9 cm”.

. 2
*  Area is measured in square units such as mm’, cm?, m%, km’.

Volume

¢ The “amount of space” contained within the interior of a three-dimensional object.

(The capacity of a three-dimensional object.)

¢ Example: The volume of the “box™ at the right is 4x5x10 =200 m’. This means,

for instance, that 200 m® of water could be poured into the box.

e Volume is measured in cubic units such as mm’, cm>, m>, km?, mL, L.

Note: ImL=1cm’
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1. You have been hired to renovate an old house. For each of the following jobs, state whether you would measure
perimeter, area or volume and explain why.

Job Perimeter, Area or Volume? | Why?
Replace the baseboards in a room. IO | k /4 / b/ % /1 e d/ [
erimefer T b mgmwm’
df/ﬂ’&pﬂm@ Unit 18
metres (e )
[l Fwo - ), M}‘L(" ) /
Paint the walls. A f'f&( A- whll & < } i

z,mﬁce /4‘" 0/?7*7)/9 m

unit s Q{qqré‘ W J(I/H)

Pour a concrete foundation.

\Vo lume

/4— 79(4:16(4)"1% is o three-

dimensional space, 4

a 1”9/’}0&1(( unit IS
CM&{( I?L@Z’?f (W] P

2. Convert 200 m” to litres. (Hint: Draw a picture of 1 m’.)
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Cardboard Box Space Diagonal Solution

Py 9y = T right AABL,
| ' c? =40+ >
et = 1600 +600
30 cm - cR=2200

~Space diagonal I thAﬂOD
wir >

d*=c*+ 20
A 40 cm C 4% = ZR00+4H0

40 cm Cd¥ = giop

cdENam = 6t

Spider and the Fly Solution

30 12
Tle,, PTH" Fr'ﬂm ‘Huz end wall
spider to the ceiling o spider |12
—Hy w}ii/ O’EFf’nd on / | .
how thenet is ¢ | 2_ 2
cgz;h.%i-gd ) 40 524 (;, (,1 +|o2
T}ub E,“.‘ . side wall :a G =34 + 32
el o E A
'H\Q/ mjh-[— end wall / Moo | - C'/;l _5126 + 10
Gives the B rarons 5—r——F - C'-#'fo b0
$Aor{'€3{‘ - C’ - {_
POsSsI ble path. The Q}OIJEP muS
Teo prove that th's s side wall ;m‘w fh m—%e+
Ha st ot Ll s o reach thofy




Spiral Solution
B g the_ ?y%@arﬂan T heo er,
‘ D 0% = 124 G)c’= Lo+ ”
, 2
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(@) The hypotenuse lengths ave in the ratio
VT A3 (A AT (or WA fdd 45435 )

- 'LT— + '\]—5“:- i .-'\E’: ’U___il
o S
If a Fifth %rla@fe were aalded the area
Wou d [nCrease BY "E_

Cb) Aren

)

If a S‘X‘H] 'h'"f“‘l fe, were O«OMM the arec
would increase EY N
H\Q are o thFQGxS@S 107/ f___ p M/AQ‘FE,

n repre&ewfs the total # 0% ‘Erlatljlﬁg



13. Math Contest
a) The set of whole numbers (5, 12, 13) is called a
Pythagorean triple. Explain why this name is appropriate.
b) The smallest Pythagorean triple is (3, 4, 5). Investigate whether
multiples of a Pythagorean triple make Pythagorean triples.
€) Substitute values for m and n to investigate whether triples of
the form (m? — n?, 2mn, m* + n?) are Pythagorean triples.

d) What are the restrictions on the values of m and n in }lﬂrt c)?
Loy (5,12,13) s an ordered ":r.,o[e,

(.e. an ordered set c,.oﬂ5|\5"|.'l‘f\)ﬂ SE B v irs )
The Values 5, | and 3 ?,Ct“‘l'ﬂjy the

P‘/Jrl\agorea.h theorem . s
2D =R HeE =10 =13

Cb) Any mmHl'Pf'e. OF(.-%‘{[,;) lrS C?,ISO [~} P}y)“}’{tﬂm‘qn —1’1"‘.')912.

Fuf: Let 1 vepresont any positive. fn{%aﬂh
Thon  (3n,4n,5n) vepresats any wu lHiple

Nows Ga) Hig) amd (50)

22 2 ~2 2

= 2n foﬂg =0 nl
=T+ o

=4 QS'VIRJBH :Q‘S”

e "‘79 +(L7[mjl = (5—*4 )2\ .
o (Bn , LJ(,,,) ;Hr) s & R/_H’lf'jﬂreaﬂ Tl"fp!e
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A
(At =) 4 Qe (A
= mlf-l-amg\na-t- n'f
2 A
(mg‘- m2>2+ Lélrhan“) = (ma+ ha> |
oo (w?—ng) Qmm) V‘HQ—H’WR) s & (Py'H/IEﬁDY‘EGVW 'H‘lPE‘.
?D*S SL\DWV) be,,ow A Qp‘éao‘.‘ihee,% can b& M.S(?O{

1o gen orute %‘héwmn triples.

A B C D E F G H
1
g
3 a b [
a m n m#a2-n "2 2mn mA24n A2 a*2+h a2 (s
5 2 1 3 1 5 25 25
i) 3 1 8 5] 10 100 100
T a4 1 15 ) 17 289 289
) 5 1 24 10 26 676 676
9 3 2 5 12 13 169 169
10 4 2 12 16 20 400 400
11 5 2 21 20 29 841 841
12 4 3 7 24 25 625 625
13 5 3 16 30 34 1156 1156
14 6 3 27 36 45 2025 2025
15 7 3 40 42 58 3304 3364

COb Restrictions on m and n

Q)b amd C. mus’t otf,[ bz, !_295;'{'].11'6/

NN

w S m>+Nn

\dewill ]oe,weo\qu.we/ or D \F m<n

°, m>n (m m%fbejf‘ﬁa%?f than V])




Understanding the Pythagorean Theorem

Pythagorean Theorem Proof 1 — President James Garfield’s Brilliant Proof
James A. Garfield was the 20" president of the United States. In addition to being a Jemb A Ctald
highly successful statesman and soldier, President Garfield was also a noted scholar. i
Among his many scholarly accomplishments is his beautiful proof of the Pythagorean

Theorem. It is outlined below.
§% & (a) Calculate the area of trapezoid XZWU

LF
by summing the areas of AUXY ,
AYZW and AUYW . Simplify fully!

A

=4 +4,+4,
&qbrc&) ab

&gt ar
qb+¢£+ﬁb

o~
c2+Qab
20" President of the U.S.A.

In Office:
March 4, 1881- September 19, 1881

(b) Calculate the area of the trapezoid by Assassinated st the age of 49
using the equation for the area of a Ong of four assassinated presidents

trapezoid. Simplify fully!

h(a+b) Think! What is
Trap = 2 the height of the

_ 66~+b!Q§'4E ) trapezoid?
o,

(po)Oc% ) = Q
= a‘lmbmb% //' :%@A

:a9+gbb+bd

Trap

/1

A,
e W
b

(¢) In parts (a) and (a) you developed two different expressions for the area of trapezoid XZWU. Since both expressions
give the area of the same shape, they must be equal to each other! Set the expressions equal to each other and solve

e > +aab-a+&’aé+b

A

rvap = Aynap A,
. 2 Y
M — Ci‘;+3a[9+b& \. &/ & +o7(,§ —_ fq s dQO%lb"'«b

9\ : ;Z 4 CQ-—'q +~}D’\

¥ »%'f ( 09} &Tab j (a‘i+3019+b) l __)‘_/--"

.”.'3 Qal :r:?wr P/‘”* ’/'¢>;f\,“r|f =

'“f'/\;:?. IN o /G /”4_ "P/,"f_. 747 /f’ J
[‘/f UST &e ;’,fu case Z{/{N{
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Pythagorean Theorem Proof 2

(a) Explain why

quadrilateral PORS must

be a square.

Fn ah\/ ,;Q 'H’\l fﬂmﬂfﬁj b

= %" hecause
'H\Q SUm ot O\“ 'H"Q

W_J)(es st e 120°,
'hreqcur&,%ﬂ inerov
Angles of PRAS must ol

se the above diagram to develop a proof of tl

(b)

a

X_l

b@w\&a \

Pythagorean Theorem. (Hint: The line of reasonmg is
similar to that of President Garfield’s proof.)

A v’x\{z

. *w(ab)

= % ""Qq]?
P ek 4 b) —~ Cg“hgalo
' Cl‘}‘!' b:l = 02 (Gu\ﬁhdlnzml: Fﬂm g.b,)

"

P |

(L«er)(wb) o +Qafo+b
wa‘{z_ = A\’U\ of wa.s wire =+ Ar"c«m“f

mmj

Consequence of the Pythagorean Theorem

Although the Pythagorean Theorem is an equation that relates the lengths of the
sides of a right triangle, it can also be interpreted in terms of areas.

equal the sum of the squares of the other two sides.

That is, if ¢ represents the length of the hypotenuse and a and b respectively
represent the lengths of the other two sides, then ¢ =a® +b°.

es

Pythagorean Theorem Proof 3

(a) Explain how the
diagram at the right is
simply a rearrangement  a
Th r\ '& ‘\'rmn ES
Are rea\rmhsed
form +wo
that a® + 5% =c?. (This proof was devised in 1939 by
Maurice Laisnez, a high school student in the Junior-
Senior High School of South Bend, Indiana.)
wl o aren of the blue
SJ(/MR_ ( C&D bacwge, ﬁnﬁ
two rod Squares —{a Hhar a:cup/

W,
of the pieces in the N
]
=
rectanes S
The C‘Om/y/mﬂ( aré« C9'l£ 7% +ivo
@(ad'y ‘ELQ S¢ind- ctw\ﬁb“"l

diagram at the left.
(b) Explain why the two diagrams together make it obvious
2 -
red Squares (a?+b>) must
space_ as +a blug %

* By examining the diagram at the right, one can easily see that the expressions
a’, b* and ¢ are all areas of squares!

Since ¢® =a® +b°, it must also be true that

Area
of

C
» We have proved that in a right triangle, the square of the hypotenuse must ' ¢
b| b?
<
b al a2
__ Area p b2 £ Area a| a?
of of
a
MPMIDO Unit 6 — Measurement and Geometry MG-10
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Understanding Surface Area Equations

Net

Surface Area
Equation

/

A=+l +Lh+Lh

+whwh

A=Aw+2Wh+ 3wl
=2l +Eh +wh)

—

A

E bhtchtda +al
=h(btetd )+ Cltg

q= Hﬁch HUﬂ

(%)

L A=2s8

()

A=psd+s

‘:'}\ﬁr—'(%) ‘*’5}

A= anr s 2mrh

e Qi

Length of arc A8 =2xr Curcumference of the base = 27

A= eTys
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WHAT HAPPENS I[F...

1. Complete the following table. The first row has been done for you.

is 2r. Then, the perimeter becomes
C=2nr= 27[(2r) =4xr= 2(27”’)

is 2r. Then, the area becomes
A= 71'(2r)2 = 7r(4r2) =47r?

Shape tﬁsrgﬁa%fe What Happens to the Perimeter if ... What Happens to the Area if ...
...the length is doubled ...the width is tripled
Solution Solution
;;l P=2l+2w A=Ilw
1 W Rectangle | If the length is doubled, the new length | If the width is tripled, the new width
) il is 2l . Then, the perimeter becomes is 3w. Then, the area becomes
’ P=2(21)+2w=41+2w=(2+2w)+2l | A—|(3w)=3lw=3(Iw)
The perimeter increases by 2I . The area is also tripled.
...the base is doubled ...the height is quadrupled
Solution Solution
P=2b+2c A=Dbh
/ h /?c/ Paralel- | If the base is doubled, the new base If the height is quadrupled, the new
1 logram is 2b. Then, the perimeter becomes height is 4h. Then, the area becomes
b P=2(2b)+2c=4b+2c=(2b+2c)+2b A=b(4h)=4bh = 4(bh)
The perimeter increases by 2b . The area is also quadrupled.
...the base is tripled (if this can be done | ...the height is tripled
without changing the values of aand ¢) | gg|ution
Solution bh
a P=a+b+c A= 2
h N Triangle | If the base is doubled, the new base If the height is tripled, the new height is
b is 2b. Then, the perimeter becomes 3h. Then, the area becomes
P=a+2b+c=(a+b+c)+b b(3h) 3bh 3(bh)
The perimeter increases by b . T T T o
The area is also tripled.
...the base is tripled (if this can be done | ...the height is doubled
without changing the values of cand d) | ggjution
a Solution h(a+b)
P=a+b+c+d A= >
¢ h @ | Trapezoiq | If the base is doubled, the new base | ¢ yne oot is ripled, the new height s
_ - is 2b. Then, the perimeter becomes 2h. Then. the area becomes
b P=a+2b+c+d=(a+b+c+d)+b 2h(a-+b) h(a+b)
The perimeter increases byb . A= "B 2( > ]
The area is also doubled.
...the radius is doubled ...the radius is doubled
m Solution Solution
r C=2xr A 712
w Circle | If the radius is doubled, the new radius | |f the radius is doubled, the new radius

The circumference is doubled.

The area is quadrupled.




2. Complete the following table. The first row has been done for you.

Shape

Name of the
Shape

What Happens to the Surface Area if ...

What Happens to the Volume if ...

Rectangular

...the length is doubled
Solution
A=2lw+2lh +2wh

If the length is doubled, the new length
is 21 . Then, the surface area becomes

...the width is tripled

Solution

V =Ilwh

If the width is tripled, the new width
is 3w. Then, the volume becomes

Prism
A=2(21)w+2(21)h+2wh V =1(3w)h =3lwh =3(Iwh)
I =4lw+4lh + 2wh The volume is also tripled.
=(2lw+2lh +2wh) + 2lw + 2lh
The surface area increases by 2lw + 2lh .
o ¢ ...b is doubled (if this can be done ...the height is quadrupled
without changing the values of a and ¢) A
nswer
Triangular | Answer The volume is also quadrupled
Prism The surface area increases by bl (i.e. multiplied by 4).
(i.e. bl is added to the surface area).
b
...the slant height is tripled ...the height is tripled
Square- Answer Answer
gase q The surface area increases by 4bs The volume is also tripled
. (i.e. 4bs is added to the surface area). (i.e. multiplied by 3).
Pyramid
...the radius is doubled ...the radius is doubled
Answer Answer
Sphere The surface area quadruples The volume is multiplied by 8!
P (i.e. multiplied by 4).
...the radius is doubled ...the radius is doubled
e Answer Answer
. The surface area increases by The volume quadruples
Cylinder 5 i ) ) i e
67r2 +2zrh (i.e. 67r2 +2zrh is (i.e. multiplied by 4).
added to the surface area).
...the radius is doubled ...the radius is doubled
Answer Answer
Cone The surface area increases by The volume quadruples

3zr? + zrs (i.e. 3xr® + zrs is
added to the surface area).

(i.e. multiplied by 4).




Sum of the Interior Angles of a Convex Polygon
1. By dividing each polygon into triangles, calculate the sum of the interior angles of the following convex polygons.

Note that one of the shapes has already been done for you.

Name: Quadrilateral
Number of Sides: 4
Number of Triangles: 2

Sum of Interior Angles:
2(180°) =360°

Name: Pentagon
Number of Sides: 5
Number of Triangles: 3

Sum of Interior Angles:
3(180°) =540°

Name: Hexagon Name: Heptagon

Number of Sides: 6 Number of Sides: 7
Number of Triangles: 4 Number of Triangles: 5

Sum of Interior Angles:
5(180°)=900°

Sum of Interior Angles:
4(180°)=720°

2. Now summarize your results in the following table and sketch a graph relating the sum of the interior angles of a
convex polygon to the number of sides. Then answer questions (a) to (f).

n = number of sides in the polygon,

n S @ DiﬁesrenceS)
3 |180° -

4 | 360° 180°

5 | 540° 180°

6 |720° 180°

7 | 900° 180°

F 1440
F1320

L1200

L1080

960

L840

L 720 3
L 600

L 480

L 360 .
F240

F120

Sum of Interior Angles (Degrees)

Sum of Intericr Angles in Polygons

s = sum of the interior angles of the polygon

(a) Do you expect the pattern to continue

: indefinitely beyond n = 7? Explain.

The pattern should continue indefinitely
because increasing the number of sides by 1
also increases the number of triangles by 1.
This means that the sum of the interior
angles will grow by 180° for each increase
by 1 in the number of sides.

(b) Write an equation relating s to n. Explain
why it is not surprising that the relation
between s and n is linear.

1

2 3 4 5 6 7 8
Number of Sides

910 s =180°(n —2) =180°n - 360°

(c) State the meaning of the slope of the linear relation

between s and n.

m = slope = 180 (from the equation)
The sum of the interior angles of an n-sided polygon
increases at a rate of 180° per additional side.

(d) Does the vertical intercept of this linear relation have a
meaning? Explain.
The vertical intercept has no meaning because there is
no such thing as a zero-sided polygon.

(€)

Does it make sense to “connect the dots” in the
above graph? Explain.

It does not make sense to connect the dots because
the number of sides in a polygon must be a whole
number greater than or equal to 3.

(f) State an easy way to remember how to calculate the
sum of the interior angles of a polygon.
sum of interior angles = 180°x(# of triangles)




Optimization Problem 1

OPTIMIZATION

You have 400 m of fencing and you would like to enclose a rectangular region of greatest possible area. What

dimensions should the rectangle have?

() What is the constraint in this problem?

The constraint is the length of fencing
available. Since only 400 m of fencing
are available, the region enclosed by the
fence will have a limited size.

(b) Draw a diagram describing this situation. Then write an equation
that relates the unknowns to the constraint.

= Length of fencing =400 m
w The constraint -.perimeter =400 m
n *121 + 2w = 400

(c) What quantity needs to be optimized?
State whether the quantity needs to be
maximized or minimized. Then write an
equation describing the quantity that
needs to be optimized.

In this problem, the area needs to be
maximized. Therefore, the equation must

describe the area of the rectangular region.

A=Ilw

(d) The equation in (c) cannot be used directly to maximize the area
because there are too many variables. Use the constraint equation to
solve for | in terms of w. Then rewrite the equation in (c) in such a
way that A is expressed entirely in terms of w.

221+ 2w =400 L A=lw

21 2w 400 - A=(200-w)w
22 2 - A=w(200-w)
~ 14w =200

Now the area has been expressed

s lrw—w=200-w, in terms of one variable only
S 1=200-w (i.e. the width).
(e) Sketch a graph of area of the rectangle () Is the relation between A and w linear or w A AA
versus width. Label the axes and include non-linear? Give three reasons to support 20 | 3600 -
a title. your answer. 30 | 5100 | 1500
Area of a Rectangle with a Perimeter of 400 m The relation is non-linear. We know this 40 | 6400 | 1300
[ 10000 because of the following reasons. 50 | 7500 | 1100
E:ggg 1. The graph is curved. 60 | 8400 | 900
L 7000 2. The equation has a squared term (w?).

A=w(200—-w)
- A=200w—w?

Area (m"2)
g

20 40 60 80 100120140160 180 200
Width (m)

3. The first differences are not constant.

(g) State the dimensions of the rectangular region having a perimeter of
400 m and a maximal area.

From the graph it can be seen that the maximum area is 10000 m?,
which is attained when the width is 200 m. Therefore, for maximum
area,

w=100 and | =200 -w=200-100=100.

For maximal area, both the length and the width should be 200 m. In
other words, the region should be a square with side length of 100 m.



Optimization Problem 2

Design a cylindrical pop can that has the greatest possible capacity but can be manufactured using at most 375 cm? of
aluminum.

(a) What is the constraint in this problem?

The surface area of the pop can must be at
most 375 cm®.

(b) Draw a diagram describing this situation. Then write an
equation that relates the unknowns to the constraint. (Letr
represent the radius of the cylinder and let h represent its

height.) e

Constraint
Surface area = 375

h
~27r? + 272rh =375

(©)

What quantity needs to be optimized? State
whether the quantity needs to be maximized or
minimized. Then write an equation describing
the quantity that needs to be optimized.

(d) The equation in (c) cannot be used directly to maximize the
volume because there are too many variables. Use the
constraint equation to solve for h in terms of r. Then rewrite the
equation in (c) in such a way that V is expressed entirely in
terms of r.

The volume needs to be maximized. V =zr’h
V - 7r2h 27r® +272rh =375 v rl (375_2,”2}
- 2zrh =375 271> - 2zr
375-2xr? r(375-2xr?
sh=—m"— .'.V:—( ):ﬁr—ﬁr3
2y 2 2
Now the volume has been expressed in terms of one variable only
(i.e. the radius).

(e) Sketch a graph of volume of the cylindrical can | (f) Is the relation between V and r r V AV
versus radius. Label the axes and include a linear or non-linear? Give three 1| 1844 _
title. reasons to support your answer.

Yolume of a Cylinder with a Surface Area of 375 cm*2 Th lati bet Vandri 2 349.9 165.5
- e relation between V and r is
600 ([4.46031, 557539) non-linear D
550 Reasons 4 | 5489 | 71.2
-500 ) 5 | 5448 | 4.1
[ 450 . 1. The graph is curved.
L 400 \ ZTV —ar’ 2. The equation has a polynomial term of degree three

L350
L300
L 250
L 20

Yolume (cm”3)

1 2 3 4 5 6 7 8§ 9 10
Radius (cm)

(-zr?).

3. The first differences are not constant.

(g) State the dimensions of the cylindrical can having a surface area
of 375 cm” and a maximal volume.

The dimensions for maximal volume are as follows:
r =4.5 cm (estimated from graph)

375-2xr® _ 375-2(3.14)(4.5)°

= 2(3.14)(4.5)

=8.8 cm




Optimization Problem 3

A container for chocolates must have the shape of a square prism and it must also have a volume of 8000 cm®. Design
the box in such a way that it can be manufactured using the least amount of material.

(a) What is the constraint in this problem?

The volume of the container must be
8000 cm®.

(b) Draw a diagram describing this
situation. Then write an equation that
relates the unknowns to the constraint.
(Let x represent the side length of the
square base and let h represent the
height.)

Constraint
Volume = 8000
. x*h =8000 . 4

(c) What quantity needs to be optimized? State
whether the quantity needs to be maximized or
minimized. Then write an equation describing the
guantity that needs to be optimized.

(d) The equation in (c) cannot be used directly to minimize the
surface area because there are too many variables. Use the
constraint equation to solve for h in terms of x. Then rewrite
the equation in (c) in such a
way that A is expressed

The surface area needs to be minimized. g . A=2x%+4xh
) entirely in terms of x.

A=2x"+4xh , 4x(8000

. x2h =8000 S A=2x +T( 5 j
X
8000
nh=— .'.A=2X2+M
X X
Now the surface area has been
expressed in terms of one variable only (i.e. x).
(e) Sketch a graph of volume of the square prism (f) Is the relation between A and x

versus width. Label the axes and include a title. linear or non-linear? Give X A A4

Surface Area of a Square Prism with a Volume of 2000 cm3 three reasons to support your 1 3202 )
answer. 2 | 1608 | —159%4
The relation between Aand x is 3 | 1084.7 | —523.3
non-linear 4 832 | —252.7

{ﬁ Reasons 5 690 —142

g 1. The graph is curved.

g 2. The equation has a squared term (2x?).

ﬁ 3. The first differences are not constant.

@

=

a E 450 (g) State the dimensions of the square prism with a volume of

ks {3-28318, 517-064) 8000 cm® and a minimal surface area.
- 150 The dimensions for minimal surface area are as follows:

g 10 12 14 16 18 20
Slde Length of Square Base (cm)

x=9.3 cm (estimated from graph)

_ 8000 . 8000

> =925 cm
x2 9.3
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