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UNDERSTANDING WHY THE EQUATIONS ARE CORRECT

Understanding the Meaning of = and how it Relates to the Circumference of a Circle
The following is an example of a typical conversation between Mr. Nolfi and a student who blindly memorizes formulas:

Student: Sir, I can’t remember whether the area of a circle iszr® or 2zr . Which one is it?
Mr. Nolfi: If you remember the meaning of z, you should be able to figure it out.
Student: How can 3.14 help me make this decision? It’s only a number!

Mr. Nolfi: How dare you say something so disrespectful about one of the most revered numbers in the mathematical
lexicon! (Just kidding. 1 wouldn’t really say that.) It’s true that the number 3.14 is an approximate value of z. But |
asked you for its meaning, not its value.

Student: 1 didn’t know that 7 has a meaning. | thought that it was just a “magic” number.

Mr. Nolfi: Leave magic to the magicians. In mathematics, every term (except for primitive terms) has a very precise
definition. Read the following carefully and you’ll never need to ask your original question ever again!

In any circle, the ratio of the circumference to the diameter is equal to a constant value that we call z. That is,
C:d=r.
Alternatively, this may be written as
E =7
or, by multiplying both sides by d, in the more familiar form
C=xd.
If we recall that d = 2r, then we finally arrive at the most common form of this relationship,
C=2xnr.

As you can see, the length of the
circumference is slightly more than three
diameters. The exact length of C, of
6: ( course, is = diameters or zd.

| ' Snip the circle and
stretch it out into a 0
straight line. h ¢ g

Mr. Nolfi: So you see, by understanding the meaning of z, you can deduce that C =2zr . Therefore, the formula for the

area must be A= 7zr?. Furthermore, it is not possible for the expression 2zr to yield units of area. The number 27 is
dimensionless and r is measured in units of distance such as metres. Therefore, the expression 2zr must result in a value

measured in units of distance. On the other hand, the expression zr* must give a value measured in units of area because
r’ =r(r), which involves multiplying a value measured in units of distance by itself. Therefore, by considering units

alone, we are drawn to the inescapable conclusion that the area of a circle must be zr? and not 2zr !

Examples
27r = 2(3.14)(3.6 cm) = 22.608 cm — This answer cannot possibly measure area because cm is a unit of distance.

Therefore, zr® must be the correct expression for calculating the area of a circle.
zr? =3.14(3.6 cm)? =3.14(3.6 cm)(3.6 cm) = 40.6944 cm? — Notice that the unit “cm?” is appropriate for area.
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Understanding Area Equations

Shape Explanation Equation for Area

L e Each square has an area of 1 unit?

w w e Total number of squares
= (# of squares in each row)x(# rows)

M =5(3)
| I =lw

- e Cut off the shaded right triangle at
77 the left end of the parallelogram.

e Attach the cut-off right triangle at
the right side. A=bh

¢ A rectangle is formed. Its length
is b and its width is h, which
means that its area must be bh.

R IRRRFCERREES

N

e Begin with a parallelogram having bh
the same base and height. A=—

o Cut the parallelogram in half
along the dashed diagonal. or

e Since the parallelogram’s area is 1

bh, the triangle’s area must be bh.
2

e Divide the trapezoid into two
triangles as shown. h(a+b)

¢ Both triangles have a height of h. A= 2

One triangle has a base of a and
the other has a base of b. or

e Total area
_ah bh_ah+bh _h(a+b)
2 2 2 2

1
A==h b
“h(a+b)

e As shown in the
diagrams, divide
the circle into an
even number of
sectors, all of
which have the
same size.

o Rearrange the
sectors as shown,
then fit them
together.

The argument presented here
for the area of a circle is
lacking in rigour. It is based
on the assumption that we can
use the equation for the area of
a parallelogram (A=bh) to
calculate the area of a shape
that is similar to a
parallelogram. A more
rigorous argument can be
constructed using calculus. A= 712

e The resulting
shape is very
closeto a
parallelogram, so
its area should be
about

bh=(zr)r=7r?
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Understanding the Pythagorean Theorem

Pythagorean Theorem Proof 1 — President James Garfield’s Brilliant Proof

James A. Garfield was the 20" president of the United States. In addition to being a

highly successful statesman and soldier, President Garfield was also a noted scholar.
Among his many scholarly accomplishments is his beautiful proof of the Pythagorean

Theorem. It is outlined below.
a

W

X : U
bAi
Y
a
A
Z Sy
b

(a) Calculate the area of trapezoid XZWU
by summing the areas of AUXY ,
AYZW and AUYW . Simplify fully!

A = A+ A+ A

(b) Calculate the area of the trapezoid by
using the equation for the area of a

James A. Garfield

20" President of the U.S.A.

In Office:
March 4, 1881- September 19, 1881

Assassinated at the age of 49
One of four assassinated presidents

trapezoid. Simplify fully!

h(a+b) Think! What is
Arap == the height of the
_ trapezoid?

(c) In parts (a) and (b) you developed two different expressions for the area of trapezoid XZWU. Since both expressions
give the area of the same shape, they must be equal to each other! Set the expressions equal to each other and solve

for c?.

ATrap = Arrap
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Pythagorean Theorem Proof 2

(a) Explain why
quadrilateral PQRS must
be a square.

W

(b) Use the above diagram to develop a proof of the
Pythagorean Theorem. (Hint: The line of reasoning is
similar to that of President Garfield’s proof.)

Consequence of the Pythagorean Theorem

Pythagorean Theorem Proof 3

(a) Explain how the
diagram at the right is
simply a rearrangement
of the pieces in the
diagram at the left.

(b) Explain why the two diagrams together make it obvious
that a* +b® =c?. (This proof was devised in 1939 by
Maurice Laisnez, a high school student in the Junior-
Senior High School of South Bend, Indiana.)

Although the Pythagorean Theorem is an equation that relates the lengths of the

sides of a right triangle, it can also be interpreted in terms of areas.

c

e We have proved that in a right triangle, the square of the hypotenuse must c?

equal the sum of the squares of the other two sides. b b2

That is, if c represents the length of the hypotenuse and a and b respectively s

represent the lengths of the other two sides, then ¢® =a® +b?. B

. . : . . al a2 |

e By examining the diagram at the right, one can easily see that the expressions

a’, b? and c? are all areas of squares! 4

Since ¢? =a? +b?, it must also be true that
Area c2 c — Areabp b? + Area al a?

of — of of
d
c b
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Research

1. There are literally hundreds of different proofs of the Pythagorean Theorem. Find a proof that you are able to
understand and explain it in your own words. Include diagrams in your explanation.

2. Do some research to answer the following questions:
(&) Who was Euclid?

(b) Euclid created a mathematical treatise, consisting of thirteen books, called the Elements. Why are Euclid’s
Elements considered so important?

(c) Find Euclid’s proof of the Pythagorean Theorem and explain it in your own words.
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Understanding Surface Area Equations
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Understanding Volume Equations
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UNDERSTANDING GEOMETRIC RELATIONSHIPS

Angle and Triangle Properties

Angle Properties

When two lines intersect, the
|[opposite angles jare equal.

R
N The "X" Pattern
- ﬂ S

The sum of the interior angles
of a triangle is 180°.

/—’\."'Anglf_' Sum Triangle Theorem"

A (ASTT)
f : .\'x
;';Ib ':.. n
a+b+c=180°

When a transversal crosses parallel lines, many pairs of angles are related,

corresponding angles

co-interior angles

are eq 1al

rd

/ The "F" Pattern

have a sum of 180°

alternate angles
are equal
(_" The "Z" Pattern
Proof of ASTT
D A
Py e
- / -4

/

,.‘-" The "C" Pattern

B
-

B e

ZDAB= LABF = y (alternate a»ﬁles) IJZI
L EAC = LACE = z (alfernate cina kg )

Bk <DAB +2BAC+ LEAC = 186" ( staight (i)

5-y+%+z:Bf

the Sum oF ke |nieror o
-iviavk\gle MusT BE (B0°

Vlj\es O'P a
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Angles in Isosceles and Equilateral Triangles

e The Isosceles
Triangle Theorem E
(ITT) asserts that a
triangle is isosceles if
and only if its base
angles are equal.

e This can be proved
using triangle

e Using ITT, it can be
shown that an equilateral
triangle is also
equiangular (all three
angles have the same
measure).

e If x represents the
measure of each angle,

YERTEX ANGLE

congruence [ BASE] then

theorems (not w H X+ X+ x=180° (ASTT)
covered in this BASE ANGLES .. 3x=180°

course). . X =60°

Exterior Angle Theorem (EAT)

E%‘k’.r‘mf‘ AEL’S ol 4 i

[ i qmqh,
L=

A

q
K

Xty +z = \%O@D ASTT)
c +z =380 (afm,:ﬂh't‘ hve)

L]

£ C/j%"‘*y

£ b/y 2 C £ ‘- e,xj(ﬂriuf' LABE \S

B the sum oF £ CAB
and LACR

us‘ms cA 5imi‘|ur arﬂumen‘l')wE, Can show

that  b=wt2  qnd G =Vi2

two vertices.

Eocterioy Anﬂ le. Theprew,

The exterior angle af eadh VErjILE?( of a triomle s
eq,q?} +: the su‘?n of Tthe inttrior argfu af the other
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Sum of the Exterior Angles of a Triangle

Xkyrz = 180" (ASTT)

d
b

ark + bty + etz

= 180° « 1807 +(20°
= 5407

C

7L £

75QT- a+% +b ty +ct Z

1

oo

540

athtc e Xxyt+2
a+b +c +180°

ath t +130" = 5H°

arbic 4 180" ~1" =

atbre = 360

5‘!‘0{ 1303

angks

In oy tragle, The Sum of e exlerior
MusT BE 360

Sum of the Interior Angles of a Convex Polygon
1. By dividing each polygon into triangles, calculate the sum of the interior angles of the following convex polygons.

Note that one of the shapes has already been done for you.

(3ince TAy+2 = (80%)

(stvon 6]4”( Un(’ﬁ)

Name:

Number of Sides:
Number of Triangles:

Sum of Interior Angles:

Name:

Number of Sides:
Number of Triangles:

Sum of Interior Angles:

Name:

Number of Sides:
Number of Triangles:

Sum of Interior Angles:

Name: Heptagon
Number of Sides: 7
Number of Triangles: 5

Sum of Interior Angles:
5(180°)=900°
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2. Now summarize your results in the following table and sketch a graph relating the sum of the interior angles of a
convex polygon to the number of sides. Then answer questions (a) to (f).
s = sum of the interior angles of the polygon

n = number of sides in the polygon,

n

S

As
(1* Differences)

900°

Sum of Interior Angles

Sum of Interior Angles in Polygons

L1440
F 1320
[ 1200
1080
960
L840
F720
L 600
480
L 360
L 240
F120

(a) Do you expect the pattern to continue
indefinitely beyond n = 7? Explain.

(b) Write an equation relating s to n. Explain
why it is not surprising that the relation
between s and n is linear.

1

2

3
MNu

4 5 6 7
mber of Sides

8 9 10

(c) State the meaning of the slope of the linear relation
between s and n.

(d) Does the vertical intercept of this linear relation have a
meaning? Explain.

(e) Does it make sense to “connect the dots” in the
above graph? Explain.

Sum of the Exterior Angles of a Convex Polygon

The argument presented here for a pentagon can be used for a polygon with

any number of sides.

In the pentagon at the right, there are five straight line angles,
that is, there are five 180° angles. Therefore,

(a+Vv)+(b+w)+(c+x)+(d+y)+(e+2z)=180°+180°+180°+180°+180°
sa+V+b+w+c+x+d+y+e+z=5(180°)

sa+b+c+d+e+v+w+x+y+z=5(180°)

s.a+b+c+d+e+3(180°)=5(180°) (Since v+w+ X+ Yy +z is the sum of
the interior angles of the pentagon.)

sa+b+c+d +e+3(180°)73(1800) = 5(1800)73(1800)
sa+b+c+d+e=2(180°)
s.a+b+c+d+e=360°

For a convex polygon with n sides...

(f) State an easy way to remember how to calculate the
sum of the interior angles of a polygon.

e There are n straight line angles, for a total measure of 180°n.
e The sum of the n interior angles 180°(n—2).

e The sum of the exterior angles is equal to 180°n —180°(n — 2) =180°n-180°n + 360° = 360°

The sum of the exterior angles of any convex polygon is 360°.

Copyright ©, Nick E. Nolfi

MPM1DO0 Unit 6 — Measurement and Geometry — Justifications MGJ-14




Proof Without Words

® The pencil is following the
direction of the exterior angles
around the polygon.

® Notice that the pencil makes a
single turn, 360 degrees, as 1t
follows around the polygon
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