DIRECT VARIATION, PARTIAL VARIATION OR NEITHER?

Complete the following table.

Type of Initial Value (b)
Situation Variation Table of Values | and Constant of Graph and Equation
(Circle One) Variation (m)
C  Cost of Gasoline at GasAttack
Gmph PSS Vi | €@ F 120
Gasoline at Th ) S
GasAttack costs @ O b= O F 90
$1.20/L. How 10 12 = gg =.2\
does the cost of ab | Q L Z Feo
gasoline vary with 50 60 S [eo
the volume of m= (.& F40
gasoline 00 |10 o
[ 20
purchased? C v
' Valume of Gaseline (L) 0
GraPlr\ Acosn "t }J_ Sam the Electrician's Pay
Pass th }'Dtglq t(hy | P($) F 600
. [ 550
Sam the the oriqmn 500
electrician charges @ 30 b= L Eigg
a base fee of $30 @ Direct / f 30 & [350
plus $50/h. How cither X [3D F pao P: S50t+30
does Sam’s pay 3 [1¥0 50 ;32
vary with the time Staytin o |83 o |m= F150
worked? Vo l’; El % 5 Qﬂ@ F 1
so
Pie2D 10 |530 TE £
_ — }[/ Salesperson's Salary
570 - O¢ 0.5 s ($) P ($) :100004}
I soooo
Abdul the i
salesperson is paid 30000 = B
a basz salary orf)‘ 100D 360500 ’ %00 & Zﬁ
$30,000 plus 5% /Direct/ V000 |3 CZOO % -
of sales. How either 50000 G}f& o = P: 0.05+ 00U
does Abdul’s pay _ chon0 100660 | S50/ ,, = .05
vary with the 63 + S5 20000
amount of sales? P = ()(5( 50000) S00000 | 55000 10000
+30000 1000000 | B 200000 200000 600000 200000 fe-00
- 39\5&0 Sales ($)
Simran likes e ql Distance Fallen by Simran
bungee jumping. See ne')c'!- t(s) | d(m) 120
Whenever she P 0‘3@ +for ™S oo
jumps, her speed E’,')CP[anM"ﬂ gh} 0 6} p= O oo
increases at a rate | e —"" [ g E fFe&o
of 10 m/s. How Partial / Direct / 2 |20 S kD
does the distance w s F = f&
fallen vary with 3 L[-S m= { 4 O Fao
time? 20
e Simrop mu ’i’ 30 |because the 20
iﬂ attache ) j\’Qg relotion ig SsEE=SSiNNEETREEE S|
0 o VErv (on ’ eqr 1 z 3 4 =
.&‘-NGEQCO.%.’I\_/ not [Inea Time (s)

14



Explanation of Simran’s Bungee Jumping Adventure

Simran’s speed increases at a constant rate of 10 m/s. This means that at any given time, her speed is 10 m/s faster than it
was exactly one second earlier. This is shown in the following table for the first nine seconds.

Time (s) 0 1 2 3 4 5 6 7 8 9
Speed (m/s)

at the 0 10 20 30 40 50 60 70 80 90
Given Time

The next table shows Simran’s average speed in each of the first nine one-second time intervals. Since Simran’s speed
increases at a constant rate, the average speed during any time interval is simply the average of the initial and final speeds.
For example, the average speed in the first second (0 s to 1 s) is calculated as follows:

speedat0s +speedat1s  0+10
2 2

Then the distance fallen during the given time interval is simply the average speed multiplied by the elapsed time. For
example, the distance fallen in the first second is calculated as follows:

Average speed in the first second = 5

Distance fallen in the first second = (average speed) x (time elapsed) = (5 m/s) x (1 s) =5 m

Time

Ostols | 1sto2s | 2sto3s | 3sto4s | 4stoS5s | 5sto6s | 6sto7s | 7sto8s | 8sto9s
Interval

Average
Speed (m/s)
during 5 15 25 35 45 55 65 75 85

Time
Interval

Distance
Fallen
during 5 15 25 35 45 55 65 75

Time

Interval

Finally, the distance fallen after a given amount of time has elapsed is calculated by adding the distance fallen up to

exactly one second earlier to the distance fallen in the last second. For example, the distance fallen after 5 s is calculated
as follows:

Distance fallen after 5 s have elapsed = (Distance fallen after 4 s) + (Distance fallen from 4 s to 5 s) =80 m+45 m =125 m

Time(s) | 0 | 1 2 3 4 5 6 7 8 9
Distance
Fatl)lert‘h(m) o | 5 | S*I5 | 20425 | 45435 | 80445 | 125455 |180465 |245475 |320+85
Yy the
Given =20 |=45 - 80 ~125 =180 = 245 =320 = 405
Time




DEEPER ANALYSIS OF RELAT)

. ot

Victim:
Question l Solutions . ' Questions ,
How is the number of regions (») | Equation of Relation | _r=d+l
related to the diagram number (d)? Independent Variable d
1. How many regions are there in the
fourteenth diagram? d r=d+1 Dependent Variable r
1 2
Vit e TN i 1
[\ oy / 2 3 Lingar ot 5 linear
j N 7N 3 4 Non-Linear?
M’ Sl If Linear, Partial or Partial
1 2 3 Direct Variation
If Linear, Constant of 1
. . Variation
14 15 Initial Value 1
How is the number of shaded squares
(s) related to the diagram number (d)? Equation of Relation s d u=2d+3
How is the number of unshaded squares Independent Variable d
2. How many shaded squares are there | (u) related to the diagram number (d)? : y
in the eighth diagram? How many d o Deperlldc.ient Vaxiaie S Y
unshaded squares are there in the d §= u=zd+ Hicat OF X '
eighth diag?am" 1 1 5 Nond iveat} Lincar L‘"ear
’ 2 5 7 If Linear, Partial or \ + P qu ‘
- ;4 ; 3 3 9 Direct Variation Direc 0FTla
ig i i 1 | i If Linear, Constant of i
1 2 3 Variation 0/2
. . . Initial Value O 2
8 8 19

How is the number of “X’s” (X) related

. . i 2
_ to the diagram number (d)? How is the | | Equation of Relation X=d|0=d"-d
3. How many “X’s” are in the twentieth | number of “O’s” (O) related to the Independent d d
diagram? How many “O’s” are there | diagram number (d)? Variable
in the twentieth diagram? d Y=d Od®—d Dependent Variable X 0
X QX O0OX COOX 1 1 0 i '
X0 A X Linear or . .
ggg g\?(\’lg 2 2 2 Non-Linear? linéar | NOn ( Inéar
NOGG 3 3 6 If Linear, Partial or 0{ \ _f
1 2 3 4 4 4 12 Direct Variation Iréec N /
If Linear, Constant / A
of Variation ( N / y
2‘ 0 2' 0 3 1.30 Initial Value 0 O
How is the number of visible faces (f) - ; 7
related to the diagram number (d)? Equation of Relation Sf=3d+2
4. How many faces are visible in the Independent Variable d
twentieth diagram? d S =3d+2 Dependent Variable ¥
Woer 5 1 5 Lincz}r or A \
J P z f/ ! { ﬁ 2 8 Non-Linear? Inav
A d b RS CE S 3 11 If Linear, Partial or 0 7[ \ '
1 2 3 Direct Variation ’ arTIa
If Linear, Constant of 3
Variation
2’ 0 6.2 Initial Value 9\
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How is the number of shaded squares

. . . o -
: (s) related to the dia number (d)? Equation of Relation { §—d u=2d+1
5. I;IIOW mf—g})]’ Shaded s?quares are there in | How is the number of unshaded squares | | Independent Variable p( d
the twe iagram? How many (u) related to the diagram number (d)? .
unshaded squares are there in the d e 2d +1 Rependon: Vol S U
twelfth di 9 s= u= Linear or {
;,.Wi lagrém - , 1 1 3 Non-Linear? non-lincar [tnéar
o .:; ‘ 2 4 5 If Linear, Partial or Nty
4 B 3 9 q Direct Variation N //4 / ar %’ “/
1 2 N . If Linear, Constant of ‘
d Variation N / ‘2
o A ok Initial Value 0 i
How is the total milk production (m) Equation of Relation m=22t
2T 5
related to the time in days (7)? Jniipsnilent Varidle 't-
6. A cow is milked twi ! i
- A cow is milked twice a d?y. Each 1 7 Dependent Variable m
time she gives 11 kg of milk. ) 44 i
Calculate the total milk production Linear or !
afier P 3 66 Non-Linear? ‘L In€ar—
. 5o If Linear, Partial or Direct \
(i) 16 days (ii) 49 days . Satafire D jre C~’~
. . If Linear, Constant of
16 352 Variation gc;)
49 1078 Initial Value O
7. The sum of the interior angles of each | How is the sum of the interior angles Equation of Relation l s=180(n-2)
polygon is shown. What is the sum of | (s) related to the number of sides (1)? Tndependent Variahiz n
the interior angles of a decagon (a " s=180(n-2) '
polygon with 10 sides). 5 = Dependent Variable 5
180° 160° 540° 1 360 Linear or Non-Linear? Linear
s e L If Linear, Partial or Direct \
o et “«\ww,ﬁ 5 540 Variation }%' P *i& }
3 4 5 ’ If Linear, Constant of
. . Variation I ’EO
10 1440 Initial Value -360

How is the number of “X’s” (X)
related to the diagram number (d)?

Y o4 oD

Equation of Relation 5

8. How many “X’s” are in the tenth How is the number of “0’s” (0) Independent Variable 0‘ d
diagram? How many “O’s” are there related to the diagram number (d)?
) . 4 .
in the tenth diagram? d Yed+l _d (d2 +1) Dependent Variable X O
= o : :
) Linear or
v s o]
& O SO0 1 2 1 Non-Linear? Z—/ war Ndn i (I héa
o o . 5 If Linear, Partial or
1 2 3 ; A
3 4 6 Direct Variation R’lr '!Lla( N / /4
’ ’ If Linear, Constant of
. . ) Variation l N/ /4
10 11 55 Initial Value | O
. Equation of Relation | c=6(d-2)+4,d+#1
9. The cubes along one diagonal of each | How is the number of coloured cubes _ i
cube of a face are coloured (including | (¢) related to the diagram number (d)? Independent Variable 0’
the faces that can’t be seen). How :
many cubes are coloured on the fifth d | exbld=Tjl,d ) Dependent Variable C
diagram? é }1 Linear or Non-Linear? L ’ hear
P If Linear, Partial or Direct \
M i }g Variation Par‘" la )
i 5 20 If Linear, Constant of Variation 6
1 2 3 4 Initial Value -
RAG-12
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OPENING ACTIVITY REVISITED

Question Table of Values Graph and its Properties
- : Slope: i
How is the number of regions - 14 r=d+1 e - (
: i ' Vertical Intercept:
1. How many regions are g)lgilartg){;’ the diagram L, r2 p-
there in the fourteenth peh é [0 Independent Variable: d|
diagram? d | r=d+l g s , Dependent Variable: ¥~
. P s i : . R
£ i\f:‘.ij "‘N\*@i) 2 3 ;g: & I Linear or Non-Linear?
1 2 3 3 4 Z 4 o Direct or agtiTl Variation?
. . — Loy Constant of Variation |
14 15 123456 T8 301112131418
jagram Number

Initial Value |

2. How many shaded squares
are there in the eighth
diagram? How many

How is the number of shaded
squares (s) related to the
diagram number (4)? How is
the number of unshaded
squares (u) related to the
diagram number (d)?

[1s u=2d+3

Number of Unshaded Squares
2

2

Vertical Intercept: &
Independent Variable: ( j
Dependent Variable: |/

Slope:

unshaded squares are there d | s=d | u=2d+3 ol Linear or Non-Linear? L.
: - : i s 5 e
in the eighth diagram? 3 2 7 e Direct or P ial Variation?
3 3 9 < Partia 3
i it Déagﬁanfmuﬁnbér b Constant of Varlat’lgn
: > 5 Initial Value
8 8 19 =
How is the number of “X’s” Slope: N/ A'
(X) related to the diagram b _ > O
s number (d)') How is the :ggg inr d Vertlcal Intercept:

3. How many “X’s” are in number of “O’s” (O) related E330 fied et dont Varalile: d
the twentieth diagram? to the diagram number (d)? o BN 7 e et ?
How many “O’s” are there il il i : 98 = Dependent Variable:
in the twentieth diagram? = 5 F40 5 . 2 N

1 1 0 2 fl0 Linear or Non-Linear?
X o8 o oox O oo | ) 2 2 3 £
N e e | s 3 . g;g? v Direct or Partial Variation?

N | 4 4 12 Fs0 28 /

LE 5 s ) : 30 ESsE2 WA
Bl ‘Déalgéal;;;n;\; &?n é:;‘;‘ 555 Constant of Varlgtlon /
20| 20 380 Initial Value O

Slope: 3

How is the number of visible b3g... C T e g '

4. How many faces are ches (f) related to the 2? o =3d 7 Vertical Intercept: it

visible in the twentieth diagram number (<)? S i , Independent Variable: _d_

! @ ! o ot

diagram? d f=3d+2 % Ei; R // Dependent Variable: /

BREG FE } ; 15; § b Linear or Non-Linear? L‘

2 3 S f12 g
3 11 3 F Direct or Pﬁrti l\VTriatlon?
. E i arTla
<L R g
. . % Constant of Variation

20 62 E i ——

7 % & 5. 67 8 9
Diagram Number

Initial Value _,L_
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N/A

How is the number of shaded 200 slope:
How many shaded squares squares (s) related to the 2 F180 Vertical Intercept: O
are there in the twelfth diagram number (d)? Howis | & f0 - - P
diagram? How many the number of unshaded g Fase Independent Variable: i_
unshaded squares are there squares (u) related to the S [4120 D A aiable: S
in the twelfth diagram? diagram number (d)? 3 [0 £ ependent Variable: >
géf i mEE d S=d° u=2d+1 (3—; 80 Linear or Non-Linear? N
'j 5 F6b
. i s € [w Direct or Partial Variation?
1 2 2 4 5 S b |
Z o / N / IA‘
. . . L o ¢ T
TS5 e T4 00Tt Constant of Variation AMA
. . 5 Diagram Number
12 144 25 Initial Value 0
L1200 PR Q& =
How is the total milk 1100 Vertical Intercept: 0
production (m) related to the | _ [1%%0
S ) time in days (7)? 2 Bk Independent Variable: —6
A cow is milked twice a 3 B
day. Each time she gives 11 s m =221 E 3;;% : Dependent Variable: /7
kg of milk. Calculate the 1 22 e e : .
total milk production after 2 44 e 1 % Linear or Non-Linear? £
(i) 16 days (i) 49 days : 2 s faw Direct orjjjartialﬁriation?
e CZESEs=sc )
5 10 1520 25 30 35 40 45 50  Constant of Variation
49 1078 Time (Days} T o
} sl Vet~ ee?
The sum of the interior = Slope: I %)
angles of each polygon is T . : = 360
shown. What is the sum of | How is the sum of the 8w e Vertical Intercept: _ 20~
the interior angles of a interior angles (s) related to | 3 F*%® gt
decagon (a polygon with 10 | the number of sides (n)? §’ i Indepenient Variable: _ﬂ_
sides). n | s=180(n-2) g s zgz : £ / Dependent Variable: -
S R0 E 3 180 = Fi200- i Linear or Non-Linear? (-
TR it 4 360 £ Fooo
2 4 5 . . 2 ' Direct or Rartial Variation?
[ /.
Fss 2 ﬁarﬁa\f
1'0 14'40 FEve e 0 e
2 4 6 § 10,72 1416 16 20 Constant of Varlatlo'n | 8( )
Initial Value _—360
The cubes along one Slope: 6
diagonal of each cube of a = o ) E ?
face are coloured (including | o . L o Faal c=6d -8/ Vertical Intercept: ___ ©
the f: that 'tb 2 C40 .
sza:::ny ?:u;":; . ee e coloured cubes (c) related to § F ‘;g: Independent Variable: _O{,
coloured on the fifth the diagram number ()? § Zgi 7 Dependent Variable: C
diagram? c=6(d—2)+4,d 1 = &
;1 ( 1)+ : § i Linear or Non-Linear? L
@ =
2 4 3t / Direct or Partial Variation?
1 3 10 £ = arfia
4 16 2 / : : )
B - Constant of Variation

>3 £ 5.6 7
Diagram Number

g 9 10

Initial Value - 8
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Complete the following table.

Drawing Conclusions / mw= S}ﬂpﬁ: ;). ) ,) = "J'EH' l‘fﬂ) il-‘l'l_ =3

: Linegsfor Slope Verrical Pﬁ”':."! ?r,D ihecs (‘om:'m-fr of o
gusion Nogr“Linear (If Linear) Intercept I;}';T;: ) (E'T;::: ) SIS
1 r=d+l // L | P | g
2 um2d+3” L ;) P 2 B
s 0=d'-d N NA 0. | NA WA Q
4. f=3d+2 L ?) i P 7 Q
5. s=d N NA NA MA
6. m=22r L g a D tz}i\
7. 5=180n-3¢0 I }%O P h?D
8. c=64-8 \\ L (0 P 6

Gzld{d-i-lj
; =2lﬂr:+ld \N\ M_P( NA NA
2 2 P

Observations M m= Ig{) g, b = '%0

1. Describe how you can use the equation of a relation to determine

(a) whether 1t 1s finear or non-linear | (b) the slope, if the relation 1s linear | (c) the verrical inrercepr (imtial value)

;}t;:fwﬂmn ET:[JD’LJZEE;L&] M:ﬁlupa b= \rﬂrl‘l'cal
= m%+b et }ﬂ{-QfLEF
X-dind. Y= dep thb—:-*caﬂ . %)/\/ A

2 I-:quanons 7and 8 weIJ originally written as s =180(n-2) and ¢ =6(d -2+ 4. Show how each of these were
simplified to produce the equivalent forms 5 =180n-360 and ¢ =64 —8§ .

Uee dikribiive operty

3. What is the connection between slope and the constant of variation? ﬂrﬁl‘ ﬂ‘r\
M= 619pe, = Q@ndw’\‘ of- Jf}r]ﬂ’mm Sjr&ﬁqﬂj

4. What 15 the connection between the vertical mtercept and the 1mtial value?

:VtrJﬂcmlmLarCEPJ[ - _.nkmap“f mﬂ'm| \m]u&

Copynight €, Mick E. Nolfi MPMIDO Unat 3 - Anat}m Geometry AG-13




SLOPE AS A RATE OF CHANGE
Example — Milk Production

- 1200 (5'6), ill}U) t | m=22t |Slope = Constant of Variation =22
100 m=22t 0 0 Explain how you can determine this using...
1000 \ y
e : 2 |(a) ...the graph chaoge, Fwo ponts For which +he
5 fo00 grap : p
< ang 2 44 exact co-ordinates are K*:'}OO\:'{" o
i | 6| chpenme Bl < - 12 22
ST / 4| 88 re Slope=m = B ook ° 0
o 800 " ] ' 6 ; Lip
§ 5500 /’/ 5 110 (b) ...the equation glg/l> ( (’a"ﬁ'iug“fﬂ* sz:;;hi 3
= [ / 6 132 . i e
S [ A 2 | 154 m =Xt s in the form y:fn’/(‘fb
200 g - Lolope
- 194 (¢) ...the table / . : o Y"d
(0 «;—4 510 1520 25 30 35 40 45 &0 ’ 8 Choose any fwo /70""% Cire. mwg)/ 1hen
)0) & fil R85 MBS 10 | 220 : r vy
Time {Days) ca/cu[mLe .lﬁ)( eg - (%, i) % (/0,8070)
Observation

Every day, the cow produces 22 kg of milk. We can express this as a rate, that is, the cow produces 22 kg/day
(i.e. 22 kg per day or 22 kg every day). This example suggests that slope can also be interpreted as a rate of change!

Rate of Change Definition

Let x represent an independent variable and y represent a variable whose value depends on x.
By the rate of change of y with respect to x we mean how fast y changes as the value of x changes.

Examples of Rate of Change

. Independent | Dependent . '
Name Varidhte Variable ‘ Verbal Description Example
Jl#peed is the rate of change of d with respect to 7. & car Favels g
Speed Time (¢) Distance (d) | That is, speed is a measure of how fast distance
. . - . speed of 120 km/h.
changes over time. (Units must be distance/time.)
An hourly wage is the rate of change of M with
Hourly Time (7) Motiey (M) respect to 7. That is, hourly wage measures how T
Wage Y fast money is earned over time. '
(Units must be money/time.)
Fuel efficiency is t.he rate of‘cl_lange of fwith The Toyota Prius has
Fuel : Fuel Used | respect to d. That is, fuel efficiency measures how .
. Distance (d) - . a fuel efficiency of
Efficiency %) fast fuel is used over distance travelled. 43 1/100 km
(Units must be volume/distance.) ’ ’
Summary
hi=glope rise _ change ir.1 independent vaTiable Ay oy
run  change in dependent variable Ax x,-—x,
. y/x, direct variation i . .
m = slope = constant of variation = . F b = initial value = vertical intercept = y-intercept
(y—b)/ x, partial variation
m = slope = the rate of change of y with respect to x = how fast y changes as x changes
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IS THE RELATION LINEAR? ANALYTIC GEOMETRY ACTIVITY

Background
There is a very simple way to tell whether a relation is linear. The key to understanding this is to realize the following:

Linear Relation

!

Slope is Constant

|

Rate of Change is Constant

!

If the Independent Variable (i.e. the x-value) Changes by a Constant Amount,
Then the Dependent Variable (i.e. the y-value) Must Also Change by a Constant Amount

If Ax is constant, Ay must also be constant!

Example and Exercises

From the above, we can conclude that a relation is linear if Ay is constant whenever Ax is constant. The Ay values are
called first differences. Therefore, a relation is linear if the first differences are constant whenever Ax is constant.

s From the table, we can see * From the table, we can see that + From the table, we can see that
that Ax=1and Ay =-2. Ax=_;1andAy=i. Ax=_| andAy= | .
¢ Since both Ax and Ay are e Since both Ax and Ay are ¢ Since both Ax and Ay are
constant, the relation must be CONGY, .G n:l' the relation Ca mSﬁ hl , the relation must
linear. mustbe | inear > be | inébr
» slope=m=%=T2=-2 - slope=m:%=gr=2 . slope=m=%=—|‘~—- '
e y-intercept = b = 4 because e y-intercept=5b= S ' o y-intercept=b=__ > :
the point (05 4) belongs to because the point _( because the point
the velatioi, belongs to the relation. belongs to the relation.
. . e The equation of the relation ¢ The equation of the relation
. ;}:1: teg:a}t)lc;n_(;fx t-}le4re]at|0n ety AIL: &%_'_ 3 iy \/ = %4 3
ol y Ay x y Ay x Y Ay
=2 10 = 0 3 — - -3 0 -
-2 8 8§—10=—2 2 7 4 Ayv-\g’—z | [
-1 6 6-8=-2 4 1 4 /-1 2 |
0 4 4-6=—-2 6 15 o$ 0 3 |
1 2 2-4=-2 8 19 4 Mx=2] 2 5 2
2 0 0-2=-2 10 23 4 AT 7 9
3 =2 | 2-0m==2 12 27 Lf- 6 9 =




Problem 1 — Solimon’s Dilemma — 4 Linear Relation

Mr. Nolfi believes very strongly in the importance of showing respect to
others. Unfortunately, this view was not shared by one of his former
students, the infamous Solimon. He often blurted out inappropriate remarks
such as referring to his classmates as “retards™ or “idiots.”

M. Molfi's class is gatting
wvary expansiva! Mayba I
should lzam to be
raspactful!

Bw the way, my rap nams
is Mother Clucking
Soulhdan 30

After unsuccessfully having tried several strategies to teach Solimon the
value of respect, Mr. Nolfi was forced to resort to a monetary tactic. He
decided to charge Solimon a base fee of $10.00 p/us $0.50 per inappropriate comment.

(a) Complete the following table of values. (b) Graph the relation between the number of inappropriate comments
n — number of inappropriate comments made and the fee that has to be paid. In addition to labelling the
F — fee Solimon pays in dollars axes, set appropriate scales.
AF — change in the fee (first difference) 7 ‘
n F AF 12 SO[ IMmop-S C05+
0 0 == 17

o ﬁf‘ffwbﬁ
2 .00 | 0.7 5 e s
otk AL0GL 00 | 15t Mol ClaSS

__,F: 05n+ 10

S Y K :
e R {gs0 | U | AF=5
TTETTA 050 | B0 ;
7 .......... 13’50 ..... G)l ") _____ i [

AR XN FREY * )
Numloer ¢F Tnappropriate Remarks
(c) The independent variable is 1 . | (d) Write an equation that relates the dependent variable to the

independent variable.
The dependent variable is E ‘ % g F = 015-’? '7‘-/ 0

(e) Explain in three different ways why the (f) Calculate the s/ope of the line that you sketched in part (b). What is

relation between F and » must be linear. the meaning of the slope? Don’t forget the units! How could you
. \ ) determine the slope without using the graph?
) f’/ﬁ“ 0{!‘?0@1‘01(&&' qre AFE o

constat (OF is consten? | ) Slope = = = 757 =0.5
when B s constant) ‘. : : : k ks
GUJ raph is aghaiht lige |C" M7 $O5D per mappripsle
i) Fhe aei,om‘(wm conteinS dii) fé?pe cauld be C“/‘“/“{?ﬂ/ ("(;}’29 ;Zé'/e 4
on rJi“-()deére& 17, "ol ‘ be%t’n I @guallon
e b gk Nos A

(g) Determine the vertical intercept (h) How much would Solimon have to pay if he made one inappropriate
(i.e. y-intercept or initial value). What is comment every minute in a single math period?
ing i i g4 \ . a i
the meaning of the vertical intercept? 2 Ind /}0 p r/at)“-’ verarks =n =76

vertical in\emﬁzlf/
l"[ﬂanigjf He buse “)fCQ
i ﬁ/ﬁ/@ﬂz

F: 0/5(7@)7“/0:3’84/0 -"?‘?
Solimon wwould have 74)/951/ £43.00 .




Problem 2 — World Population — A Non-Linear Relation

The table and graph given below show how the world population has changed over the last 3 millennia (3000 years).
From both the table and the graph, one can clearly see that the relation between global population and time is non-linear.

Year Population
e R World Populatlon from 1000 BC to 2010 AD
-8,000,000,000
=500 | 100000000 . (-;1(;[(/ (\(,{79\09%;(‘ ‘
1| 200000000 s 7/000,000,000
= 4
1000 | 310000000 X ] ;
11750 | 791000000 )AP || & :
| AT\ 1800 | 978000000 | gt || 2 5,000,000,000—
41850 | 1262000000 wng}ah % } 000,000,000
1900 | 1650000000 g ]
1950 | 2519000000 | | B o |
1960 | 2982000000 8 T e s SR =
< : e
1970 | 3692000000 S (1300, 473 00 000) —
1980 | 4435000000 | T d M
1990 | 5263000000 . = s :
2000 | 6070000000 -1000 500 0 500 1000 1500 1920 2000
2010 | 6972000000 Year (Positive Value = Year AD, Negative Value = Year BC)

Note

s For graphing convenience, the dividing line between the BC and AD eras is shown as year 0. However, there was no
“year 0”in reality. The BC era ended with year 1, which was immediately followed by year 1 in the AD era.

¢ Some authors refer to the BC (“before Christ”) era as BCE (“before the current/common era”) and to the AD (anno
domini or “In the year of the Lord™) era as CE (“current/common era”).

AP change in population foen 1500 i5i010.
change in time
AP _ 6972000000 — q7 3000000

(a) Calculate

(b) Interpret your answer from question (a) as a rate of
change.

From 1300 fo Q0(0, 1 /;a/u/mn

2 echange in
A_t 5‘ K010 1300/7 h;) P,‘c? O in creased at an avemJC ra C,P
Q‘H 000000 ¢ &85.60000 qé()“{- K8 500000 fécp/(i/yean
KO > e chyM'e ,.y\ TiL »

(¢) On the grid given above, sketch a line wﬁgse slope equals
the value you calculated in question (a). What
conclusion(s) can you draw?

The m/@m 4 Vmé of CAW\’jC

of Iz o with re 75
Jm Lo (500

aéau’f 8 500 00 Pe/z/e/ ear,

(See graph 707 He e )
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(d) Use the values given in the table to explain why the
relation between world population and time must be
non-linear. (Be careful! Remember that both Ax
and Ay must be constant for a relation to be linear.
To show that a relation is non-linear, you must show
that for some part of the relation, Ay is not constant
when Ax is constant.)

From 17504 1950, At 1S constof
between consecive {— Values ,
Howeler, T first 0//7%'10”’605 &

are ot c0n574ﬁn7"
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Activity: Complete the following table. The first row is done for you.

Perimeter and Area . :
Shape R ot s Plot Graphs, State Equations, Answer Questions
w P - Slopes: P:2, A: 10
48 A=10w Vertical Intercepts:
2 24 a4 P:20, 4:0
4 28 a0 Independent
6 32 6 Variable: w
10 { 36 320 o0 ];)epe/rlldent Variables:
" L
WI 10 40 281 ' L;near or Non
T - W 4r Q Linear? Both linear
w A 20 Remember! ) ’ )
j} ) 10 - The equation of a linear relation | Direct or Partial
161 can always be expressed in the Variation? P: partial,
2 20 12 form y =mx +b, where m A4: direct
3 30 iy represents the slope and b Constants of
4 40 41 represents the y-intercept. Variation: P: 2, 4: 10
"""""""" Initial Values: P: 20,
5 50 i 34 5 6 7 8 910 4o O
20+ Slopes: P: 1, 4:2.5
b P [ Al=25h P _
9 181 Vertical Intercepts:
3 11 - P:8, 4:0
4 12 16 i Independent
. b 5 13 14k P=b+8 Variable: b
Use this triangle for L .
. . 6 14 i Dependent Variables:
perimeter calculations. 12 P4
7 15 10 i Linear or Non-
b y 8 Linear? Both linear
r Direct or Partial
2 5 6 i Variation? P: partial,
4] 4 10 4l A: direct
6 15 2 i Constants of
b 8 20 L Variation: P: 1, 4: 2.5
Use this triangle for area L T T Y Initial Values: P- 8
calculations. 10 25 1 io4 05 6 7 8 310 An.l(;a e e
V“L‘:\?gégl'éwl’;‘l’\? a:en 100k Slopes: P: N/A, 4: 21t
\Va ’M@ 0‘£ m M.?A; i A=nr Vertical Intercepts:
o B 10, :
//T/: 3 ° )Li' 2 12.6 a0 Independent
4 25.1 70l Variable: r
6 37.7 - C=2nr  Dependent Variables:
) B0 [ P A
8 50.2 - ’
50 Linear or Non-
10 62.8 40 [ Linear? P: linear,
A: non-linear
r A B
30 - . .
2 12.6 i Dlrejct.or rI;arltla.l
20l Variation? P: direct,
4 50.2 5 A: N/A
6 113.0 10 i Constants of
[N T TN N T N NN T N N T N N T N T N Y | Variation: P: ]\]/A7
8 | 2010 1 34 65 6 7 8 9 10 4,
10 314.0 '

Initial Values: P: 0,
A: 0




Perimeter and Area

Shape R ot s Plot Graphs, State Equations, Answer Questions
Slopes: P:2, A:4
- 20k )
’ b P 3 P=2b+6 Vertical Intercepts:
2 10 18 P:6, A:0
N 4 14 16 i Independent Variable:
b 6 18 14} b
Use this parallelogram for 3 2 o[ Dependent Variables:
perimeter calculations. i P, 4
10 26 10 Linear or Non-Linear?
b 4 3 i Both linear
2 N P Direct or Partial
4 6 Variation? P partial, 4
4 16 4 direct
> 24 iation:
| b 6 2 g-();Sth-ti of Variation
Use this parallelogram for 8 32 HEEEEEEEEEEEEEEEEEN U
area calculations. 10 40 1 2 3 4 & 6 7 8 9 10 Initial Values: P: 6,
A:0
b P 20k Slopes: P: 1, A: 1.5
2 13 15[ P=b+1] Vertical Intercepts:
P: 11, A:6
4 15 B >
16+ b
6 17 by i A 1.5h46 éndependent Variable:
. . 19 = . )
Use this trapezoid for 8 120 Dependent Variables:
perimeter calculations. 10 21 P, 4
10 Linear or Non-Linear?
b A .
4 g Both linear
= 2 9 6 Direct or Partial
5 4 12 L Variation? P partial, 4
6 15 4 i partial
- 1 al Constants of Variation:
b 180 ;g - P:1,4:25
Use this parallelqgram for 1 2 3 4 5 6 7 8 9 10 Initial Values: P: 11,
area calculations. \hlues vounded 16
+o one decimal plaa 2qt Slopes: P: N/A, A: 1
b P 18 i P=04bandith? I\I)/'czzticazl'rgercepts:
2 6.8 i T
161 Independent Variable:
4 10.5 1 i b
6 14.3 19 i Dependent Variables:
8 18.2 = P, 4
C 10 220 10 i Lingar or Non-Linear?
2 o
gk : linear,
b A - A: non-linear
2 2 5 i Direct or Partial
4 4 4 Variation? P: N/A,
b o[ A: direct
6 6 FalEEEEEEEEEEEEEEEEE Constants of Variation:
8 8 1 2 3 4 5 6 7 8 9 10 PDNAAL
10 10 Initial Values: P: 4,
A:0
Question
5 3

For the triangle shown at the right, explain why the value of b must be greater than 2

and less than 8. (See answer on next page.)




As shown in the diagram, let a, b and c represent the side lengths of any triangle.
Then, it must be the case that

a+tc>b
a+b>c
and b+c>a.

This follows directly from the fact that the shortest path between two points is a straight line.
Then for the given triangle, it must be true that

5+3>b
and b+3>5.

Therefore, 8 > b and b > 2, which means that the value of » must be greater than 2 and less than 8.



ANALYTIC GEOMETRY: REVIEW PROBLEMS

1. Consider the graphs shown at the right. Each graph gives a typical example of how average distance varies over time
for a ten-second sprint performed by various animals. an Olympic sprinter and a professional cyclist.

(a) Using only the graphs, estimate the slope of each line segment.
(Do not use the given co-ordinates to obtain your estimate.) Show
how you arrived at your estimate. In addition. state the average
speed in each case.

. . Polar :
Cheetah Cyeclist Alligator Bear Sprinter

Estimated A_ :

Siope nowerS| will

\ AV

Estimated V T'( l
Average

Speed

¥4

35
390 Cheetah (10,311)

w
o
o

P
L
(=]

Professional Cyclist (10, 165)

Average Distance (m)
; Ny
R

Alligator (10, 155)
Polar Bear (10, 111)
lympic Sprinter (10, 102),

==
o

un
&
o)

Bl

4 | & | 8 101211815 %
Time (s)

-~
2
=

(b) Now calculate the exact slope of each line segment as well as the exacr average speed. Show all calculations.

Cheetah Cyclist Alligator Polar Bear Sprinter
By Lo |30 165-0 -5 I55-0  _~|1-0 lo;-? -
& | Exact |~ = = 19, —_— — - p - ‘M
A% slope | |0-0 3|" 0-0 ip-0 15.5 -0 ] I (4 .1
Buct |9, lb.Sm _ 3 155 e [ Nim _ 0
.E:Jt- %Peeg il o 21”#/5 s l b s [5-.&55 e ||:Iv‘1/5 TPale 10.2 mfs

Let d represent average distance in metres and 7 represent time in seconds. Write an equation of each line.

Cheetah

Cyclist Alligator

Polar Bear Sprinter

Equation

d =3l

d=lb5t

d=155t

A=ttt | d=10_t

(d) Being straight lines. each of the given graphs is of a linear relation. This might suggest to some that the speed is
constant (not average speed) in each case. (Of course. average speed over an interval of time must be constant.)

(i) Explain why it is not realistic for the (ii) Sketch a more realistic graph for the typical Olympic sprinter.
speed to be constant,

It s very dibficul

’60 rna'fn{‘al'n a con

SPrin"tfnj speed. In ‘
the case of the ijfmplf— 60

prin’re.r For instance

=
+ tukes time o meleich,

t

to top speed. As

SF/"E{' proﬂﬁgSSES T}‘-‘L

dives and grwlua[\\? slows down .

110
100

stant

50
40
30
runher 10

™ T T T rrrrrrrrrrrrrrorrr




Rab

Distance
From Home

Distance
From Home

Time X o

Tom’s graph slopes downward. This indicates that his distance from home is decreasing.
(b) Paul’s graph slopes downward. This indicates that his distance from home is decreasing.
(¢) Rob’s graph slopes downward. This indicates that his distance from home is increasing.
(d) Paul’s graph slopes downward. This indicates that his distance from home is increasing.

3. Which statement is true?

(a) The constant of variation of a linear relation equals its slope.

Paul

Ting

Distance
Fiom Home

Tom

X o Tima X

/

Consider the graphs below. Whose graph slopes downward? What does this indicate?

Meﬂajr] ve S(DPe,
rate of chane ¢

d;StQhLb, ‘Prgm hlﬂ'bﬂr
pver time (S nga

e dl.Sfﬂth
J:mm homg

v

-

avlr f‘ml.b

'}fdﬂ

; g 0‘8('&‘5]‘25

Fi\
(b) EJ’ is equal to the slope of a line as well as the rate of change of the dependent variable y with respect to x. |/

(c¢) A linear relation has an equation of the form y = mx+ &.

@ All of the above.

of 1 cm.

Consider the pattern shown at the right. Each square has a side length

(a) Create a table comparing the diagram number with the area and

perimeter for that diagram.

Diagram
Number (d)

Area (4)

Perimeter (P)

I

A
B

3L,
b

Lff‘f

g
| 9\)#[-

+Q
4D

be couse. the Ficst o

l 3

3

¢ /'\W‘e,a yneéaSes hﬂh‘llr\&ﬂf{\f

becaw
ave

» Pﬂr;mefer i ncye

consta
S

(b) ﬁ.::ketch graphs of area versus diagram number an‘d? perimeter versus diagram number. Is either relation linear?

m_

55-

EOF

A5+

40k
P\rcu s}
ay 0
{em™) el
?ﬂ-
16+
10}
5-

(d+ )

ATTR

N

1

i wioRy
(c) Write egu;%mw Nu
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7 3 4 5 6 7 &8 910

o
g5t
50

a5

For mefer sl
(cm) :‘;
20k

15+

10}
5k

-

P

1]

Yol

R

.Plﬁd Yoy

ol

)fumber

ons for both 4 and P. the dependent variables. in terms of d. the independent variable.
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Alison and Lucy belong to different fitness clubs. Alison has a membership that cost her $300 and she pays $2 each
time she visits the club.

(a) Let n represent the number of visits to the fitness club and let C represent the total cost in dollars. Write equations
for C in terms of » for both Lucy and Alison. In addition. sketch the graph of each relation on a single grid.

:1000 For 50 Vlﬁl‘}s

.

Equation for C in terms of n

| Luey C=%n
Alison C=&h+?:OO

(b) Use your graphs to estimate the values of n for which Lucy has a better deal
and the values of n for which Alison has a better deal.

Lucy has. o better deal up+o S0 Vists. |
Alison has o beter deal For more than 5D vists Lucy fas beTle-deal

(¢) Now solve an equation to determine the exact value of n at which Lucy and Alison pay exactly the same amount.

Use your solution to determine the values of n for which Lucy has a better deal and the values of n for which

Alison has a better deal. . b}'\ = 300 [? has ?‘F ﬂEr

What Luey pays = Son  payS L ) al.E' Tor Tewer
‘f P \1 \A“'\Ol{_ A\ls P / ',- __b_l'l: 30_0 {}1 » 5.0 \flsl"l"S

8V\ = dn+5%00 B Y\G-— 50" Alispn has a be'“e"

deal r mDre“l' b

%n—ay\ :J_ﬂ*?)DD N 59 l/ff" f%‘ﬂs&s

+hg Sdime gm owti‘ ﬁu‘ exal

The graph shows two relations. A and B. one direct and one partial variation. 7
(a) Identify the partial variation. 81 '
3 (04)
6] /
(b) Give the fixed. or initial. value for the partial variation. L}. _//_\'\} | o) ( g{g']
Same as ghl:e, NN
(c) Which relation has a greater constant of variation? Line A hasa + 8
! glopg = -0 o-% _-4_ & srﬁﬂ*‘g’“c"“ i 4 6 8 x
Gk <lope 4-0 B:s lope = = 5% o5 Lofvar

Lucy and Vanessa are walking home from school.

(a) How far did each person walk in 20 s? DA Lucy’s Graph | DA Vanessa's Graph
Luey: $0m  Vanesta: 50 m = = T
(IJ) ‘What is the slope of each graph? 3 404=-=2 - | (Qf?,‘f’o) “g 60 A
] ! EN i (CL0
SI“P&"‘QD > L \fnne_sm shb 20 D z 20 ] £ 4o :.
() Who walked faster? Explain. = ;1_7 6% 5 2!0 o % » /’" R RE R
h0) Time (s) (29 Time (%)

Vowessa wo\lked Faster (2.5 m/s versus & ms)
(d) Whose graph looks steeper?
LuC\/ spgraphell}ewks S+€9FEV H JOWL’,VE,I" as Cmtcu'a‘['eA In (I;) ’H’IE. S)ﬂP@,

Vanessa s oraph 1s larger, This 1s caused b +tha drF,reyemT
gpm\esmém 3 Exes % SCaIQS were,uﬁu,sam \/qnessa S jl"&f‘zj

wonld leok S“’E?/Fer



10.

The length of a trip varies directly with the amount of gasoline used. Yael’s car used 16 L for the first 145 km of his
trip from Toronto to Montreal.

(a) How much gasoline. rounded to the nearest litre. should he e\pect to use in the remaining 400 km of his trip?

amounl e ( - 1o Yael sho
£y & Fuel used L)) [) = te g uld

0{ ﬁ o1 stance travelled (km LF d=4p0 the E;%ﬂfkﬁf
= canshﬂvac oF wariation

N F- (=) 2 1) wad

(b) If gasoline costs Sl ﬁ[ can he complete the trip with a budget of $70?
Cost of Juel = (44+() ($112) = O(3113) = #67.8D

Totd Fuel used
Yoel can cﬁmFle_.{'E -tlm,-bmp WIHa q budﬂgf o‘F 470.00.

Jorgen is designing a set of steps from his dg

below. He knows that a comfortable slo for steps is about 0. 6
In addition. he wants the *
(a) What should the height of each riser be?

e’t h yepresewk he yiser j)fi‘ h Cm . :
; slope = 0.0 “h=1% : ris o
e :b—':. 0 (D ' h@z\ﬂh"l \ .

2 j The:lo{\:ae_f
S i
Ef’-(—%o): 300, hould B 1B c
(b) How many steps will the staircase have? Be sure to give an integer answer and explain the effects of your choice.
; ' +etal h&lg'{t _ Q00 cm 2 Ty
R R he%ﬂh'l? I8 am :
There hould be |\ 5—{-9,?5, T O_A_At+\on the riser hUj?L dmu[ﬂ{

be increased 5119ht; ly +o ensure -fhag\ﬂa'tj:, staircase spuns the entive
m dstance .

Modified True/False

Indicate whether each statement is true or false. If the statement is false, change the underlined part(s) to make the
statement true.

F Partial variation occurs when the ratio of the dependent variable to the Change: D e (‘7["
independent variable is constant. w v /.\6{7[/1014

F _ " Any linear relation has an equation of the form y = mx +b , where m represents Change: /1 [ (;/?/"eff hlls

the fixed, or initial value of y, and b represents the constant of variation. Q /() ﬂ’ /7 e ﬂ )’6‘7’//)7[5‘
‘ i m%(q' or le(i{l/ﬂ/u(

F The vertical intercept, constant of variation and rate of change all represent the ~ Change: Qlope

same concept for a linear relation.

F The following are all units of change: Change: /Y4 7% O7£
kilometres per hour, dollars per kilogram, litres per 100 km, breaths per minute C /1 ohg e
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