Understanding the Pythagorean Theorem
Pythagorean Theorem Proof 1 — President James Garfield’s Brilliant Proof

James A. Garfield was the 20" president of the United States. In addition to being a '

: : ; J A. Garfiel
highly successful statesman and soldier, President Garfield was also a noted scholar. i et e
Among his many scholarly accomplishments is his beautiful proof of the Pythagorean
Theorem. It is outlined below.

(a) Calculate the area of trapezoid XZWU
by summing the areas of AUXY ,
AYZW and AUYW . Simplify fully!

Ay =4+ 4, + 4
= ab e to? Cle) ab
2T "
qb+C£+@b
c2+Qab
‘; 3 20" President of the U.S.A.
In Office:
7 March 4, 1881- September 19, 1881
(b) Ca_lculate the area of the trapezoid by Assmiiated st theiage of 49
using the equation for the area of a One of four assassinated presidents
trapezoid. Simplify fully! ‘
h(a+b) Think! What is
Trap = S9N the height of the

gt Cwbzgg-*! ) trapezoid?
oy
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(¢) In parts (a) and (a) you developed two different expressions for the area of trapezoid XZWU. Since both expressions
give the area of the same shape, they must be equal to each other! Set the expressions equal to each other and solve
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Pythagorean Theorem Proof 2
(a) Explain why

quadrilateral PORS must W'_J x e
be a square.
Fn ahy cg"H’\l Jm‘“-ﬁlegl b
= %‘O hecause
‘H\Q Sum of O\U W :
amofes wust be 150, B o,

”hfthcbﬂ; fH\ﬁ lh‘hﬂof
les oE PRRS must all b&mﬁ‘a \

se the above diagram to develop a proof of t
Pythagorean Theorem. (Hint: The line of reasonmg is
similar to that of President Garfield’s proof.)

= (a +b)(oa+b> o Yt dab+ 10
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Consequence of the Pythagorean Theorem

Although the Pythagorean Theorem is an equation that relates the lengths of the

Pythagorean Theorem Proof 3

(a) Explain how the
diagram at the right is
simply a rearrangement
of the pieces in the
diagram at the left.

Tha r\ |t {wm ?-5
Are rwrruhﬁea

W.CMW\ %«u
re&agleg,

(b) Explain why the two diagrams together make it obvious

that a* +b* =c*. (This proof was devised in 1939 by
Maurice Laisnez, a high school student in the Junior-
Senior High School of South Bend, Indiana.)
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sides of a right triangle, it can also be inrerpreted in terms of areas.

e We have proved that in a right triangle, the square of the hypotenuse must

equal the sum of the squares of the other two sides.

That is, if ¢ represents the length of the hypotenuse and a and b respectively
represent the lengths of the other two sides, then ¢* =a® + #°.

<

* By examining the diagram at the right, one can easily see that the expressions

a’, b* and ¢* are all areas of squares!

Since ¢® =a’ +b°, it must also be true that

Area
of

Area
of
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Understanding Surface Area Equations

Net

Surface Area
Equation

Pﬁﬁw +ﬁy+ﬁh+m‘>

+whtwh

A=.QQW *GUZ”HLQWL
Q‘:QUZ\M-}‘QA i 3 Wh)

-

Ebhtchtdl +abo
= h(bf(,i'd )+ a[o

f\ = fok’rch HU’}

(%)

A= s

(L)

- l }

M sl o2

:gs,g‘-i- S;l

TITQHT rg-r- Qv
= Qb

Length of arc A8 = 2rr Circumference of the base = 2ar

A= +T7s
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WHAT HAPPENS IF...

1. Complete the following table. The first row has been done for you.

Name of , , ]
Shape o What Happens to the Perimeter if ... What Happens to the Area if ...
...the length is doubled ...the width is tripled
Solution Solution
WL P=20+2w A=lw
1 |w Rectangle | If the length is doubled, the new length | If the width is tripled, the new width
is 2. Then, the perimeter becomes is 3w. Then, the area becomes
1 [
’ P=2(20)+2w=41+2w=(20+2w)+ 20 | 4=(3w)=3lw=3(Iw)
The perimeter increases by 2/ . The area is also tripled.
...the base is doubled ...the height is quadrupled
Solution Solution
P=2b+2c A=bh
/ h /c/ Paralel- | If the base is doubled, the new base If the height is quadrupled, the new
O logram | is 25 . Then, the perimeter becomes height is 44 . Then, the area becomes
b P=2(2b)+2c=4b+2c=(2b+2c)+2b A=Db(4h)=4bh = 4(bh)
The perimeter increases by 25 . The area is also quadrupled.
...the base is tripled (if this can be done | ...the height is tripled
without changing the values of @ and ¢) | §oiution
Solution bh
a P=a+b+c A= B3
h N Triangle | If the base is doubled, the new base If the height is tripled, the new height is
b is 2b. Then, the perimeter becomes 3/ . Then, the area becomes
P:a+2b+c:(a+b+c)+b b(3h) 3bh 3(bh)
The perimeter increases by b . T, T, T,
The area is also tripled.
...the base is tripled (if this can be done | ...the height is doubled
without changing the values of c and d) | g,7usion
a Solution h(a+b)
P=a+b+c+d T,
¢ h d Trapezoid !f the base is doubleq, the new base If the height is tripled, the new height is
N - is 2b . Then, the perimeter becomes 2% . Then, the area becomes
b P=a+2b+c+d=(a+b+c+d)+b 2h(a+b) h(a+b)
The perimeter increases by b . A= > = 2[ > j
The area is also doubled.
...the radius is doubled ...the radius is doubled
Solution Solution
r C=2nr A= 72'}"2
Circle | If the radius is doubled, the new radius | If the radius is doubled, the new radius

is 2r. Then, the perimeter becomes
C=2nr= 27[(2r) =4rr= 2(27rr)
The circumference is doubled.

is 2r. Then, the area becomes
A=n(2r) =z (4r)=47r
The area is quadrupled.




2. Complete the following table. The first row has been done for you.

Shape Na’;’;ﬂ;j;the What Happens to the Surface Area if ... What Happens to the Volume if ...
...the length is doubled ...the width is tripled
Solution Solution
A=2Ilw+2lh+2wh V =Ilwh
If the length is doubled, the new length | If the width is tripled, the new width
h Re?sapgular is 2/. Then, the surface area becomes is 3w. Then, the volume becomes
rism
A=2(2l)w+2(2l)h+2wh V=l(3w)h=3lwh=3(lwh)
| w =A4lw+4alh+2wh The volume is also tripled.
= (20w +21h+2wh)+ 2lw+2Ih
The surface area increases by 2/w + 21k .
...b is doubled (if this can be done ...the height is quadrupled
without changing the values of @ and ¢) y
nswer
Triangular | Answer The volume is also quadrupled
Prism The surface area increases by b/ (i.e. multiplied by 4).
(i.e. bl is added to the surface area).
...the slant height is tripled ...the height is tripled
Square- Answer Answer
l?ase d The surface area increases by 4bs The volume is also tripled
Pyramid (i.e. 4bs is added to the surface area). (i.c. multiplied by 3).
...the radius is doubled ...the radius is doubled
Answer Answer
Sohere The surface area quadruples The volume is multiplied by 8!
P (i.e. multiplied by 4).
...the radius is doubled ...the radius is doubled
Answer Answer
. The surface area increases by The volume quadruples
h Cylinder 5 i 5 ) ) . 1.
6zr° +27zrh (i.e. 6zr™ +27xrh is (i.c. multiplied by 4).
added to the surface area).
...the radius is doubled ...the radius is doubled
Answer Answer
Cone The surface area increases by The volume quadruples

3z’ + s (ie. 31’ + zrs s
added to the surface area).

(i.c. multiplied by 4).




Sum of the Interior Angles of a Convex Polygon

1. By dividing each polygon into triangles, calculate the sum of the interior angles of the following convex polygons.

Note that one of the shapes has already been done for you.

Name: Quadrilateral
Number of Sides: 4
Number of Triangles: 2

Sum of Interior Angles:
2(180°) =360°

Name: Pentagon

Number of Sides: 5

Number of Triangles: 3

Sum of Interior Angles:
3(180°) = 540°

Name: Hexagon Name: Heptagon
Number of Sides: 6 Number of Sides: 7
Number of Triangles: 4 Number of Triangles: 5
Sum of Interior Angles: Sum of Interior Angles:
4(180°) =720° 5(1800):900O

2. Now summarize your results in the following table and sketch a graph relating the sum of the interior angles of a
convex polygon to the number of sides. Then answer questions (a) to (f).
n = number of sides in the polygon,

As

n S (1% Differences)

3 | 180° -

4 |360° 180°

5 | 540° 180°

6 | 720° 180°

7 | 900° 180°

F 1440
F 1320
L1200
1080
960
F340
F720
L 600
480
L 360
F240
F120

Sum of Interior Angles (Degrees)

s = sum of the interior angles of the polygon

Sum of Interior Angles in Polygons | (a) Do you expect the pattern to continue

: indefinitely beyond n = 7?7 Explain.

The pattern should continue indefinitely
because increasing the number of sides by 1
also increases the number of triangles by 1.
This means that the sum of the interior
angles will grow by 180° for each increase
by 1 in the number of sides.

(b) Write an equation relating s to n. Explain
why it is not surprising that the relation
between s and 7 is linear.

1

2 3 4 5.6 7 8
Number of Sides

5 10 5 =180°(n1—2) =180°1 — 360°

(c) State the meaning of the slope of the linear relation

between s and n.

m = slope = 180 (from the equation)
The sum of the interior angles of an n-sided polygon
increases at a rate of 180° per additional side.

(d) Does the vertical intercept of this linear relation have a
meaning? Explain.
The vertical intercept has no meaning because there is
no such thing as a zero-sided polygon.

(e) Does it make sense to “connect the dots” in the

above graph? Explain.

It does not make sense to connect the dots because
the number of sides in a polygon must be a whole
number greater than or equal to 3.

(f) State an easy way to remember how to calculate the
sum of the interior angles of a polygon.
sum of interior angles = 180°x(# of triangles)




OPTIMIZATION

Optimization Problem 1 — Solved using an Algebraic and Graphical Model

You have 400 m of fencing and you would like to enclose a rectangular region of greatest possible area. What

dimensions should the rectangle have?

(a) What is the constraint in this problem?

The constraint is the length of fencing
available. Since only 400 m of fencing
are available, the region enclosed by the
fence will have a limited size.

(b) Draw a diagram describing this situation. Then write an equation
that relates the unknowns to the constraint.

Length of fencing =400 m

w The constraint | -.perimeter = 400 m

- M 2w =00

/

(¢) What quantity needs to be optimized?
State whether the quantity needs to be
maximized or minimized. Then write an
equation describing the quantity that
needs to be optimized.

In this problem, the area needs to be
maximized. Therefore, the equation must
describe the area of the rectangular region.

A=Ilw

(d) The equation in (c) cannot be used directly to maximize the area
because there are too many variables. Use the constraint equation to
solve for / in terms of w. Then rewrite the equation in (c) in such a
way that 4 is expressed entirely in terms of w.

21+ 2w=400 A=lw

L20 2w_ 400 5 A=(200-w)w
22 2 o A=w(200-w)
S I+w=200

Now the area has been expressed

Sl tw—w=200-w in terms of one variable only
S 1=200—-w (i.e. the width).
(e) Sketch a graph of area of the rectangle (f) Is the relation between A and w linear or w A AA
versus width. Label the axes and include non-linear? Give three reasons to support 20 | 3600 -
a title. your answer. 30 | 5100 | 1500
Area of a Rectangle with a Perimeter of 400 m The relation is non-linear. We know this 40 | 6400 1300
10000 because of the following reasons. 50 | 7500 | 1100
E:ggg 1. The graph is curved. 60 | 8400 | 900
Emng A= w(200=w) 2. The equation has a squared term (w").

A= 200w — w?

Area (m"2)
g

20 40 60 80 100 120140160 180 200
Width (m)

3. The first differences are not constant.

(g) State the dimensions of the rectangular region having a perimeter of
400 m and a maximal area.

From the graph it can be seen that the maximum area is 10000 m?,
which is attained when the width is 100 m. Therefore, for maximum
area,

w=100 and [=200-w=200-100=100.

For maximal area, both the length and the width should be 100 m. In
other words, the region should be a square with side length of 100 m.



Optimization Problem 1 — Solved using a Numeric and Graphical Model

Crol oA L oy PR oot B ER L gt T
(o= 0 I [ P, T - T O e

Wogo [~ Nk | =

A

B

width

88385

1
120
140
160
180

S S E
length area
180 3600
160 6400
140 8400
120 9600
100 10000
80 9600
60 8400
40 5400
20 3600

F

Area (m?)

Area of a Rectangular Region with a Perimeter of

12000

10000

BODOD

G000

4000

2000

Formulas used to Calculate the Length and the Area

..._._....._..._.
i = - e el el e

(== IR R = L R S R LS I

A

B

width

SEEIEE

120
140
160
130

C D
length area

={400-2°B4)/2  =B4*C4
=(400-2*B5)/2 =B5*C5
=(400-2*B6)/2 =B6*C6
=(400-2*87)/2 =B7*C7
={400-2°B8)/2  =BB*C8
={400-2*B9)/2 =B9*C3
=(400-2*B10}/2  =B10*C10
=(400-2*B11)/2 =B11*C11
={400-2*B12)/2 =B12*C12

E

G

Area (m?)

Area of a Rectangular Region with a Perimeter of

12000

10000

BDDD

600D

4000

2000

H

50

400 metres

100 150

Width of Rectangle (m)

30

400 metres

100
Width of Rectangle (m)

150

200

200



Optimization Problem 2 — Solved using an Algebraic and Graphical Model
Design a cylindrical pop can that has the greatest possible capacity but can be manufactured using at most 375 cm? of

aluminum.

(a) What is the constraint in this problem?

The surface area of the pop can must be at
most 375 cm?.

(b) Draw a diagram describing this situation. Then write an
equation that relates the unknowns to the constraint. (Let »
represent the radius of the cylinder and let / represent its

height.)
Constraint
Surface area = 375

s 27r + 27nrh =375

h

(¢) What quantity needs to be optimized? State
whether the quantity needs to be maximized or
minimized. Then write an equation describing
the quantity that needs to be optimized.

The volume needs to be maximized.

V =nr’h

(d) The equation in (c) cannot be used directly to maximize the
volume because there are too many variables. Use the
constraint equation to solve for /4 in terms of ». Then rewrite the
equation in (c) in such a way that V' is expressed entirely in
terms of r. V= 2k

271 + 27rh =375

c2arh=375-27r

375271
2y

~h V=

1

2

r’ [375 —27r?

2rr

r(375-22%) 375

|

3

=——r-—7r

2

Now the volume has been expressed in terms of one variable only

(i.e. the radius).

(e) Sketch a graph of volume of the cylindrical can
versus radius. Label the axes and include a
title.

Yolume of a Cylinder with a Surface Area of 375 cm*2

600 (446031, 557.539)

[ 550

500

450 375 3

C 400 VzTr—mf

Yolume (cm*3)

(f) Is the relation between V and r
linear or non-linear? Give three
reasons to support your answer.

The relation between V and r is
non-linear

Reasons

1. The graph is curved.

r 4 AV
1 | 1844 -

2 | 3499 | 165.5
3| 477.7 | 127.8
4 | 5489 | 71.2
5| 5448 | 4.1

2. The equation has a polynomial term of degree three

(—7r).

3. The first differences are not constant.

(g) State the dimensions of the cylindrical can having a surface area
of 375 cm? and a maximal volume.

The dimensions for maximal volume are as follows:

r=4.5 cm (estimated from graph)

375-2777 _ 375-2(3.14)(4.5)°

h

27r 2(3.14)(4.5)

=8.8 cm

For maximal volume, the diameter is equal to the height!



Optimization Problem 3 — Solved using an Algebraic and Graphical Model

A container for chocolates must have the shape of a square prism and it must also have a volume of 8000 cm?. Design
the box in such a way that it can be manufactured using the least amount of material.

(a) What is the constraint in this problem?

The volume of the container must be
8000 cm’.

(b) Draw a diagram describing this
situation. Then write an equation that
relates the unknowns to the constraint.
(Let x represent the side length of the
square base and let / represent the
height.)

Constraint
Volume = 8000
- x*h =8000

S _————
’

(c¢) What quantity needs to be optimized? State
whether the quantity needs to be maximized or
minimized. Then write an equation describing the
quantity that needs to be optimized.

(d) The equation in (c) cannot be used directly to minimize the
surface area because there are too many variables. Use the
constraint equation to solve for /4 in terms of x. Then rewrite
the equation in (¢) in such a
way that 4 is expressed

The surface area needs to be minimized. 4 . A=2x"+4xh
s entirely in terms of x.
A=2x"+4xh ,  4x(8000
- x*h =8000 A=2x +T( 2 j
X
8000
Sh=— A=y 32000
X X
Now the surface area has been
expressed in terms of one variable only (i.c. x).
(e) Sketch a graph of volume of the square prism (f) Is the relation between 4 and x X A AA
versus width. Label the axes and include a title. linear or non-linear? Give 11 32002 -
Surface Area of a Square Prism with V=8000 cm*3 ;Irtlt;;aerreasons to support your 2| 16008 | —15994
’ 3| 10684.7 | —5323.3
The rel;l.tion between A and x 4| 8032 |-2652.7
is non-linear 5| 6450 1582

Surface Area (cm)

(200, 2400)

4 812162024 283236404448525660
Side Length of Square Base (cm)

Reasons

1. The graph is curved.

2. The equation has a squared term (2x7).

3. The first differences are not constant.

(g) State the dimensions of the square prism with a volume of
8000 cm® and a minimal surface area.

The dimensions for minimal surface area are as follows:
x =20 cm (estimated from graph)

8000 8000 8000

“h
x? 207 400

20 cm

For minimal surface area, the square prism must be a cube!
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